Review of VCAA 2010 Specialist Maths Exam 1

Question 1
Consider f(z)= 2+92+28:+20.z¢ C
Given that f(—1) =0, factonise f(z) over C.

Possible solution
= (z - (—1)) = (z + 1) is a factor.
Coefficients are real, so remaining factors are either real
or a complex conjugate pair.
2> +8z+20
z+1)2° 4927 +282+20

—(23 +zz)
8z +282+20
—(822 +82)
20z +20
—(20z+20)
z)=(z+1)(2 +82z+20) ... [Ml]

zz+82+16—16+20)

(
((z + 4)2 + 4)
(

...[M1]

Question 1
Marks 0 1 Average
O 8 16 16 59 23
(z+1z+4+20(z+4 - 21)

(]
L]

This question was quite well done. Errors included assuming both (z + 1) and (z — 1) were factors (a kind of spurious
notion of a complex conjugate) and a few students musinterpreted the factor theorem and made (z - 1) the factor. There
were many slips in completing the square or using the quadratic formula. The factors (2 + 1)(z + 4+ 44) (z + 4 — 41) were
very common. A number of students found the three roots of F{z) =0 but did not mention factors. Some students
omitted brackets, for example (z+ 1)(Z° + 82+ 16)—16+20=z+ Dz + 42 +4=(z+ 1)z + 4+ 21) (z + 4—-2i), and
could not obtain full marks. Some students were unable to factornise z° + 8z + 20 and seemed not to realise that 1t was
necessary to complete the square or use the quadratic formula.
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Question 2

Abody of mass 2 kg 1s imtially at rest and 15 acted on by a resultant force of v—4 newtons wher= vis
i m/s. The body moves in a itrmght line as a result of the foice.

-P";IJ ) '} — /’1
a.  Show that the acceleration of the body 15 given by PR

Possible solution

F=ma
v—4=2a [Ml]
dv v-4 .
=—= as required
dt

Question 2a.

Marks 0 1 Average
%o 8 92 0.9

; dv p— 4
Students had to show the given result ? . .
Tt

This question was very well done, with most students using F = ma to get the required result.
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b. Solve the differential equation m part a. to find v as a function of 1.

Possible solution
ﬂ 2

v£4
dv v-—4
t:J 2y L [M1]
v—4
=210gev—4|+c

t=0,v=0,a=-4<0
=>a<0fort=0
=>v<0forr=0
v—4<0
lv—4/=4-v .[M1]
t=2log,(4-v)+c
(0,0)=t=2log,(4)+c
c=-2log, (4)
t=2log,(4-v)-2log,(4)

4- .
t= 2loge[ 7 Vj ...[M1] n.b. don't square - extraneous solutions

4—v
4

L3
2

=e
L
v=4-4¢’ 120 ..[Al]

Question 2b.

Marks 0 1 2 3 4 Average
0o 9 9 21 38 23 2.6
i
_r— A A _,-.t' 2
V—=9—%&
Anct ctndente wara ahla 4 nrnorace nartaratwr intn thic anec 1nﬂ 1t manty wers nmnahle 0 rhanes the califinn l"'l"lﬂei.t_fﬂﬂ
LERANIL SRnslIns WWRLT antal i PROEIONS el iveay HIWY LIS Lfiei sl v edh eeiloiedih WA LAERMUGT LT SUlALRRIIE LAUIISINITIIL

with the mitial condition. Many students correctly found that | . but mistakenly assumed that this meant

that v—4 = 4¢'” when the correct a‘llmrinn was 4—v=4¢"" to satisfy =0, v = 0. This approach led to the most

ommon answer, which was v =41 42"~ s highlv advisable that students check that their final answer satisfies the

A11e il - Al=110]

given initial conditions. A significant munber of students integrated to get log.{v — 4) rather than the correct 10g,.(4 -v)
ot log,/v — 4|. In these cases. there were many “solutions’ involving the “constant’ log, (—4) with several of these lezding
to the correct answer when the negatives “cancelled’. A few students forgot to include a constant of integration. Some

l".l

correctly found the mtegral but left their ancwer with £ as the suh_g'wr_ Someused 4 =¢ " i their working and then
found that .4 — —4 _ which is not consistent. while some others were unable to simplify e” 25,
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Question 3

T 0 _ 4o S _ - e - __a o4 A _ 4 - S SR | Y s 5 TP, [ T 5 | T N, [
Feldive 10 dIl OT1gin OF, PO A4 Dy CATleslan COOTUmates (1, £, £) did PO O dsy CATies1dnl COOTOIIE1ES
(_ E 3: 4)

—
a. Find an expression for the vector 4B m the form ai +bj+ck.

