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Section A - Multiple-choice solutions

Question 1
x=2tan(t)+1 y =5sec?(¢)
x—1 Y 2
— = tan(¢ —=sec”(t
5 0) s (?)
2
—(x D = tan’ )

Using the identity 1+tan?(x) =sec?(x) (from the formula sheet) we have,

2
12 =D" _»
4 5
5(x-1)2
=——+45
4 4
The answer is E.
Question 2
Do a quick sketch. y
Note that this graph is the graph A

of y=tan"'(x) thathasbeen =~ _ _ _ _ _ _ _ _ 1 __ _ _ _

° translated 1 unit left 2m /;/ = f(x)

e dilated by a factor of 2 from the x-axis T
° translated 7 units up
|

So the domain= R. T o > X
The range is more interesting.
For y =tan™'(x), r= _E,EJ

y (x) >

For y=2tan"'(x), r=(-rm, )
Fory=2tan"'(x)+ 7, r=(0,27)
So range = (0, 2Tc).

The answer is C.
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Question 3

The period of the graph shown is g
. V/a
For y =cot(nx), period=—.
n

So Z=" andso n=2.
n
The rule could be y =cot (2x) but there is no rule like this on offer. Another possibility is

y= cot(2 [x —;D, since this is the graph of y =cot (2x) that has been translated g units to

the right, thus creating the same graph as y =cot (2x).
The answer is D.

Question 4

Since P(z) has real coefficients, and P(z) =0 has roots z =3i and z =1-1, then it must also
have the roots z=-3i and z =1+ (Conjugate root theorem). So the minimum number of
roots that P(z) =0 could have is 5.

The answer is C.

Question 5

1
The roots to the equation z’ = a lie on a circle of radius |a|7 units and are separated by an

2r . . L T . .
argument of ER The root we are given, ie. |a|7 ms(— 7} , is marked on the diagram below.

So the other roots must be

z= |a|;cis[£J Im(z)
7
z= |a|;cis[3—j Re(z)
7
1 N [
L (5n z=l|a|7cig —=
zZ= |a| 7 CIS[7J { 7}
z= |a|;cis(— 3_1r)
7
1 5w
z= |a| 7 cis[— —j
7

1 (Tn L T
z:|a|701s(— or = :|a|701s(——j
7 7

= |a|% (cos(m)+isin(m))
= |a|% (—1 + OZ)

L

The answer is A.
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Question 6

For option A, the complex number —iz,,
is obtained by rotating z, clockwise
about the origin by 90°.

A right angled triangle is formed.
For option B, the complex number

—2 lies on the real axis.

Since V1% +1% = ﬁ and the length of
the sidelength joining —/2 and z, is 72 ,
a right-angled triangle is formed.

For option C, z, = cis[— 37:} .

A right-angled triangle is formed.
For option D, the complex number

i . . . .
T lies on the imaginary axis

and with z, and z, forms a

right-angled isosceles triangle.

By elimination option E must be correct.
Mathematically, if z; =i 221 , then the three

complex numbers lie along a straight line.
The answer is E.

Question 7
Do a quick sketch of this solution.

Re(z)
Im(z)
n A
4\ 11
Zl y ——
V2
1
7 »Re(z)

-t - - Ve

\

\
%
\
.\

\

N
Ly
¥
|
.\
|

It appears that this solution could pass through the point (2,—0.5).

The answer is D.
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Question 8
g —
J‘Z sin(x)cos’ (x)dx u=cos (x)
' du_ —sin (x)
[ du dx
= J‘Z X ——u> dx .
1 dx x= X u=0
x=0, u=1

zzju3du
0

The answer is B.

Question 9
Do a quick sketch to help determine the endpoints of f. "
The terminals of integration are the y coordinates of - f(x)
. s . 0,2)¢—Y
these endpoints because we are rotating about the y-axis.
2 1 (/5 R 1)
volume = TEJ‘ x*dy . .
i o
2
2 Clad’) Since y =
N TEJ‘ ¥y dy Y 2+ x2
1 4
25 _ 2+x=—
- 2th 2-y dy y
Y , 4
The answer is C. X = ; -2
_4-2
y
_22-y)
y

Question 10

Using the formula from the formula sheet, let f(x) = % =x(2-x%).
X

f(x):x(z_xz)’ xn+1:xn+h’ yn+1:yn+hf(xn)

X =1 Yo =0
x; =1+0.1 Y =0+0.1x f(x,)
=1.1 =0.1
x, =1.1+0.1 Y, =0.14+0.1x f(x))
=12 =0.1869
3 =0.1869+0.1x f(x,)
=0.2541

