SPECIALIST MATHEMATICS

Units 3 & 4 — Written examination 2

2009 Trial Examination

SOLUTIONS

SECTION 1: Multiple-choice questions (1 mark each)

Question 1
Answer: C
Explanation:
(y-k) (x—h)
The asymptotes of the hyperbola of the form —— -—— = lare of the form
b a

y—kzié(x—h), a=2,b=4
a

y—3=42(x+1)
2x—y+5=0
2x+y-1=0

The asymptote 2x+ y —1=0 is offered as alternative C.

Question 2
Answer: D
Explanation:

f(X)Z X+a _ xX+a

x? —2ax-3a*> (x+a)x—-3a)
f(x) has a vertical asymptote x = 3a and a hole for x = —a . Therefore the first three options

are incorrect.
x+a 1 1
D is a correct option because: lim f(x) = lim = lim =——
P )H-af( ) x—-a (x+a)(x—3a) x>-a (x—3a) 4a
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Question 3
Answer: A

Explanation:

y= cos(sin"1 Zx)is a composite function y = f o g . The range of g must be a subset of the
domain of f

The range of sin™' 2x is {—%,%} , while the domain of cos x is [0, z]. Therefore, sin™' 2x

: . . T
must be restricted so that its range is {0, E} :

Domain of y Range of y
0<sin'2x <X cos(sin”' 0) =cos0 =1
0<2x<1 cos(sin12><lj:cos£=0
! 2 2
0<x<—
2
Domain is {0, %} Range is [0,1]
Question 4
Answer: D
Explanation:

Option A can be correct: f"(x)is discontinuous for x =0, so f(x)is also discontinuous for
x=0. 1) A
Option B can be correct: f'(-2) can equal 0.

For example, the graph on the right shows f'(x).

The derivative of this function ( /"(x)) is negative for _ 2\

v

every x<0.

Option C can be correct: f'(x) can be positive for every x> 0.

The function ( f'(x)) on the right has a negative gradient

(f"(x))for all x <1, a gradient of zero for x = 1 and a positive

gradient for x > 1. ‘ 1

S

v

Option D is incorrect: For f(x) to have a local maximum at x =1, according to second
derivative test, f"(1) would have to be less than zero, while in the given graph f"(1)= 0.

Option E can be correct: f"(1)=0, so f(x) can have a stationary point of inflexion for x =1.
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Question 5
Answer: B
Explanation:

Let z=a+bi, a,b>0 and a =4b. Then z = 4b + bi.
2 b (4 i)

=b*(15+8i)
Rez? =15b°
Imz* =8b*

Rez?:Imz* =15:8

Question 6
Answer: C

Explanation:

Complex number z which satisfies |z + 1| = |z + i| =1 is represented by the point of intersection
of two circles: |z + 1| =1 and |z + i| =1. From the diagram below, as z is a non-zero number,

we have z =—-1—iand |z|=\/5, Argz:—%z.

25

Question 7

v

Answer: E

Explanation:

If z=2—i/3 is asolution of z* + az> + bz% =322+ 56 =0, a,b e R, then z =2+i\/§is also
a solution (conjugate root theorem). It follows that one quadratic factor is

22 —@-i3+2+i3)z+(2-iV3)2+iv3)=0

22 —4z+7=0

4 3 2 ) 2

z +az> +bz” —=32z+56=(z" —4z+7)(z" +kz+8)

By equating coefficients of z: —32+7k=-32=k =0, z2 +8 is the other quadratic factor.
(22 —4z+T) (22 +8) =z 423 41522 =32z+56 = a=-4,b =15
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Question 8
Answer: A

Explanation:

H
The shortest distance of point B from the line O4 is the magnitude of vector BC, which is the

- - - -
perpendicular component of vector OB in the direction of O4. Let OA=aand OB =b.

N 1
Then OC =(bea)a, a=——3i+]j
(beiki i=— (i)
B - 1 3
C=—xI53i+j)==(3i+]
b 5 X15Gi+j)=2Gi+)
- -
‘OC‘z %, OB|=5
0 a C 4
4)
Be|= 2520 - [10_410
2
Question 9
Answer: C
Explanation:

|a+b|2 —=(a+b)e(a+b)
=|a|2 +Za.b+|b|2

aOb:|a||b|cosz—”:4x3x_—1:—6
3 2

la+b|> =16-12+9=13.
Thus, a+b|:\/E
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Question 10
Answer: E

Explanation

The equation a tan? x +bcot? x = a, a,b € R can be written as

b
atan® x + s =a (D)
tan” x

atan* x —atan® x+bh =0

Let ¢ = tan” x. The equation (1) becomes at® —at+b =0. It has a solution if the discriminate
is greater than or equal to zero.

