THE SCHOOL FOR EXCELLENCE (TSFX)
UNIT 4 SPECIALIST MATHEMATICS 2010

WRITTEN EXAMINATION 2

Reading Time: 15 minutes
Writing time: 2 hours

QUESTION AND ANSWER BOOKLET

Structure of Booklet

Section Numb_er of Number of questions Number of marks
questions to be answered
1 22 22 22
2 6 6 58

Students are permitted to bring into the examination rooms: pens, pencils, highlighters, erasers,
sharpeners, rulers.

Students are NOT permitted to bring into the examination room: notes of any kind, a calculator,
blank sheets of paper and/or white out liquid/tape.

Students are NOT permitted to bring mobile phones and/or any electronic communication devices
into the examination room.

All written responses must be in English.

COMPLIMENTS OF THE SCHOOL FOR EXCELLENCE

Voted Number One For Excellence and Quality in VCE Programs and Tutorials.

the for

— ———

a:level 1, 477 collins st, melbourne, vic, 3000 p: 039663 3311 £:03 9663 3939 e: admin@tsfx.com.au w: www.tsfx.com.au



THE SCHOOL FOR EXCELLENCE (TSFX)

The School For Excellence (TSFX) is an independent organisation that provides educational services to
Year 11 and 12 students out of school hours. These services include the development and delivery of
intense revision courses before examinations, intense weekly tuition classes, study skills lectures, as
well as specialised courses that prepare students in advance of each school term.

The educational programs conducted by TSFX are widely recognised for providing the highest quality
programs in Victoria today. Our programs are the result of more than 16 years of collaborative effort and
expertise from dozens of teachers and schools across the state, ensuring the highest possible quality
resources and teaching styles for VCE students.

FREE VCE RESOURCES AT VCEDGE ONLINE

VCEdge Online is an educational resource designed to provide students the best opportunities to
optimise their Year 11 or 12 scores. VCEdge Online members receive over $300 worth of
resources at no charge, including:

. Subject notes and course summaries.

. Sample A+ SACS, essays, projects and assignments.

. Trial examinations with worked solutions.

o  Weekly study tips and exam advice (in the weeks leading up to the examinations)
. Two FREE tickets into an intense examination strategy lecture (valued at $300!!!).
. Cheat sheets and formula cards.

. Critical VCE updates.

. Free VCE newsletters.

° Information on upcoming educational events.

) And much, much more!!!

JOIN FREE OF CHARGE AT WWW.TSFX.COM.AU

PRINTING SPECIFICATIONS

Please ensure that the paper size on your printer is selected as A4 and
that you select “None” under “Page Scaling”.

the for

m— ——

a:level 1, 477 collins st, melbourne, vic, 3000 p: 039663 3311 £:03 9663 3939 e: admin@tsfx.com.au w: www.tsfx.com.au



SECTION 1

Instructions for Section 1

Choose the response that is correct for the question.

A

correct answer scores 1, an incorrect answer scores 0.

Marks will not be deducted for incorrect answers. You should attempt every question.

N

o marks will be given if more than one answer is completed for any question.

QUESTION 1

T

N (4T .
he imaginary part of the complex number z = ZCIS(?ﬂj is

~1-43.

A.
2
B. —=i
2
c. V3
2
D. —+/3i
e 3
2
QUESTION 2

The position vectors of A, B and C are 2 j+ 2I§ ,4i+10 j+18l§ and Xi+ 14 j+ 26I§

respectively. If A, B and C are collinear, the x value is

A.

2
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QUESTION 3

<
A

6i
4
2i \

The best subset is used to describe the above sketch is

A. {z:2£Re(z)£6,%<Argz}

B. {z:ZSIm(z)SG,%<Argz£3T”}
C. {z:2<Re(z)<6, Argzg%}

D. {z:2i< Im(z)s6i,%<Argz£37ﬂ}

E. {z:2<Im(z)<6, %sArgz SBT”}
QUESTION 4

When b =0, the ellipse with equation a(x—b)* + y* =36 touches the hyperbola with

equation x° —y* =9, only twice. When b # 0, the ellipse touches the hyperbola no more
than three times. The possible value of a and values of b are