The answer is D.
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Question 11

ﬁ _ dx inflow dlinﬂow _ dxoutﬂow dl outflow
dt dl dt dl dt
—05x6——2 %12 Note that the concentration of sugar per litre in
900 — 6¢ the tank after # minutes
2 12x
T 900-6¢ _amount of sugar in tank after  minutes
B 2x volume of solution in tank after  minutes
150 —¢ __*
900 — 6¢
The answer is C.
Question 12
dv dV dr
—— =——-— (chain rul
dt dr dt (chain rule) V= %n r* (formula sheet)
=4nr? x _4t2 av P
V91 T
dr

When t =2, r= 45 r =49 —¢ (given)
So %:4nx80x_—8 dr _ 4

t J5 —=
— 3596.7051... it N9

At t=2, the volume of the sculpture is decreasing at the rate of 3596.7051...cm?/hr.
The closest answer is 3597.
The answer is E.

Question 13

Using the cosine rule (formula sheet) we have
wi2=u|® + [v]> =2 |u| || cos(135°)

=lul® + v =2 Jul |y x——=
S 2

=[ul® + |v|* +2 Ju V]

The answer is B.
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Question 14
t

a(f)=e?i+cos(21) j—sin() k

t
v (1) =2e? £+%sin(2t) J+cos(t) k+c

The particle starts from rest,
sowhenz=0, v(0)=0i+0,+0k
w(0)=2i+0 j+k+c

So §=—2i—k

So W)= [2e2 - 2} i+ %sin(2t) Jj+(cos(t) ~ )k

- z[ez - 1} £+%sin(2t) JjHcos() ~ 1)k

The answer is E.

Question 15 v =x? —5x
F=ma d(1
5 a= —(—vz J (formula sheet)
=6 (x — _J dx\ 2
2
d(l1, ,
=— —(x" -5x
F=6x-15 dx[2( )j
The answer is B. 5
=X——
Question 16 2
Initial momentum = mv (in easterly direction)
=6x5
=30kgms™

Final momentum = 6x1

=6kgms™

1

Change in momentum is 6 —30=-24kgms™ in easterly direction.

The answer is B.

Question 17

Draw in the forces. N

Note that since the packages are in T

equilibrium, a=0.

Around the m kg package: T
T =mg

Around the 5 kg package and 5g

parallel to the inclined plane:

5gsin(30°)=T 30° '_ mg

So S_g:

m
> g

m=—
2

The answer is A.

© THE HEFFERNAN GROUP 2017 Specialist Maths 3 & 4 Trial Exam 2 solutions



Question 18

Let the mass of a wrapped chocolate be /' and the mass of an unwrapped chocolate be U.
EW, +W,+U,+U,)

=E(W,)+E(W,) +E(U,) +E(U,)
=32+32+25+25

=114

var(W, + W, +U, +U,)

=var(W,) + var(W, )+ var(U,) + var(U,)
=9+9+4+4 N.B.  var(W,+W,) # var(2W)
=26

So the standard deviation is \/% .

The answer is A.

Question 19

For the distribution of the sample mean X,

E(X)=x sd(X)=—

S

-7 — 02

=0.0625

Pr(X < 7.1)=0.9452007...

The closest answer is 0.9452.
The answer is D.

Question 20

A type II error occurs when the null hypothesis H, is not rejected when it is false.
The answer is B.
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SECTION B

Question 1 (10 marks)

a.

Solve f'(x)=0 for x.
x=-0.7937005...

f(=0.7937005...) =1.88988...
Stationary point occurs at (—0.79,1.89) where coordinates are expressed correct to 2

decimal places.

(1 mark)
4
x'—x
f(x)=—
x
=x’ 1 , x=#0
X
The vertical asymptote has equation x =0. (1 mark)
The non-vertical asymptote has equation y = x~. (1 mark)

Note that /"(x) =0 when x =1 so the point of inflection occurs at (1, 0).

y=x

1,00 3 4

(1 mark) — correct shapes including asymptotes
(1 mark) — correct domain including endpoints
(1 mark) — correct stationary point and point of inflection
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4
d. i. volume = J. ny’dx
1

}[x4—x]2
=T 5 dx
Lox

3807n

(1 mark)

ii. volume =

=598.00216...
=598 cubic units (correct to the nearest whole number)

(1 mark)
e. Since x € (0,4] we are looking at the right hand branch of the graph in part c.
Solve f"(x)>0 forx

x<0or x21
So we are looking at the length of the curve from x=1tox=4. (1 mark)