Discriminant = a® —4ab >0 fora € (-0,0]U[4b,0). Because a € R™, the smallest positive
value of a from the interval (—o0,0]U[4b,00) is 4b . Therefore, a = 4b is the required value.

Question 11
Answer: E

Explanation:

The gradient of the tangent to the curve y = arcsink at the point (2/{,%} is y'(2k) . First,
X

finding the derivative: y' = ! X (— ij = Kk . The gradient when x =2k is
-5 xx? —k?

k1 3
24 3k 2kx/§ 6k

y'(2k)=- . The angle with the x — axis = arctan(— g} .

Question 12

Answer: B
Explanation:
Let cos™! 2z . x. Then cosx = 2
Vm? +4 Vm? +4
' I 2 2 » m?+4 m?
Using the identity sec” x =1+tan” x, tan” x = 2 -1= e

As inverse cosine is restricted to [0,7], x must be from the first quadrant. Thus, tanx = 3

2><ﬂ
-1 2 4m
tan| 2cos  ——— |=tan2x = S = 3
Vm? +4 1-m 4—m

4
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Question 13
Answer: E

Explanation:

: . sin 2x 2sinxcosx 2sinxcosx
Option A is correct as = = > =tanx

1+cos2x  1+cos’x—sin®x 2cos” x

Option B: If u =1+cos2x, then du =—-2sin2xdx and sin xdx = —%du . Substitution into

the integral gives option B.
Option C is correct (similar to option B)

. sin 2x 2sin xcos x 2sin xcos x sin x cos x
Option D: = =

1+cos2x  14+1-2sin®x 2(1—sin?x) (1—sin?x)
e 1 1
u duz—_[ -
1—u? 291-u 1+u

du

Let u =sinx. Then du =cosxdx and [ =J.

Therefore, option D is correct.

. 2 . . .
(sin x + cos x) B sin? x + 2sin xcos x + cos” x _I+2sinxcosx

Option E is incorrect: 1

1+sin2x 1+ 2sinxcosx 1+ 2sinxcosx
Question 14
Answer: D
Explanation:
V= ﬁzfyzdx, where y? = é(xz — az) A x=2a

a a /:I/
2 2a 2 3 2a E
14 bor (xz—az)fl —b—”{x——azx} —>

Question 15

Answer: A
Explanation:
The differential equation for the melting block is dm = L3 . Solving: A == m_2 +c
dt m dm k 2k
When =0, m =100 and 10000+c=0:>c=—&k00.When t =2, m=50 and after
2500 5000

substituting ¢, we have: ———=2=k=-1875and thus ¢ = % =2.67.

2k k
Form =0, t=c, therefore the block will melt in 2.67 days.
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Question 16
Answer: B

Explanation:

From the slope field given, it can be concluded that % =0 when x=-y. Also % is
X X

undefined when x =y .
dy _x+y
dx x-y

is the only differential equation among offered options that satisfies both

conditions.

Question 17
Answer: D

Explanation:

Xt =%y A B Ypar =Yy + (000 ) X0 = 0,09 =Lh=02, f(x,p)=y+e ¥ =1
x0=0 y =1+02(1+"-1)=12
x =02, y,=12+02(12+¢ % 1)

=12+402(02+e %%

=1.2+0.04+0.2¢7 %

=1.24+0.2¢%%

Question 18
Answer: C

Explanation:

1 5 1 5
xup=5gt—5gt , xdownzggt

Vup = Sg — &t Viown = 8t
When the balls meet: v, =4v
gt=4(5g—-gt)=>t=4

up

Distance traveled by the falling ball%g x 42 = 8g=8%x9.6=78.4m
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Question 19
Answer: C

Explanation:

(0 =30+—2 5y =-
1+1

o) (1+10¢)

2
When ¢ =2, X(t) = —&3
(1+20)
Question 20
Answer: A
Explanation:

Ht)=2ti-2¢7%]j

()| =V4r* +4e ¥ =42
Using calculator: = ¢ =2.0999...