A. a=9and beR
a=4and be[-33]
a=9and b €[-6,6]
a=4and be[-6,6]
a=12and beR

m o O &
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QUESTION 5

The values of cube root of (1+ i\/§ )4 are

A. 160|s(4 j 16¢i (10) 16¢i (16”j
9 9 9

B. 23CIS(47Z]
3

1

C. 163cis(4 j 163C|3[1O”j, 163 (16”J

9 9 9

D. 2cis(4—”j
9
E. 163C|s(4”j 16305(10 ) 163CIS(16”J
3 3 3
QUESTION 6

The area of enclosed by y :4—192, where X e[—a,a] and the x-axis is 1 square unit.
+9x

The value of a is

A. R
B. - z <a< z
2 2
c. 2tan(3+ )
3
D. 4tan(3+ )
9
E 2tan(3)
3
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QUESTION 7

If z=cos(@)+isin(d), then z" —in is
z

2" sin(0)
2co0s(6)
2isin(né)
2sin(né)
2icos(nd)

m o o »m »

QUESTION 8

3X2+9 a
f J.(ZX—1)()(2 1 2x+2) dx:EIOQ | 2X—l|—bj‘g/(x)dx . Then the values of a, b and g’ (x)

respectively are

A. 15, 3and g’(x)=arctan(x +1)
B. 3,1and g'(x)=In(x-1)
C. 1,3and g’(x)=arctan(x—1)

D. 3,3and g'(x)=In(x+1)

1
E. 153and g'(X)=————
900 X° +2x+2
QUESTION 9
sin(t +2t) =
A. 4cos®(t)—3cos(t)
B. 4cos’(t)+3cos(t)
C. 3sin(t)+4sin(t)
D.  3sin(t)—4sin®(t)
E. None of the above
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QUESTION 10
A body is cooling in surroundings maintained at 10°C . Its temperature & °C after t minutes

is given by chj_te =—k(6-10) where k is a constant. If the temperature of the body is initially

70°C and 10 minutes later is 40°C . The body’s temperature after a further 15 minutes is

close to

20.0°C
10.1°C
31.2°C
10.0°C
20.6°C

mo o w >

QUESTION 11

The volume of the solid obtained by rotating the bounded region in the first quadrant define
by {(X, y):x>0,2x*<y< 2} about the line y =2 is given by

1
A. V:_[(4—8x2+4x4)dx
0
1
B. V=rx[(4-8x"+4x")dx
0
2
C. V=7zj(4—8x2+4x4)dx
0
1
D. V=ﬂj(2X2—2)2dX
-1

1
E. V= 27[J- X(2x% - 2)? dx
0
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QUESTION 12
dQ

The general solution of the differential equation ot =4(100-Q)is

A. Q=100+ke™

B. Q=100-ke™
C. Q=100-ke*
D. Q=100+ke*
E. Q=100-ke™
QUESTION 13

If A=61—2 j+6k and B =-6i-2 j+k, the scalar projection of B onto A is close to

A. 7.21
B. 6.92
Cc. -297
D. 1.12
E. -2.98
QUESTION 14
a -
Given that .[( sin@ j do :1 and z < a < x, which of the following is the exact value
% 1-cosé 2 2
of a?
A. sin‘l(i—lj
e
B. sin‘l(\/g—l)
C cos‘l[l—i]
e
D cos’l(l—\/g
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QUESTION 15
Given the vector a=2siné@ i +(1-sind) j. The value of the acute angle &, so that a is

perpendicular to the line x+ y =1, is which of the following?

QUESTION 16
The acceleration in ms™ of a particle moving in a straight line at time t seconds, t >0, is

given by a = —%v. When t =0, the velocity, v, is 40 ms™. Which of the following is a

correct expression for v in terms of t?
t

A, v=—-—+440
2

t2
B. v=-——+40
4

C. v=40e™
D. v=40e*

E. v=40e™
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QUESTION 17

A plane which is flying horizontally at an altitude of 2000 metres passes directly over an
observation tower. If the plane flies with a constant speed of 150 km/h, the rate of change of
the distance from the base of the observation tower to the plane at one minute later is close
to

