SPECIALIST MATHEMATICS

Units 3 & 4 — Written examination 1

2009 Trial Examination

SOLUTIONS

Question 1

a. Vectors u=a+kband v=a—b are perpendicular, thereforc ue v =0

(a+kb)e(a—b)=0

Ml
|a|2—a0b+kaOb—k|b|2=O (1)

Also Z(a,b)=120", so aeb =|a[b|cos120° = —a|’. Ml
Substituting aeb = —|a|2 and |b| = 2|a| into the equation (1), gives |a|2 + |a|2 - k|a|2 - 4k|a|2 =0

After simplifying we have (2 - Sk]a|2 =0and k= % . Al

b. Asa+b+c=0 and |a| = |b| = |c| =1, vectors a,b and c form an equilateral triangle.

MI

It follows a'b+b'c+c~a=—%—l——=——. Al
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Question 2
a.
Cl+i 1+
Cl-i 1+
1420407
I Al
_2

b. Let z=x+iy. Then

|x—iy—i(x+iy|=2\/5

|x+y—i(x+y)|=2\/5 M

(x+y)2 +(x+y)2 =8

(x+y) =4

x+y=12

This subset is represented by two parallel lines x+ y=2 and x+y=-2 . Al
Ya

A

AN
NN

2N Al

v

. . T .

¢. z,w=z,i which represents a rotation by EX therefore the required numbers are Ml
z,=2,-2,2i, -2i Al
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Question 3

) 41 - . T V4
a. sin| tan”' — |- cos |tan \/E =SIn——CO0S—
( ﬁj ™ 5J=n - cos

L
2 2
=0 Al

b. Giventhat x=tana and a € (0,%j using the right-angle triangle below, we have

V4 1 V4 a1
tanl| ——a |=— and | ——a |=tan —
2 X 2 X

! Mil

. -1 -1 1 . T
sin (tan ~ x)—cos| tan  — |=sina —cos 3 a

X

=0 as sina:cos[%—aj Al

Question 4

To find the points of intersection, substitute x = 1 into y*> —2x> + 2xy — 6 = 0 which gives
y>+2y—-8=0 = y=2and y =—4. Al
To find the gradient, differentiate implicitly as follows:

ZyQ —4x+2y+ 2xQ =0 . When rearranged, & = 2%~y .
dx dx dx x+y
The gradient of the normal is given by the expression & - Xty . Ml
dx y-2x
At the point (1, 2) the gradient of the normal is undefined, therefore its equation Mil

isx=1.

. . 1 . .
At the point (1, -4), the gradient of the normal is 5 and the equation of the normal is

1
y+4= 5 (x - 1). After simplifying, the equationis x—2y-9=0. Al
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Question 5

|
y=sin_ x

The area can be found by integrating x =sin y .

s

7 1 [
A ==x=—|sin yd
1767 .([ yay

- % +(cos y)¢

Total area= 4, + 4, :\/5—%—1
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Question 6

Let Inx =u. Then ldx =du.
X

- = -2 -2
For x=e, u=Ilne” =3 andfor x=¢, u=Ilne” =-2.

-2

e -2
J- 1+Inx :J~ u+1 du
5ix Inx(1-Inx) Su(l—u)
u+1 A B

= — 4+ —
u(l-u) u 1-u

Al-u)+Bu=u+1=A=1, B=2

o

= (ln|u| -2 1n|1 - u|):§

i)

-2 -2
J~ u+1 du:‘[(ljt 2
u(l—u) \u 1-u

-3

u

(1-u)
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Question 7

a. x=200s£t, y=3t, t20
10

t= mcos‘1 X , so the Cartesian equation is y = Ecos_l X, Al
Vs 2 Vs 2
The domain of this function is [~ 2,2], the range is [0,30]. Al

b. The speed of a particle can be found as the magnitude of its velocity vector. The position

vector is r(t)= 2COS%I i+3¢j, its velocity vector is F(¢)= —%sin%t i+3j.

2
The expression for the speed is |1'~(z)| = 1/%sinz %z‘ +9. Mil

The minimum speed is 3 and it occurs when sin’ % t =0, which is for %t =0, 7

or t=0,10 Al
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Question 8

1
At the time 7 when the object hits the ground: ¢ =8, V=8, a= Egt

h

l 8m
v

2

When the object is 8 m above the ground, the time elapsed is (f —0.4) seconds and the = M1
velocity is v, = g(t —0.4) . Therefore considering the last 0.4 seconds of travel

8=g(t—0.4)><0.4+%g><0.42

Solving for ¢:

g(t—gjx—+lgxi:

5)5 27 25

2g 4_g+2g_

5 25 25
£=8+2—g:t=§ 1_100+g
5 25 g S5¢g

Substituting back into / = 5 gt’ and simplifying gives h =
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Question 9
a. Pushing force: Pulling force:
N
Fvl A
UN &
v v
Mg Mg
! —
Direction of motion Direction of motion

The velocity of the object is constant, therefore the acceleration is zero. By resolving the
forces vertically and horizontally we have:

N-Mg—-F sina=0, N=Mg+F sina N-Mg+F,sina=0, N=Mg-F,sina

—uN +F cosa=0 —uN + F,cosa =0

Mg + uF, sina — F, cosa =0 —uMg + pF, sina + F, cosa =0

F-— Mg F—— Mg M3
cosa — usina cosa + pusina

cosQ — usina < cosa + psina foreveryae[o,%j Al

Therefore F, > F,

b.
ﬂz uMg ><COSO{—i—Iusina
F, cosa—pusina LMg
_ cosa + usina Mi
Dividing each term by cosa gives ﬂ — w
F, l1-putana Al
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