Possible solution

1 -1
2 4
-1 -2
AB=0B-04=|3 |-|2|=| 1
4 2 2
=-2i+j+2k ..[Al]
Question 3a.
Marks 0 1 Average
O 10 90 0,9
— 2§+ j+2k

The majority of siudents handied this question well. A small number found 54 instead of
answer as (—2. 1, 2) rather than in the form requested.

i

AB and others gave the

Possible solution

(. 0448
04|45

-2+2+4

NG

g as required

-.[M1]

Question 3b.
Alarks

%o

1
72

0
28

Average
0.7

; 4
Students had to show the given result E ;

Most students were capable of using the dot product to obtain the desired result. A relatively small number seemed to be
confused by the fact that the stated vectors were not “tail to tail”, not realising that vectors are free to move in space.
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¢. Hence find the exact area of the trniangle O4B.

Possible solution
A=1absin ( C )

cos(9)>0:>0<9<%:>sin(0)>0 -..[M1]

4 =14|0d|[4Bsin(0)
NN
J6s

== ...[A]]

...[M1]

Question 3c.
Marks 0 1 Average
O 52 10 8 30 1.2

65

2

(]
L]

Students tended to either answer this question well or have trouble getting started. A large proportion of the cohort
ignored the word “hence’ and attempted to find the area by another means, which did not attract any marks. A surprising

. . 4 . .
number of students were unable to find sin(#) given that cos(f) = ; . Some students drew a night-angled triangle to find

65
sin{ &), but then found the area of this tnnangle. Several students comectly found that sin{#) = T . but then wrote

1 ; ;
A=—x9xsm . There was some poor vector notation observed; for example, vectors and lengths were not

) Q
< v 7 )
carefully distinguished, leading to further confusion.
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Question 4
Given that z=1 + i, plot and label points for each of the following on the argand diagram below.

Possible solution

z=1+i= ﬁcis[%} ...[A1] plotted

z* =(\5)2 cis(Zx%J:2cis(%j:0+2i ...[A1] plotted
zt = (\5)4 cis(4 x %) =4cis(7)=-4+0i ...[A1] plotted
Question 4
Marks 0 1 2 3 Average
oa 6 9 15 70 15

errors were = bewng placed at (4. 0) or at (0, —4), z° beimng placed m two locations and 2! bemng placed in four
locations. Quite a few students drew a line segment from the origin to the pont. instead of drawing a dot at the point or
a cross at the required location.
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Question 5

Given that f(x) = arctan(2x), find f"[%]_

Possible solution

f(x)=arctan(2x)

2
f(x)—m
2

T 1+ 4x

=2(1+42° )’1

-.[A]]

f"(x)= 2><—(1+4x2)_2 x 8x

S [Mi]

(1+4x° )2

Question 5
Alarks 1] 1 2 3 Average
o 25 33 7 35 1.5

8

_”[:IT
2] @+a")

A large proportion of students were unable to find the first derivative correctly, despite the assistance of the formula

sheet. The chain rule was often not used. with the derivative of arctan(2x) commonly being given as ety 1

1+4x"

number of students did not recognise arctan{2x) as being an mmverse circular function but interpreted it as being etther a
reciprocal tan function. a tan function or tried to use an invented trigonometric identity. It was relatively commeon to see

log, (1 44y’ ) as the second derivative. The 1ssue with the use of the chain rule was also seen in attempts to find the

second derivative. Some students used the quotient rule in obtaining the second derivative, with varving success;

however, this was an vanecessary complication. Several students found substituting ; to be quite challengmng.
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Question 6

In
1

Evaluate J cos>(2x)sin(2x) dx.

z
2

Possible solution

cos? (2x) sin(2x)dx letu = cos(2x) % =-2 sin(2x)
X

RN —n | Y

w
3

N | —

(2x)>< 2sm(2x)d [Ml]