A. 149.99 km/min

B. 1.95 km/min
C. 2.50 km/min
D. 3.20 km/min
E. 1.28 km/min
QUESTION 18

The velocity r of a particle at time t is given by r=2e®"i+2e™®" j.If r=0 when t =0,

then r attime t is equal to

A. (e°'5t) i (e’°'5t )j

B. (eO.St _1) i_ (e—O.St _1)J

C (4e0.5t ) i— (4e—0.5t ) j

D.  4(e°* -1)i-4(e°* -1)j

QUESTION 19
A mass of 3 kg is connected to a mass of 4 kg by a light inelastic string which passes over a

smooth pulley as shown. The acceleration due to gravity has magnitude g m/s®. If am/s®
is the magnitude of the acceleration of each mass, then a equals

A 2

7 )
5. ¢ N/
c. 9

2
D. 7—9 3 kg

8
E. 1l4g 4 kg
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QUESTION 20

The accompanying diagram shows a particle of a mass m; on a rough, horizontal table,
where the coefficient of friction between the particle and the table is . The particle is
connected by a light, inelastic string which passes over a smooth pulley to a particle of
mass m, and hangs vertically. The acceleration, a, of the system is given by

A (m —um,)g
m, +m, AN
-
B (m, —um)g WN < i
m, —m,
l T
C (m +xum,)g
m, + m, m: g T
m, +m, m, g
E. (mz _:uml)g
m, —m,
QUESTION 21

A railway carriage of mass M; kg moving at 7 ms~ and a second carriage of mass M , Kg

moving at 5 ms " are travelling towards each other along the same track. The total
momentum of the system is given by

A.  7M,+5M,
B. 7M,+5M,
C. 7M,-5M,
D. 5M,+7M,

E. %(7M1+5M2)
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QUESTION 22

The curve AB has parametric equations X(t) =5t* —4t —2 and y(t) =5t° +5

where 0<t<1. The curve AB is shown in the diagram below. The exact coordinates of the
point on the curve AB that is the furthest to the left is

A (-0.8,10.33) ) ey

(-2.8, 5.8) o4

C. (2,122 I

D. (-1.36,5.8) 2T
E. (-2 5.27)

-4 2 B g 2 4 X
2|
al
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SECTION 2

Instructions for Section 2

e Answer all questions in the spaces provided.

e A decimal approximation will not be accepted if an exact answer is required to a
question.

e In questions where more than 1 mark is available, appropriate working must be shown.
¢ Unless otherwise indicated, the diagrams in this book are not drawn to scale.

o Take the acceleration due to gravity to have magnitude g m/s?, where g = 9.8.

QUESTION 1

a. (i) Find the modulus of the complex number (1+i)* where k is a natural number.

1 mark

(i) Hence show that x? + y? =2 given that x +iy = (L+i)* where x and y are real
numbers.

1 mark

b. (i) Express 1+i and 1-i in polar form.

1 mark
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(i) Find the value of (1+i)*" + (1—i)*" in each of the cases n=2, n=3 and n=4.

3 marks
(i) Hence or otherwise show that:
2mf g is an even integer.
A+ +@1-i1)*" =40 if n isanoddinteger.
—2mjf g is an odd integer.
1 mark
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c. (i) If (cos(@)+isin(0))* =cos(20) +isin(20), state the value of k.

1 mark

c0s(30) +isin(36)

(i) Show that —
cos(26) +isin(260)

=cos(#) +isin(0) .

1 mark
(i) If A=cos(d) + cos(20) + cos(36) +...cos(2nd) and
B =sin(d) + sin(26) + sin(30) + ...sin(2nd) where ¢9=% and n is a positive integer,

find an expression for A+iB.

1 mark
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ail-r")

(iv) Given that the sum of a geometric sequence of ntermsis S, = where a

is the first term and r is the common ratio, show that A=0=B.

2 marks

Total 12 Marks
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QUESTION 2
A particle moves in a straight line in a positive direction from a fixed point O. The velocity
v m/s™ at time t seconds, where t >0, satisfies the differential equation

v —v(L+v?)
dt 50

The particle starts from O with an initial velocity of 10 m/s™.

a. (i) Express as a definite integral the time taken for the velocity of the particle to
decrease from 10 m/s™ to 5 m/s™.

1 mark

(i) Hence calculate, correct to four decimal places, the time taken for the velocity of
the particle to decrease from 10 m/s™ to 5 m/s™.