4
length of curve = j-\/l +(f'(x))* dx (formula sheet)
1

=16.0591...
=16.06 units correct to two decimal places
(1 mark)

Question 2 (13 marks)

a. |z+2E2
|x+yi+2]=2

N +2)2 +y* =2

(x+2)° +y* =4

(1 mark)

b i &zj
3 4

2n i
tan[3j + tan(4j
= (compound angle formula - formula sheet)
1- tan(j tan( nj (1 mark)

=3+l

T 1-—3x1
1+43 1-43

1-23+3

=

4-243

-2

=\/§ — 2 as required

(1 mark)
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11r

ii. Arg(z)=—
g(2) D
Let z=x+yi

X 12
Y_J3-2

x
y=(3-2)

Re-read the question!
So a=4/3-2.

10

(1 mark)
. 2n m 1lln . .
since — +— = —— and using part i.
3 4 12
(1 mark)

Using your answers to parts a. and b., solve (x+2)>+y* =4and y = (\/5 —2)x forx

and y using CAS.
xz—(\/g+2) and y=1.

Re-read the question!

The point of intersection is (— V3-

(1 mark)
Note that x <0 so reject the x =0 and y =0 solution.
2,1).
(1 mark)
Im(z)
A
4
3
|z+2|=2
2

11w

Arg(z) = E

» Re(z)

—
(V3-2, 1)<F\\\\

(1 mark) — correct circle
(1 mark) — correct ray including exclusion of origin
and point of intersection (_\/5 -2, 1)

© THE HEFFERNAN GROUP 2017

Specialist Maths 3 & 4 Trial Exam 2 solutions



B(3-2,1) z
\1 T \

~ /12 o
1 \L‘\é 1‘2 » Re(z)
- \ 4200 O] 1 2 3 4

Method 1
area of segment = %’,2 (0 —sin(0)) (1 mark)
:lx4 S—R—sin(s—nj
2 6 6
Sn .
= 3 1 square units
(1 mark)
Method 2
The triangle with corner points O(0,0), A(-2,0) and B(— \/E - 2,1) is isosceles. Since
£40B =" then ZABO = “and so 2BA0 =
12 12 6
1 . [Sm
area of AABO = 5 X2 X2 xsin s (formula sheet)
=1
. S 2
area of minor sector B40 = 3 +2m (XX 2
Sn
= EY (1 mark)
area of minor segment = area of minor sector BA0O —area of AABO
Sn .
= 3 1 square units
(1 mark)
Using the diagram from part d., the ray intersects the circle for
-n<Arg(z) < _TTE and g <Arg(z)<n
ie. g TR and 2<% <p (1 mark)
2 2 2 2
So -2<a<-1 and l<a<2
Alternatively, we can express this as a € (-2,-1)u(1,2]. (1 mark)
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Question 3 (10 marks)
a. Method 1
Att=0, 1 =0i+]j
r,=u)

r =0i+2j
B ~
The distance between the starting positions is 1 metre.
(1 mark)
Method 2
It -1 |- ‘(ﬁt - 2sin(t))i +(3t+1-2cos(?)) j‘
A B ~
= (3t = 2sin(1))* + (3t + 1 2cos(1))?
Att =0, we have y/0+(1-2)?
=1
=1
The distance between the starting positions is 1 metre.
(1 mark)
b. For body 4, x=+/3¢ and y=3t+1
I

y-l_
So 3 ﬁ
y= \3x+1 is the Cartesian equation of the path of body 4, x> 0since > 0.
The starting point for body 4 is at (0, 1).
Forbody B, x=2sin(¢) and y=2cos(¢)

x? =4sin’(¢) y? =4cos’(f)
x> +y? =4 is the Cartesian equation of the path of body B.
The starting point for body B is (0,2).

Att = %, r =2i+0/ sobody B starts from the point (0, 2) and moves in a
e

clockwise direction.

starting point of body B

.

(9%}

starting point of body 4 7<

[ .