=‘5[0+§}:‘g JAT]

QJuestion 6
Marks 0 1 Average
0q 32 20 15 34 1.5

(=]
LIF¥]

1
6

Most students recognised that an appropriate substitution was u = cos(2x) . although there were some errors with the -2

L g S amnle. the intesrand becoming Pt B S L - L i 2y} of 1 = cos i ) 1
L4010 | L pl IMCELAII0 UCUCOTINNE — L0 ). WHICT 5 LTINS IT1ed v SN — 5HI LA OL W =—UC0D5 (LX), o1

expanded using double angle formulas and then used # = sm(x) or # = cos(x). Some of these are possible but are very

T CXAII]

time-consunung, and students who ventured down these paths rarely obtamned the correct answer. Too many students
changed the variable correctly but left the terminals unchanged: 1t should be emphasised that this is not logically

P s aF phasming hasl #0 tha arominal rrariahlas lntar anahlas than fa ahtain 2 carract anoaras ©oaons chanoad 0 0
COIIECT, ©VEI I Jaaliging 0acs 10 UIe OTiZlIaL Valiao.t 1318l Ciiaouds LIS 10 003l a COMICl answel, SOie ClAangsaio a

new variable # including changing the termunals. integrated, and then changed back to the origmal variable but without
changmg the terminals back. A very large proportion of students gave E as their final answer. There were several

reasons for this: manv students simply made a sign error due to the proliferation of negatives mvolved. and quite a few
students got the correct answer but then dropped the negative sign. seenungly assuming that a definite integral had to
represent an area.
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Question 7
Consider the differential equation

a?  1—-x) ’
., dv
for which d—" =3 whenx=0, and y =4 whenx = 0.
X
d( 2 } 4x
Given that —i - ‘ = 5=, find the solution of this differential equation.
ax\l1—-x°) (A—-x°)

Possible solution

2
ﬂ:Jd dx = 4 sdx = 22+c
dx dx’ (1_x2) I-x

'(0)=3
3=L2+c:>c=l Assume 225 4 + B
1-0 1-x 14+4x 1-x
D__2 2= A(1-x)+ B(1+x)
dx 1-x°
y=f 22+1dx x=1=B=1
1-x
= L+—+1dx x=-1=4=1 [M1]
I+x 1-x
=loge|l+x|—10ge|1—x|+x+d
=log, (1+x)-log,(1-x)+x+d as —l<x<l1 ...[M1]
y(0)=4
=loge(1+0)—loge(1—0)+0+d
=d=4
y=log, (1 + x) —log, (1 —x) +x+4 ...[Al] or equivalent
Question 7
Alarks 0 1 2 3 Average
L 26 21 20 33 1.6
_.: i+ ll:l" {, P [ S, [ — . | ]
E l }‘I‘ LAFLLIEL ©jiil CLIL aAll>WIELS WELD dioi Ly

Beginning this question was difficult for a number of students but the question was reasonably well done by students
who understood how to begin. A number of students ignored the fact that the first derivative was given and wasted a
great deal of time and effort attempting to mndependently determine the result. A number of these students obtained a
different answer and then used their incorrect result to try to complete the question. A few students omatted a constant
nfmtf-:rr:n'm'n at thiz stage. Most shidents then rnrrerﬂv nsed ﬂHﬁ_‘l:l] fractions. 1Ifholmh there were still thoze who gave

dx 1s

the integral of the rational function as 2log, (|1 —x |) Quite a few students failed to realise that | 7 3
“{1-x)

—log, [|1 - 1|] and not +log, [|1 = x| ] . A large number of students omitted the x term from their final answer. Some of

these errors were due to the earlier omission of the constant of integration. and others were due to students simply
forgetting to incorporate it back into their answer after working on the latter part of the question.
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Question 8
The path of a particle 1s given by r(f) = tsin(f)1 — rcos(t) . t = 0. The particle leaves the origin at t =0 and

then spirals outwards.