1 mark

b. (i) Show that when v>0, the motion of the particle can also be described by the

v —(L+v?)

differential equation v = where X meters is the displacement of the
X

particle from O.

1 mark
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(i) Giventhat v=10 when x=0, solve the differential equation, expressing X in terms
of v.

3 marks

10 - tan(XJ
50

1+10tan (X)
50

(iif) Hence show that v=

1 mark
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c. (i) Find the position of the particle relative to O where the particle stops.

1 mark

(i) Explain whether or not the particle remains stationary at the position found in
part (c) (i). If it does not remain stationary, find the direction in which it
subsequently moves.

2 marks

Total 10 Marks
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QUESTION 3
The function f is defined by f(x)=xy9—-x? + 2arcsin(§j.

a. State the largest possible domain D for f.

1 mark

b. (i) Write down a definite integral for the volume generated when the region bounded
by the curve y= f(x), the x-axis and the line x=2.8 is rotated about the x-axis.

1 mark
(i) Find, correct to one decimal place, the value of this volume.

1 mark

c. Use calculus to:

() find f'(x) in simplest form.

1 mark
y , X(2x? — 25)
(ll) show that f (X) = m .

2 marks
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p

d. Hence show that 11-2¢° —————dx=2p,9-p +4arcsm( jwhere peD.

«/9x

1 mark

e. Find the value of p which maximises the value of the integral in part (d). Justify that
it gives the maximum value.

2 marks
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f.  Show that f(x) has a point of inflection at x=0, but not at x=+

S
L

2 marks

Total 11 Marks
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QUESTION 4

The function f is defined by f (x) =cosec(x) + tan(2x) .

a. Sketch on the set of axes given below the graph of y = f(x) for —%s X s%, labelling

all asymptotes with their equation and stating, correct to three decimal places, the
coordinates of any axes intercepts and stationary points.

— 24

— 3
— 44

— 64

— 74

- 14

b. Show that the roots of f(x)=0 satisfy the equation

2c0s>(x) — 2cos?(x) —2cos(x) +1=0.

4 marks

2 marks
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c. Show that the x-coordinates of all turning points on the graph of y = f(x) satisfy the
equation 4cos®(x) —4cos®(x) + 2cos?(x) + cos(x) —2=0.

2 marks

d. Showthat f(z—x)+ f(x+x)=0.

2 marks

Total 10 Marks
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QUESTION 5
A disused satellite has a position vector relative to the centre of the Earth given by

r=2t+1)i+ (> -11) j+ (t* -3)k
attime teR . All components are measured in kilometres.

A South Sea island has a position vector —12 j— 2k relative to the centre of the Earth.

NASA is worried that the satellite might crash too close to the island.

a. (i) Find the position vector of the satellite relative to the island when t=-1.

1 mark
(i) Hence find the distance between the satellite and the island at t =-1.
1 mark
b. Show that the distance of the satellite from the island at time t is \/E(t2 +1).
2 marks
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c. Find the closest distance that the satellite ever comes to the island.

1 mark

NASA plans to use a missile to divert the satellite. The missile is to be launched from the
island to hit the satellite at time t=-1.

d. If the missile is launched at time t=-2 in a straight line, find (correct to the nearest
degree) the angle its path needs to make to the line from the island to the satellite.

3 marks

Total 8 Marks
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QUESTION 6

A truck is towing a large log of mass 1200 kg up a sloping road inclined at an angle of 8°
to the horizontal. The log and truck are moving up the slope with a constant acceleration of
0.25 m/s?. The coefficient of friction between the log and the road is 0.09.

a. Find, correct to the nearest newton, the magnitude of the tension in the tow rope.

3 marks
Later the truck is parked on the slope with its brakes applied. Let T newtons be the
magnitude of the tension in the tow rope and let F hewtons be the magnitude of the frictional
force between the log and the road.

b. ExpressT interms of F.

2 marks

© The School For Excellence 2010 Complimentary Specialist Mathematics — Examination 2 Page 25



c. Find T, correct to the nearest newton, if the coefficient of friction between the log and

the road is
@i 0.09

1 mark
(i) 0.15

1 mark

Total 7 Marks

END OF QUESTION AND ANSWER BOOK
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