Neap

Trial Examination 2021

VCE Specialist Mathematics Units 3&4

Written Examination 2

Suggested Solutions

SECTION A - MULTIPLE-CHOICE QUESTIONS

1 [a] [B] [c] [o] [E] 11 [a] [e] [c] [B] [E]
2 [a] [8] [c] [B] [€] 12 [a] [&] [c] [o] [E]
3 [a] [e] [c] [o] [E] 13 [a] [&] [c] [B] [E]
4+ [a] [#] [¢] [o] [€] 14 [a] [&] [c] [o] [E]
5 [a] [8] [e] [o] [€] 15 [a] [&] [c] [B] [E]
6 [a] [8] [c] [o] [€] 16 [a] [B] [c] [o] [E]
7 (] [8] [c] [p] [E] 17 [a] [&] [e] [o] [E]
s [a] [e] [c] [o] [E] 18 [a] [e] [c] [o] [E]
o [a] [e] [c] [p] [€] 19 [a] [&] [c] [o] [E]
1o [a] [8] [c] [o] [E]| | 20 [a] [e] [c] [B] [E]

Neap® Education (Neap) Trial Exams are licensed to be photocopied or placed on the school intranet and used only within the confines of the school purchasing
them, for the purpose of examining that school’s students only. They may not be otherwise reproduced or distributed. The copyright of Neap Trial Exams remains
with Neap. No Neap Trial Exam or any part thereof is to be issued or passed on by any person to any party inclusive of other schools, non-practising teachers,
coaching colleges, tutors, parents, students, publishing agencies or websites without the express written consent of Neap.

Copyright © 2021 Neap Education Pty Ltd e 43 634 499 791 91a Orrong Cres Caulfield North VIC 3161 Tel: (03) 9639 4318 SMU34_SS_Ex2_2021
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Question1 B

. x2 —4k2
B is correct. The graphof == — "=

p has a vertical asymptote when the denominator equals zero.
X —

So, x =k 1is a vertical asymptote.

X2 —4k?
Y x—k
k 2
=x+k— (division or use of a CAS expand or proper fraction command)
X —

The graph has a non-vertical (oblique) asymptote with equation y =x + k& since y —>x + k as x — too.

A, C, D and E are incorrect. These options do not give every correct asymptote.

Question2 D
D is correct.

To determine the point of inflection:

a-1 a+l1
+
2 2

The graph has a point of inflection at %.

2
Note: This result could also be established by solving d—J; =0 forux.

dx
When x =

4
2

=arccos| a—2 L
Y 2 4

= arccos(O) —%

So, the graph has a point of inflection at (g, %j

Aacfez) Dy
274 ) dx

For example, by considering the graph of y = arccos(a -2x ) —% or the graph of Z—y versus x, the gradient
X

is a minimum and is equal to 2.

A, B, C and E are incorrect. These options do not give correct statements.
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Question3 E

cos(ax) . sin(bx)

sin (ax ) cos (bx )

_ cos(ax )cos (bx ) + sin(ax ) sin (bx )
sin(ax )cos(bx)

_ cos((a —b)x)

- sin(ax)cos(bx)

cot (ax )+ tan (bx ) =

Note: cos(ax)cos(bx) + sin(ax)sin(bx) = cos((a —b)x )

Question4 A
A is correct. Let the square roots of z be z; and z,,.

z= r(cosH+isin¢9) and so \/;=i\/;(cosg+isingj.
Hence, z; =r COSQ+iSinQ and z, =—/r cos9+isin9 .
2 2 2 2
If z; has coordinates (xl, 1 ), for example, then z, has coordinates (—xl, -y ), where x| = Jr cosg

and y; = x/;sing.

Points C and E satisfy this.

B, C, D and E are incorrect. Points A, B and D do not represent the square roots of z.

Question5 C
2" =27 cosE 1 isin?E
6 6

. . nrxw
z" is real when sm?zo.

%zkﬁ, where k €Z.

n=06k, where k e Z.
Hence, n=0,£6,%+12,....

>100, 2" |=|z[" =2".

n
Z

Given

Hence, 2" >100 and 7 is a multiple of 6.
2% =64 <100 and 2'% = 4096 > 100.

So, the least integer value of n is 12.
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Question 6 C
C is correct. The equation z3 - 722 +17z —15=0 hasroots 3,2 +i,and 2 —i.

So, u=3,v=2+i and v =2—1.
Testing each alternative finds that C is not a correct expression, as vv = (2 +1i )(2 - i) =5.

A, B, D and E are incorrect. These options all show correct expressions.