- : - . ir
a.  Show that the second time the particle crosses the x-axis after leaving the origin occurs when ¢ = ES

Possible solution
r(t)=tsin(t)i—tcos(t)j=xi~yj
Particle crosses x-axis when y =0
—tcos(1)=0

t=0 cos(t)zO t=>0

,_x 37 5%
222 [MI]

Initial position at O, first crosses at ¢ = >

. 3z .
Second occasion when ¢ = - as required
Question Sa.
AMarks 0 1 Average
% 45 55 0.6

Students needed to show the given result ¢ = ?ﬁ_

Students tended to either answer this question correctly or have trouble getting started. In this question, many students

) ) N Ir )
were unable to show that the given value was the second occurrence: just substituting the value — and showing that
A

the coefficient of j was zero was not sufficient. A number attempted to solvesin(r) = 0 rather than cos(r) = 0. Other

students gave t =0 rather than 7 = — as the first occurrence. It was evident that these students had not read the
il

question carefully enough.
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'}.
b. Find the speed of the particle when ¢ = ?}T

Possible solution

=[£cos(¢)+1sin(¢) |i —[ —¢sin(¢) +1cos(z) ]/
=[£cos(¢)+sin(z) |i +[ sin(r)—cos(z) ]/ [Mi]
L)l 515

3z

=—ji-—= j ..[M1]
3” / 3” =1+ o \/4+97r - [A1]
Question 8h.
Marks 0 1 2 3 Average
% 39 12 12 37 15

Attempts to solve this question were quite varied, ranging from excellent to very disappointing. There were some poor
attempts at finding the velocity vector. Many students did not use the product rule. while others gave incorrect

—_— : e " . —_— 3w
dertvatives. usually involving incorrect signs. Even when the correct velocity vector was found. substitution of 1 =—
2
proved to be difficult for many students, with incorrect signs agamn being common. Several students who were correct to

this stage made some surprising errors involving incorrect “sumplification’ of the square root answer. These mcluded
2 9
3 137~ . . : : .
—| =4|—— . There was again an issue with students not reading the question

3—7] g Ry J1+
2 2 2 4

carefully enough, with a number of students comrectly finding a vector expression for the velocity but not going on to
find the speed. Notation was often poor. with several students omitting 1 and j. and many not using brackets properly.

14

A few very successful students found a general expression for the speed. | (r)| = y1+ 1" . and then substituted in

3w
F=—.
2
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Let 6 be the acute angle at which the path of the particle crosses the x-axis.
c¢. Find tan(#) when = %
Possible solution

(37 L 3mo.
7l — =—£—71=x£+yl from part b.

"2
tan(@)zﬂzﬂﬂzl.
dx dtdx x

_3z
=_2=3_” ...[Al]

-1 2

Question Sc.

Marks 0 1 Average

% 80 20 0.2

: P S 3
Students needed to ﬁudt:m{ﬁ'jwhent=?“_

Very few students were able to complete this question. Few realised that this was an application of the chamn rule and

141 h | = n A d:" }J(r} P il | 1 r_ 41 1 . oy 1 .1 a i 3]‘]’ 4 g

could be solved using tan(f) = — =-—— . Of those who successfully obtained the correct answer of —— | a number of
dv  x(f) 7
students then discarded their answer on the basis that “since & 1is acute, tan(#) =— "or ‘so tan(#) 5 undefined’ A
H,
S e S T g S e - R e i R i g I T Rt e s s = B S it T T L o S ST T e e g
DHNUE]l O SILOCTIVS dICTIIENCA WO 110 7 14UICT W4T &I @) . A T4l B0 PLOPOTITOIL 01 SLHACTIVS A UCIIIPciE O aIisWEeL LS
question using the position vector instead of the velocity vector. while some others tried to find tan [\—] :
2
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Question 9

2
| e |
a. Onthe axes below sketch the sraph with equation o u — 1. State all intercepts with the coordinate
axes and give the equations of any asymptotes. .

Possible solution

(-0) (-2 _

3 > horizontally orientated hyperbola ...[A1] correct shape
centre C(0,2) r,=a=1 r,=b=2
vertices (1,2) (—1,2)
r

gradient of asymptotes, m =+ =42
v

X

equations to asymptotes

y—-2=2(x-0) y—-2=-2(x-0)

y=2x+2 y=-2x+2 ...[Al] for both
no y-intercepts

x-intercepts

X ——(0_2)2 =1
4

x’=2

x:i\/E

x-intercepts A(—x/E,O) B(x/E,O) ...[Al] for both
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Question %a.