4 3 2 10 2 3 4

A

R
/

'
[\

]
“w

(1 mark) — correct path for body 4
(1 mark) — correct path for body B
(1 mark) — correct starting points
and directions
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c. The paths of the two bodies are at right angles at t="ifv | Y Tl=o.
6 ~4\ 6 ) ~B\ 6
Now v =+/3i+3 ]
2 )
v =2cos(t)i—2sin(?) ]

1
s

and — \/514_3] (1 mark)

1<
N
7N\
N N
1
=1
“
|
pRLa—

ala ola

75
o
1<
JS
TR Y

ala

N——
[ ]
1<
[vv)
7~ N\
NE!
N—
[
W
|
W

=0 asrequired

(1 mark)
d. Using working from part c.,
v =+3i+3]
iy ~t2)
v |=43+9
~A
=23
v =2cos(t)i—2sin(¢) j
L - J
v [=+/4cos?(£) +4sin’ (1)
~B
=2
Ratio is 2\/5 2
ﬁ -1 (1 mark) — correct speed of the bodies

(1 mark) — correct answer
e. Method 1

Body C sits at the point (O, J5 ) ie it is stationary. Using the graph from part b., we
see that the minimum distance between body B and body C occurs when body B is
located at (0,2). So the minimum distance is \/g —2 metres. (1 mark)
Since the starting point for body B is (0,2), (again from the graph) and since

IB =2sin(¢)i+2cos(?)] , the minimum distance occurs when

t=0,2n,4m,.. ie.whent=2kn, keZ" U{0}. (1 mark)
Method 2
Distance between body B and body C is given by

2sin(t)i+ (2 cos(t) =5 )}‘
= \/4sin2(t) + (ZCOS(t) —\/g)z

Distance will be a minimum when cos (f) =1 i.e. when t=2kx, k€ Z"U{0}.

r —r
~B ~C

(1 mark)
Minimum distance =+/9 — 4\/§
= /5 — 2 metres (1 mark)
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Question 4 (8 marks)

14

dx
— eax—ay
— eax x efay
— eax X
e
So f(x)=e"
1
and g(y) =—
e
(1 mark)
b. & =e™ x L (from part a.)
dx e
_[ e”dy= I e dx (separation of variables) (1 mark)
1 4 1 .
—e¥ 4+ =—e" +c,
a a
a 1 ax
—e¥ =—e" +¢ where c=c, —¢,
a a
When x=1, y=0,
1 a
—=—e"+c
a a
1 1 mark
c=—(1-e") ( )
a
So le“y = le” +l(1 —e)
a a a
e =e" +1-¢"
ay =log,(e™ +1-¢€")
y= lloge(e"x +1-e“)
a
(1 mark)
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c. i. y=log, 4/ f(x)+1-¢’

=log, Ve™ +1-¢’ (using our result from part a.)
& = Lz (using CAS)
dx  2(e™ —e” +1)
(1 mark)
ii. y=log, 1/ f(x)+1—¢’
When a =2 and using f(x)=¢e" from part a., we have
y=log, Ve* +1-¢°
2x
Also, L4 = 223;2 (from part c.i.)
dx  2(e™ —e" +1)
B er
e —e? +1
For the differential equation % =e““™) when a =2 we have
X
 _ )
dx
1s=%
dx
- e2x
e —e’+1
RS — eZX*zy
=e* xe (1 mark)
_ e2x x e*Zloge Ve +1-¢?
1
log, ————
—e¥ xe g (e¥ +1-€?)
2x
-
) (1 mark)
=LS
Have verified.
Check the initial condition.
i.e. when x=1,y=0.
y=log, Ve* +1-¢°
RS=log, Ve’ +1-¢°
=log, A1
=0
=LS
Have verified.
(1 mark)
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Question 5 (9 marks)

a. We’retold p=6and c=0.8.

= = 0.8
SoE(X)=6 and sd(X)=——=
7100
=0.08
(1 mark) — correct mean
(1 mark) — correct standard deviation
b. i. H,:p=6 (1 mark)
H :n>6 (1 mark)
ii. p=Pr(X >6.2u=6) (1 mark)
_pd 7 6.2-6
0.08
=Pr(Z >2.5)
=0.006209...
=0.0062 (correct to 4 decimal places)
(1 mark)
iii. Since p <0.05, the sample does provide evidence against Ho and therefore it

does provide evidence that the mean amount of sugar is higher than the

manufacturer claims.
(1 mark)

c. For the first test p=0.0062 (from part b. ii.)
For the second test p=0.0132 (given).
Since 0.0132>0.0062, this second test provides weaker evidence than the first that
the mean amount of sugar is higher than the manufacturer claims.

(1 mark)
d. Pr(X > %, |p=6)=0.01
P\{Z > In _6j= 0.01
0.08
Using invNorm function, we have z=2.3263...
= 0.0T
SoXn =0 _53263.. X 6 %,
0.0 z 0 2.32...
X, =6.186107...
=6.1861 (correct to 4 decimal places)
(1 mark)
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Question 6 (10 marks)

a. Taking upwards as positive, we have,
(60-2¢)—4g=4a (equation of motion)
4o 60-2¢t—4g
4

26 t .
a=——— asrequired
5 2

(from part a.)