Question 21
Answer: D

Explanation:

© T'ssM 2009

=-0.0215959...

and whent — o0, x — 30 as

s:ut+lat2, s=15¢t=2,u=0

1.5:la><4:>a:3
2 4

3 3
20-T=2x—=>T=2g——
g 4 g 5

N =5g

3
T- =—x5
UN 2
15 315
Squ=T—-2=2g—> -2 1435
i 4 Ty

1435
5%9.8

=0.29

10 —0

(1+10¢)
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Question 22
Answer: B

Explanation:

2 2

vt v Ty
v | dx v
dv_1+v2 dx v?
A 2 dv 1402
2
xzj d deZJ(l— lzjdv=v—tanlv+c
I+v 1+v

When x=0,v=1.
tan '1-1=c

c=%-1
4

When v=3,x=3—tan '3 +%— 1=1.53635....
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SECTION 2

Question 1

a. Imz 5
___4_|>—D__‘
’ ’ C’ ‘\
.
, K 2 B ,/ \\\
’ S , \
/ F % N Y
) o \ K PN \
' KA \ , s \
1 . N 7’ N \
| g N Ot N | \
1 / N ll \/‘f ' ‘.
[ s\ P
o H - oy '.
A I R "t |ﬁ ! : »
1 ' \ 1IN 1
\ AN i2 4 Rez
‘\ \*QI. j’,\\ 2 /
\ 1 N i
\ E I < . !
\ N, !
\ A /
\ A Y /I
N N
\ ’
\\ \\ ,/
\\ G ‘ ’ ’
. T
2CIS72 e e
=———*= =cis| — ——— |=cis| —— |, represented by point /.
Y2 12 12 3
2cis —

uv = deis| 2=+ Sz = 4cis ~ , represented by point D.
12 12 2

Al

Al

The sum u +v is represented by point C. Because u +Vv = (u + v) , the required point is G.

4” = 2cis37ﬁ , represented by point F.

. 1 .
b. i Rearrangement of x +—=2cosa gives x” —2cosa x+1=0.

X
By using the quadratic formula or by completing the square

x_2c0sair 4c0s2a—4_2cosai — 4sin’
2 2

(2

As ae[O,ﬂ], sina >0, thus x=cosa+isina

. . 1 .
ii x"=cis(na),and — =cis(-na).
X

n

X

n

(cos(na) +isin(na)) — (cos(na) —sin(na)) = 2isin(ner)

© T'ssM 2009

=cosatisincx.

Al
Al

Al

Al

Ml

Al
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iii.

(5 4] 5 ) =27 T 7] - |

=27 cis7—7[ - cis(— 7—”j
6 6

Using the result from ii, (\/E + i)7 - (\/5 - i)7 =27 x2i sm(%j

Question 2
a. a=2pi+j+(1-p)k,b=—i+3j, c=5i—j+8k
/(a,b)= ~(a,c)

asb aec

alb] ~ Tall]

b| =10, |¢f=+90, (asb)=-2p+3, (aec)=10p—1+8(1-p)
~2p+3 _10p-1+8(1-p)
Jio 340
3(—2p+3)=10p—-1+8p—8p
—6p+9=2p+7
1
P=y

Mil

Al

Ml

Ml

Al

b. Vectors a, b and ¢ are linearly dependent if one of them can be written as a linear

combination of the other two.
a=mb+nc

2pi+j+(1—p)k=m(=i+3j)+n(5i—j+8k).
By equating coefficients of i, j and k:

-m+5n=2p (1)

3m—n=1

8n=1—p:>n=Tp (2)

1— -
3m=n+1=Tp+1:>m=9—p 3)
Substituting (2) and (3) into the equation (1) gives
_9=p375p

3
-9+ p+15-15p=8Bp=p=—
24 8 P P p=r 31
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¢. Method 1

In the diagram below,

E)" = ‘@‘ and B, is the midpoint of OD.

0] B, D C

M1
Vector O_B; is a vector resolute of OB in the direction of OC .

@z(boé)&z%(—S—3)(5i—j+8k)
:%(51—j+8k) Al
4. 4. 32

=——i+—j——k
9 457 45

From OD = ZO—B; , the position vector of point D is OD = —§i + %j - j—:k Al

Method 2

Let OD = mOC . Then OTDszi—mj+8mk

BD=BO+0D =(1+5m)i+(~3—m)j+8mk

0B =10, |ﬁ)|:\/(1+5m)2+(3+m)2+64m2 =J90m? +16m +10

907112+16m+10:10:>m:—i

Therefore OD = —§i+ij—ﬁk

457 45
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Question 3
a.
C B y=2a
_________________ .
/! P P(x,y)
0 R 0 «x
From the triangle OBQ, Bo =tand, OQ = BO and BQ =2a, OQ =x.
0 tan &
Thus x = 2a =2acotf. Al
tan &
To find y, note that ZOAC = %(angle subtended by diameter).
From the triangle OAC, OA =2asin@ and from the triangle OAR, AR =y =0Asinf .
After substituting OA4 =2asin @ into AR = y = OAsin@ , it follows y =2asin’ 6. Al
X . . ) 2 1 . . 4a’
b. From cot@ = —, using the identity cot” & +1=———, it follows sin” 0 =———
2a sin” @ x" +4a
y =2asin’ @
2
—2ax— 0 M2
X" +4a
_8a’
x> +4a’
_ 3 3(3.2 4.2
e yo l6ax o, l6a (3x da ) i
(xz +4a2) (xz +4a2)
3" =0 when 3x” —4a’ =0 = x =+ 2%, Al
3 3
After substituting into y = 28a = 8? =>y= 3a
x" +4a 2a R 2
—=| +4a
V3
Thus, the points of inflexion are (— 2_a, 3a] nd (2—(1 ,3_aj Al
V3 V3
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d. i
) 24
24 B
V3 3
a=2] %dngaz(tan-l i]