Question7 E 22
E is correct. Differentiating y = —x? +2x% +1 twice with respect to x gives —)2] =—6x + 4.
dx
2
The graph is concave up for values of x such that —)2} > 0.
dx
Solving —6x +4 >0 for x gives x <§. Hence, the graph is concave up for x < %
. d 2y
The graph is concave down for values of x such that d_2 <0.
x

Solving —6x +4 <0 for x gives x > % Hence the graph is concave down for x > %
The graph has a point of inflection at x =§ and hence a change of concavity occurs there.

. . 2 . 2
Therefore, the curve is concave up on the interval —oo,g and concave down on the interval E’OO .

A, B, C and D are incorrect. These statements are incorrect for the given curve.

Question 8 A
Let the volume be V.

V= ﬁJ‘OE(\/;Sin (x))2 dx

= 7Z'J.5(.x sin® (x ))dx

0
. ) . .2 1
Applying the double-angle formula COS(2X) =1-2sin (x) gives sin” (x)= 5(1 —cos(2x ))
v

.
Sol/z—j2 —x cos(2x))dx.

> (x x cos(2x )) X
Question9 C
d—f = inflow rate (in grams min”! ) — outflow rate (in grams min_l)

The inflow rate is 7x6 =42 (grams minfl).

At any time ¢, the tank contains (150 - 2t) litres, as there is 6 L min_1 flowing in and 8 L min_l

flowing out.
. &S
So, the outflow rate is x8 = .
150 —2¢ 150 —2¢
Hence, d—S =42 - 85 .
dt 150 —2¢
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Question 10 B

From the direction field, Zl =0 at y =12.
X

2 —
This corresponds to the differential equation Z—y = %
X

Question 11 D
Let the unit vector be U where 0= cos(a)i + cos(ﬂ)i + cos(y)lg

and |1:1| =cos’ (a) +cos? ([3) +cos? (y) =1.

In general, the acute or obtuse angles «, # and y denote the angles formed between a and the unit vectors
i, J and k respectively.

0= cos(60°)i+cos(45°) j+cos(y)k

—Ei+%j+cos(y)lg

cos” (60°) +cos® (45°) +cos® (7)

Il
—_

2 1
cos =—
(r)=7
cos(y) = o1
2
As y is obtuse, cos(y)= —%.
So ﬁ:li+£j—lk and hence ﬁ:l(i+\/5j—k)
=2 2% 27 A
Question 12 E b
The scalar resolute of a in the direction of b, given by a-b==—is a ‘signed length’. Its value can

]

be positive or negative.

A la-bl 1
The magnitude of the scalar resolute of a in the direction of b is given by ‘g . b‘ = M ||b -a

o [o” "

b

Where|b-2~1|=|g-b.
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Question 13 D
The parametric equations are:

x=2t-1 (1)
y=tt @
From (1), t=x+1.
+1 x+1Y
Substituting ¢ = ol into y =1 gives y :(Tj .

As t >0 from (1), XTHZO and so x >—1.

2
. . x+1
Hence the cartesian equation is y = (Tj ,x >—1.

Question 14 E
E is correct. The particle’s direction of motion is given by the velocity vector i(t).

i(r)=-3sin(t)i+~3cos(t)

il Z|=—3sin| Z |i+ 3cos£j
) 6)" 6 )~

3. 3.
=——i+—]
27 2+

The direction of f(lj corresponds to a north-westerly direction.
L6

A, B, C and D are incorrect. These compass directions do not give the correct direction for the movement

of the particle at ¢ = %

Question 15 D
D is correct. This is achieved via process of elimination.

A is incorrect. It is a correct statement.

Solving 6+ 4x —2x2 =0 for x gives x =—1, 3.

These are the extreme points of the motion and where the particle changes direction.
B is incorrect. It is a correct statement.

1
“v2=342x —x?

a:i(lVZJ

dx\ 2
=2-2x

So, a:—2(x —1).

C is incorrect. It is a correct statement. At x =1, a=0.

E is incorrect. It is a correct statement. The particle’s maximum velocity occurs where its acceleration
is zero, which is at x =1.
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Question 16 B
The distance run by the athlete in the first 20 seconds is %x 4x9+16x9=162 (m). Alternatively,

this distance is given by %(20 + 16) =162 (m). In the remaining five seconds of the race, the distance

run by the athlete is %(9 + V) (m). Solving 162 +§(9 +V ) =200 for Vgives V=6.2 (ms_l).