When t=0,y=0andsoc=0.
26t 1*
v =

5 4
When =10,

v=27ms""

6021t

(1 mark)

(1 mark)

(1 mark)

c. From ¢=10 onwards, the drone is subject only to gravity and hence acceleration is

constant.
Method 1
Taking upwards as positive, we have
—4g=4a
a=-g
dv_
a °
V= j— gdt
v=—gt+c
When t=0,v=27 so ¢ =27 (from part b.)
v=—gt+27

At maximum height, v=0
0=—gt+27

27 S . :
So at ¢ =— the drone is at its maximum height.

g

27
g
xzjeg+2nw
0

=37.193877...

(1 mark)

(1 mark)

The drone reaches 37.19 m higher (correct to two decimal places) before falling to the

ground.

(1 mark)
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Method 2

Because we have constant acceleration we can use the constant acceleration formulae.

At ¢ =10, which is the start of the next phase of motion for the drone, u =27 ms”!

from part a.
So u=27
v=0 at maximum height (1 mark)

a=-9.8 (taking upward as positive)

Using v’ =u? +2as

0=27%-2x9.8s (1 mark)
§=37.193877...
The drone reaches 37.19 m higher (correct to two decimal places) before falling to the
ground.
(1 mark)
d. When the drone’s propulsion system fails it is travelling at 2ms™" at an angle of 60°

with the ground

. o _ Opp

sin60° = ———
2 2m\/§rns'1
\3 5

opp=2 X —
PP 5

3

So the magnitude of the vertical component of the drone’s velocity when its
propulsion system fails is \/5 ms™! and the direction is vertically up.
(1 mark)
e. Method 1
Considering the vertical component of the drone’s motion, and taking the upward
direction as positive, we have

a=—¢g (equation of motion)

v= J. —g dt

v=—gt+c

t=0, v= \/5, soc=4/3 (using part d.)

v=—gi+ V3 (1 mark)

xz‘[(—gt+\/§)dt

2
x= it +\31+¢

The propulsion system fails when the drone is 104/3m vertically above the ground.

. . oy _ OPP
ie. sin(60°)=——-
i 2o
opple\/g ]
When 1=0, x=10/3 so ¢, =103

2
So x= gzt +\/§t+10\/§. (1 mark)

When x =0, the drone hits the ground.
Solve x(¢)=0 for ¢ using CAS.

t=—1.711654... or t=2.065134...
Since £ >0, ¢t =2.065 (correct to three decimal places) so the drone hits the ground

2.065 seconds after the propulsion system fails. (1 mark)
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Method 2

Since the drone is subject only to gravity, its acceleration is constant. Take upward
direction as positive and consider just the vertical component of the drone’s motion.
The propulsion system fails when the drone is 10\/5 m above the ground

. : oy Opp

€. 60°)=——- I

o 20\/ 10 3
opp =103 [ |

When system fails, let s =0, so the drone hits the ground when s = ~10V3 (1 mark)

IR (1 mark)
u =+/3 (from partd.) ST
a=-9.8 _10\/§=\/§t+lx—9.8t2
s=-103 ’

Solvefort, ¢=-1.712 or ¢t =2.065 (to 3 dec.places)

Since ¢ > 0, it takes 2.065 seconds. (1 mark)

Method 3
Since the drone is subject only to gravity, its acceleration is constant. Take upward
direction as positive and consider just the vertical component of the drone’s motion.

From when the propulsion system fails until the maximum height is reached,

uzx/g(frompart d.) v=u+at

v =0 (at max. height) 0=+/3-9.8¢

a=-9.8 tzﬁ (1 mark)
9.8

The propulsion system fails when the drone is 10\/5 m above the ground

ie. sin(60°) =P
20 20/ 1043
opp = 1043 =

At this same time the velocity is V3ms™ (from part d.).
So between when the propulsion system fails and the maximum height is reached,

uzx/g s=ut+%at2
3 NE) 3
=— s=43x~>—-49x
9.8 9.8 9.8
a=-9.8 =0.153061...

The maximum height reached above the ground is
104/3 +0.153061...

=17.473569...m (1 mark)
Between when the maximum height is reached and when the drone hits the ground,

s=-17.473569... s:ut+%at2
u=0 —17.473569... = —4.9¢*
a=-9.8 t=1.888394..secs.

So the total time between when the propulsion system fails and when the drone hits
the ground is £ +1.888394...=2.065134...

= 2.065 seconds (to three decimal places) (1 mark)
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