Marks 0 1 2 3 Average
% 18 18 19 44 1.9
Asymptotesat v=2x+2andy=—2x+2
Intercepts at (\E {}] and (—\E {})
This question was done well by many students. Most were able to correctly identify the x-intercepts, but quite a few

seemed to have little idea of the approximate size of v'q placing their mtercepts a long way away from the true value.

Thara trac a laroas ananhear F chidantes rhs cniheaittad granhe wheah - 1amscasmtablla A anenbhear af granhe 1 st
LIICTE Was 4 1aTEC NUINOoTT O STUGCIITS W0 SUDIMITICG Srapis Wil WEIT UNaccopiatud. A NUIMIOST O ETapils WIIc not

smooth and were roughly sketched with multiple lines. The worst of these were drawn in ink. Students should be
strongly advised to use a pencil to draw graphs so that thev can erase incorrect sketch attempts and present one smooth
curve as their final answer. Many graphs did not show asymptotic behaviour. with some graphs looking like horizontal
parabolas or semi-circles. Common errors included stating equations of the asymptotes as y=d2x ory =Z24x+ 2.
Some students seemed to believe that all hyperbolas have vertical and horizontal asymptotes. Also seen were circles,
ellipses and parabolas.
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Possible solution

2_(y_2)2 =1
4
x=2andy<0

X

d
4x— (y 2)di

At (2,2-V12)
4(2)-(2—@—2)%:0
sz o

dx

dy —_i:—i:—ﬂ ...[Al] for any of these

NN E

0 ..[M1]

Question 9b.
Marks 0 1 Average

el 29 28 11 33 1.5

(]
LF¥]

} s -
4 44/3 8

o3 2

Students generally applied implicit differentiation well, although some did not get zero when differentiating the

2
constant on the right side of the equation. Students who unnecessarily expanded the term (v —2) befme

AsfFFarantiatarg smnliecatls afran did o dncnmrasctler and raes smars lilaler #0 svial-a alosheais and acithonaties seenec la
GIOCTTHNANIE MpIciuy Ol G614 50 INCOIIeCly and WoIT oI iedyy 10 INAxe 1001310 and aninniclic eIfors. 1ac

most frequent error involved not distributing the minus sign. Many students substituted ¥ = 2 1into the oniginal function

to arrive at the v values of 2 £+/12 _ Several then failed to choose the negative root as required. Some stated the
negative y value, but then substituted the positive one.
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Question 10

Part of the graph with equation y= {:c2 — ljg'rx +1 1s shown below.

—2.5 -2 -15

0.5

ayb

Find the area that 1s bounded by the curve and the x-axis. Give your answer in the form =

where a, b and ¢ are integers.
Possible solution

y =(x2 —l)m

y=0= x==I1 by inspection

Izj.(x2 —I)de

1

= (x*=1)Vx+1x1dx x=u-1
-1

1

= f (u2 —2u)\/;x%dx

x=—1

CAM 11
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Question 10

Aarks 1] 1 2 3 4 Average
O 29 16 17 15 23 1.9

22

33

Attempts at this question were quite varied. Many students handled 1t very well but a large number did not recognise
that area 1s a positive quantity. and did not place a negative sign in front of their integral. use absolute values. or reverse
the terminals. As the area was below the x-axis, 1t was essential that one of these techniques be applied — this 1s assumed
knowledge from Mathematical Methods CAS Units 3 and 4. Some students presented a negative answer as the area.

2 32

35 35
students applied the obvious substitution # = ¥ + 1 ; however, others were attempted. generally without success. There

Some simply dropped the negative sign or wrote 4 = — . which 15 not a reasonable statement. Most

were some algebraic errors seen. involving index laws and fractional powers. specifically u” <u''* =u'. The
mtegration involving fractional powers also caused difficulties for some students. Again, there were many who did not
change terminals at the substitution step. Quite a few split the area into two separate parts unnecessarily, integrating
from —1 to the y-axis and adding the integral from the y-axis to 1. There were some students who integrated from —1
to 1.5 and a few mtegrated from —1 to infimity. Several students found the area correctly but were not able to express it
in the required form. often not able to mamipulate the surds or sumphify their answer.
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