Question 17 C

12
Resolving forces horizontally: 7 sin(45°) =12 andso T =————. (1)
sin(45°)
Resolving forces vertically: mg =T cos(45°) 2)
Substituting (1) into (2) gives:
12co0s(45°)
mg=———~<—
sm(45°)
12
As cot(45°) =1, mg=12 andso m=—.
g
. . . . mg 12 T
Note: This result can also be obtained using Lami’s theorem, — =— =— .
s1n(135°) s1n(135°) sm(90°)

Question 18 A
Considering the forces acting on the particle of mass m, kg:

T-myg=0andso T =m,g (D)
Considering the forces acting on the particle of mass m, kg parallel to the plane:
T —mygsin@ =0 and so T =m;gsin6. (2)

Substituting (1) into (2) and solving for 6 gives 0 = arcsin(&}

my

Question 19 A
Consider a random variable X with mean u and standard deviation o. Provided that the sample size

n is large enough, the distribution of the sample mean X is approximately normal with mean p

%, Here, the sample of n =50 is considered large enough.
n
Given that u=24 and 6 =3, X ~ N(24,%J and sd(f) =i.

J50

and standard deviation

Question20 D

An approximate 90% confidence interval for u is [f —1.64485. X +1.64485.

s Lj
The width of the approximate 90% confidence interval for g is 2x1.64485...x =

Jn
0.1

Solving 2x1.64485...x —==4.916—4.884 for n gives n =105.685....

N

So, the value of n is closest to 106.
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SECTION B

Question 1 (10 marks)

T

a. I =J‘04tan(x)dx
T

= [—loge (cos (x ))]61

- _[loge (%} —log, (1)]

1

=log, (\/5) [: log, (22 )j = %loge (2)

So, I, =%loge (2).

T

b. I, =J-Ztan”_2 (x)tan2 (x)dx
0

=1, =-[Ztan”_2 (x)(5602 (x)—l)dx (forneZ,n>2)
0
r
c. I, :J““[an”_2 (x)(se02 (x)—l)dx
0

T V3
= J- 4 tan" 2 (x)5602 (x)dx - I 4 tan" 2 (x)dx
0 0

du
Let u = tan(x) and so o sec’ (x).

When x =0,u =0 and when x=%,u=l.

T

e 4 2
I, =J. u"” du—I4tann_ (x)dx
0 0
1
unfl
:l:n—l} a2
0

1
=1, =ﬁ_ln_2 (forneZ,n=2)

M1

M1

M1

Ml

M1

Al

M1

8 SMU34_SS_Ex2_2021
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d. Usel, = ! N —1,_» with n =3 and subsequently n = 5. M1
n_
1
Iy=—-1
3 ) 1
1 1
=———log, (2 Al
-5 loz.(2)
1
Is=—-1
5 4 3
1 (1 1
=——|=——= log, (2 Ml
4 (2 2 & ))
1
So, Is=—log,(2)-—
2
Question 2 (9 marks)
a. The parametric equations are x = tan(s) and y = sec(s).
1+tan2(s):secz(s) and so 1+x2 =y2. Ml
Hence, y2 —x?=1.
9

Copyright © 2021 Neap Education Pty Ltd SMU34_SS_Ex2_2021
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b. x=tan(s) and y =sec(s), where 0<s<%.
Let the gradient of the normal be m ; .
Either:
Use implicit differentiation on y2 —x2 =1 to find Z—y in terms of x and y.
by
dy
2y ——-2x =
5% i x=0
& _x M1
dx 'y
dy B tan (s)
dx  sec (s)
=sin (s )
1
= AtP,my __sm(s)(: —cosec(s)) Al
Or:
Use @ = d—yxﬁ with ax = sec? (s) and a = sec(s)tan(s).
dx ds dx ds ds
dy sec(s)tan(s) Mi
dx sec? (s)
=sin(s)
1
= AtP,my :_sin(s)(: —cosec(s)) Al
Then:
The equation of the normal is y —sec (s) =—— ! (x —tan (s)) (or equivalent). M1
sin(s)
..y =—xcosec (s) +2sec (s)
c. Find the x-coordinate of N by solving —xcosec (S) +2sec (S) =0 for x. M1
X = 2tan(s) and so ON =2tan(s) (where s > 0).
A :%bh:%x%an(s)xsec(s) Al
So, 4 = tan(s)sec(s) .
10 SMU34_SS_Ex2_2021 Copyright © 2021 Neap Education Pty Ltd
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d. Either:

Find di M1
ds

acfl_z;l _ (secz (s))seC(S) + tan(s)(sec(s)tan(s))
=sec> (s)+sec (s)tan2 (s)

Use di—di d_s

aids i
L (sec?(5)-+sec(s)tan? s) eos(s)

=sec” (s)+tan* (s) Al
Or:

Find i[—/: by differentiating 4 =tan (s)sec (s) implicitly (product rule) with respect to t. M1

ds
dt

% = ((sec2 (s))sec(s) + tan(s)(sec(s)tan(s)))
= (sec3 (5)+sec (s)tan2 (s))cos(s)
= sec’ (s) + tan? (s) Al

Then:

When s = ﬁ, a4 =sec? (Ej +tan? (zj
6 dt 6 6
V4

—=§ when s=£. Al

Question 3 (9 marks)

a.