o X +da aj,

1

=8a’ tan™ MI, Al
NE)
4a’rx
3

ii

2a 20 8a3
V= ﬂszdy = ﬂj(——4a2jdy
a a y

= ﬂ[8a3 log, vy — 4a2y]ia
=(8a’ log, 2 —4a’) MI1, Al
= 4a’z(2log, 2-1)

iii By using a graphics calculator, the point of intersection of the area and volume
functions occurs when a = 0.863

Al

Question 4

‘ plunge pool /

a. i Giventhat u=0, v=6, s =20, using constant acceleration formula v* = u” + 2as,
9
36 =40a = a=— ms™.

Al
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ii

From the diagram: 40gsin35° — uN = 40 x % and N —40g cos35° =0. It follows

40gsin35° — ux40g cos35°’ = 40x%
_ gsin35 00.9 0575
gcos35

M1

Al

b. Itis known that u =6, s=32 and a =-0.5. Therefore v’ =36-32=v=2.

Ml

u+v 2s

From s = t, t= = 8seconds

u+v

v

i By choosing the directions i and j as in the diagram above and using v =

we have #(0)=2c0s30"i—2sin30°j, thus #(0) =/3i—j.
ii From i(t)=—-gj, r(t)=—-gtj+3i—j
i) = 3i— (gt +1)j
After integrating the velocity vector: r(z) = J3ti- {thz + t] j+2j

r(t)zx/gti—(g?tz+t—2Jj

© T'ssM 2009
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d. i Before the speed can be found, we need to know the time when Adam hits the water.

This is when the j component of the position vector is zero.
2

Solving % £ 1—2=0 gives £ = 0.5449. Al

The velocity vector at £ = 0.5449 is ¥(r) = v/3i — (9.8 x 0.5449 +1)j = 1.732i — 6.34j . M1
The speed is the magnitude of the velocity vector.

Speed = v/3+6.34> =6.57ms” Al

ii The horizontal distance from the bottom of the slide is the i component of the position

vector at £ = 0.5449, which is +/3 x 0.5449 = 0.9438 .
The required distance is 0.94 m. Al

Question 5

AB is the diameter of the semi-circle, £ COD =@ and # is the depth

oy

D

A

a. i The shaded area (segment) = % x1.5%(0 —sin @) = %(9 —sind).

Therefore V' =8x %(6’ —sind)=9(0—sin6). M1

ii

x

—— =C0S— —=> X=—C0S—

1.5

hzi—écosgz3 l—cosg M1
2 2 2 2 2
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di_dndodv

dt dodV dt
Fromh:é[l—cosgj, ﬁzésing.
2 2 de 4 2

Also, from ¥ =9(6 —sin 8), j—g =9(1-cosd) and c;—I: =0.2 (given).

By substituting into (1), we have % == 4 ! x 0.2

sin —x —————
4 2 9(1-cosb)
.0
sin—

-2
60(1—cos6) @

For 7 =0.8, 3[1 —cosgj =0.8
2 2

Solving this equation for & gives 8 =2.17°or 6 =124.36°

After substitution into equation (2): % =0.009ms™ (3 decimal places)
Al

. dx .
i — = Rate in— Rate out
dt

DX 0.05%100+0.04x 50— 120%
dr 20000
Afier simplifying, 9% = 7%
PEYIRS 400
o dr_2800-3x
dt 400
dt 400
dx 2800-3x
= fﬂdx = —ﬂlogg(ZSOO -3x)+c 0<x< 2800
2800 —3x 3
log, (2800 —3x) = - 4 3¢
400 400

3t 3¢

2800 —3x = Ae “© , Where A4 = o400

2800 2800 -

Whenx=0,t=0 = 4 and therefore x = T(l - e_m).

d. i The concentration of 0.03kg / L gives x = 20000 x 0.03 = 600 kg of salt.

After solving the equation (algebraically or using graphics calculator)

3t
@(1 —e 49) =600 = ¢t =137.28 minutes
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3 2800

ii When 7 —> o, e “° —0 and x - —— =933.33 kg of salt.

2800

The limiting concentration is 3 _0.047 kg/L
20000
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