N
Ny

Al
1 mark for correctly showing both weight forces
and the tension in the string.

Copyright © 2021 Neap Education Pty Ltd SMUB4_SS_Ex2 2021 11
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b. The equations of motion for each particle are:
Particle A (\L)Z 0.6g—-T =0.6a (D)

Particle B (T): T —0.4g =0.4a () Al

Either:

(2)x0.6—(1)x0.4 gives (0.6+0.4)T —0.48g =0 (or equivalent). M1

Or:

Use CAS to solve (1) and (2) simultaneously for 7 and a. Ml

Then:

So, T :122—5 (0.48¢ =4.704) (newtons). Al
c. Either:

D) +(2) gives a=0.6g —0.4g (from part b.).

Or:

The value of @ was found by solving (1) and (2) simultaneously for 7 and a.

Then:

S0, a=% (0.2¢=1.96) (ms ™). Al

d. First consider the motion of particle B travelling upwards under constant acceleration
for the first 0.5 seconds.

v=u+at with u=0, a:% and 1 =0.5 gives v :% (: 0.98) (ms_l). Al
Either:
_ | R _ g _ : _8 (_
s=ut+—at” with u=0, a== and t=0.5 gives s ==~ (— 0.245) (m). Al
2 5 40
Or:
v =u® +2as
2 2
v —u
=>s=
2a
With u=0,a=% and v =, this gives s === (=0.245) (m). Al
5 10 40
Or:
u+v . 8 : g
= with u =0 and v =2, gives s == (=0.245) (m). Al
s ( 2 jt 10 ° 20 ) (m)

So, after the first 0.5 seconds, particle B is travelling upwards at % (ms_l)

and is 1.245 metres above the floor.
Then:

Consider the motion of particle B at the instant the string breaks when there is no longer
any tension in the string.

Solve s =ut +%a12 for r with s =(1+0.245), u= —% (note the change in sign)

anda=g. M1
2
t t .
gT - ‘f—o —1.245 =0 (rearranged quadratic set to zero)
t =0.61 (s) (correct to two decimal places) Al

12 SMU34_SS_Ex2_2021 Copyright © 2021 Neap Education Pty Ltd
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Question 4 (12 marks)
a. mkv
mg
correct diagram showing forces Al
b. ma=mg—mkv andsoa=g —kv. Al

c. The particle’s limiting (terminal) velocity corresponds to a =0.

SO,O:g—kV:»V:% Al

d. Method 1:

Use a CAS differential equation solver feature to solve c;_v =g—kv withv =0
t
when ¢ =0. M1

y=5_8 Kt Al
k k
:E(l_ —k’) dv =% 1okt Al
\% i e an A SOy =)V (1 e )
Method 2:
Separate variables on CZZ_V =g — kv , integrate both sides and apply the intial condition. M1
t

_[ 1 dv:_[dz
g—kv

t+C=—%loge(g—kv)

—Ade ™M =g — kv, where 4 =¢7*¢

Apply the initial condition to find A.
When 1 =0,v =0 andso 4 =g.

Hence, ge_kt =g—kv. Al

kv =g—ge_kt

v=§(l—e_kt) and V =& sov=V(1—e_kt). Al
k k

Copyright © 2021 Neap Education Pty Ltd SMUB4_SS_Ex2 2021 13
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e.

Method 1:

Use a CAS differential equation solver feature to solve dv = —( g+ kv) with v =U

dt

when ¢ =0.

de Soive{v‘w-[g+k~ v] and 1{0}-:.*,:,1#}

v=£ L (u‘+£)—

= o

% =(U+§je_kt _£
k k

Solving [U+§je_kt g9 for ¢ gives tzlloge g+kU .
k k k g

Method 2:
dv dv
m—=—-mg—mkv andso —=—(g+ kv ).
a8 i SRR

Separate variables on ad’_v = —( g+kv ) and evaluate a definite integral.
t

0 1
t=—J~ dv
vg+kv

U
:J‘ ! dv
0 g+hkv

1 +kU
So, t=—1oge(g j
k g

M1

Al

Al

Al

M1

Al

14
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f. Substitute ¢ =lloge (g +kU] into v =V (1—e7k’)_ -
k g

v=V|1-—2 (or equivalent) Al
g+kU

Note: The above intermediate answer can be obtained either by use of a

CAS or with by-hand simplification. The final Al can be awarded for correct

2
alternative expressions such as v = S8 orv = g—g—.
g+kU k k(g+kU)
Either:
V= gy
g+kU
sy
__k
LA
k
Or:
v=V kU
g+kU
kU
vk
1
—(g+kU
(g +kU)
Then:
Use of V' :f’ where appropriate, leads to UVV (ms_l). Al
Question 5 (13 marks)
a. Let u=x +yi.
.'.u—8i=(x-|—yi)—8i(=x+(y—8)1’) M1
y—8 T V4 1
—tan| —= | and tan| - = |=——.
x an( 6] an( 6] J3
y -8 1 1
Hence, —=——=>y =——x+8. Al
x B V3
As x #0 and 9= —%, the condition on x is x > 0. Al
1
Hence, y =——x +8, x >0.
NG
b.  Arg(u—8i)= —% is the ray (half-line) emanating from (0,8) but not including
(0, 8) that makes an angle of —% with the positive direction of the real axis. Al

Copyright © 2021 Neap Education Pty Ltd SMU34_SS_Ex2_2021 15
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c. Letv =x+yi andso v =x —yi.
(v-2-2i)(F-2+2i)=8
(x+yi—2-2i)(x—yi—2+2i)=38

x2—4x+y2—4y+8=8 M1

(x> ~4x+4)+ (2 —4y +4)+3-8)=8 and so (x -2)? + (v -2)" =8. Al

Note the substitutions can be made either before or after
the expansion. The expansion is best performed with CAS.

Al
€. Im
A
2,2)
- - - - - + > Re
-16 -12 -8 -4 O 4 8 12 16
4}
-8l
correct sketch of Arg(u - 81') = —% Al
correct sketch of (x —2)2 +(y —2)2 =8 Al
16

SMUB4_SS_Ex2_2021 Copyright © 2021 Neap Education Pty Ltd



VCE Specialist Mathematics Units 3&4 Trial Examination 2 Suggested Solutions

Let d be the minimum distance from the point (2, 2) to the ray.
Method 1:

Use the following right-angled triangle to find the length of the adjacent side. M1
(0, 8)
6
z
6
0.2
The adjacent side has length 6 __ 6/3. Al
tan(”)
6
Find d.
d
z
(2,2) °
’ 6V3 -2
Vs
d=(6+/3-2)sin| =
(o325
=33 -1 M
|v —u| =d —r, where r is the radius of the circle.
So, [ —u|=3v3-2v2-1. Al
Method 2:
Find the x-coordinate of the point (x,2) on the ray y = —%x +8. M1
3
. 1 .
Solving 2 =——x +8 for x gives x = 6/3. Al
V3
Find d.
d
z
2,2) °
’ 6V3 -2
V4
d=(6+/3-2)sin| =
(o327
=331 Mi
|v —u| =d —r, where r is the radius of the circle.
So, [v —u|=33 -2v2 - 1. Al
Copyright © 2021 Neap Education Pty Ltd SMU34_SS_Ex2_2021 17
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Method 3:
Find the equation of the line passing through the point (2, 2) that is perpendicular to the ray.

y—2= \/g (x — 2)
Find the point of intersection of the ray and this line.

Solving y =—Lx +8 and y -2 :\/g(x —2) gives

N

_3(\5+1) 13-3
x=———">and y =——.
2 2
Find d.
2
3 \/§+1 _
d= ( 5 )— +[13 2\/5—2]

=331
|v —u| =d —r, where r is the radius of the circle.

So, |v —u|:3x/§—2\5—1.

Question 6 (7 marks)

a. Hy:u=383, Hy:u>83
_ 72
b. w ~N(83,?J

p-value =Pr(IW >86| 11 =83)
=0.113

As 0.113>0.05, we do not reject H,. There is no evidence that Tom’s apples weigh
more than 83 grams on average.

c. Pr(rejecting Hy|H is true) =0.05

d.  Find W, suchthat Pr(W >Ww,,;, | 4 =83)<0.05.

W min =87.1 (grams) (correct to one decimal place)

e. Pr(I/I7 <871 | u= 81.8) =0.984 (correct to three decimal places)

M1, Al

M1

Al

Al

Al

Al

Al

M1
Al

Al
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