SPECIALIST MATHEMATICS

Units 3 & 4 — Written examination 2

2008 Trial Examination

SOLUTIONS

SECTION 1: Multiple-choice questions (1 mark each)

Question 1
Answer: D

Explanation:
2x —7x* +5x

T 3 can be found by simplifying first, then
x" —3x

The asymptotes of the function y =

dividing the polynomials.
2 2
:x(2x 7x +5):2x 7x+5:2x_1+
x(x—=3) x-=3 x-=3
The function has a hole at x =0

Question 2

Answer: D

Explanation:

The equation of a hyperbola with its centre at (— 1,2) is (x ;21)2 - (y ;22)2 =1. The equation of
its asymptote is Sx -3y +11=0,0r y= §x+ % . It follows that S = g, therefore a = %

From the given alternatives, it has to be a = 6,6 =10
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2008 SPECMATH EXAM 2

Question 3
Answer: B

Explanation:

For the graph of y = ,m>—1 to be positive, it is necessary that

x*—(m—-1)x—m
x? —(m—1)x —m is negative.

x* = (m—1px-m<0

X' —mx+x-m<0
x(x—m)+(x—m)<0
(x—m)(x+1)<0

xe(-1,m)

Question 4
Answer: A

Explanation:

. . . T
Rotating a complex number anticlockwise for an angle of 3 gives the same result as

, it must be w=23zi.

multiplying the number by i. Because |w1 = |3Z
Proof:

Let z = |z|cisgo. Then w= 3|z|cis(qo + %)
= 3|z|(cos(¢) + %) + isin[gp + %D =3|z|(-sinp +icos )
= 3|z|(i2 sin @ +icos go) = 3|z|(cos @ +isin q))i =3zi

Question 5
Answer: D

Explanation:

If z= 2011{— 2—”) then z 2 =272 cis(4—”) = lcis(— Z—ﬂ-j
3 3 4 3
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Question 6
Answer: E

Explanation:

If z" =1, then the complex roots z = cis 2kz are symetrically placed around the circle of
n

radius 1. The regular polygon obtained from these vertices can be divided into » congruent

. . ol 2
isosceles triangles with side x and the top angle of 2y
n

z
n
1
x x
2 ; 2 LT . .
2 From the diagram, sin— = T x = 2sin— . The perimeter is
n n
nx = 2nsin z
n
Question 7
Answer: C
Explanation:
d’y . 2. -
=—e"2x—x")+e (22
For y:xze_xa Z—y=2xex —x2€7X :eix(zx_x2) and dx2 € ( X=X ) € ( x)
x

= e’x(x2 —4x+2)

Z—y>o for 2x — x> > 0 which is x € (0,2)
X
d’y

xz

<0for x> —4x+2<Owhichis x e (2—\/5,2+\/§). The intersection is x (2—\/5,2)
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Question 8

Answer: A
Explanation:

By substituting points:

asin™ —l +b=—£ and asin™ l +b=7—ﬂ
2 12 2 12

“ b= ()

6 12
ar T
—+b=— 2
6 " 12 ( )

Adding equations (1) and (2) gives 2b = ?—72[, b= % .

Substitute back into (2) ar LT 7—”, a=2
6 4 12

Question 9
Answer: C
Explanation:
The scalar resolute of a = 2i + xj — k in the direction of b =i+ 2j+ 2k is
a-b :%(2i+xj—k)-(i+2j+2k)

1

=—(2+2x-2)
3

From %(2 +2x—2)=2 the value of x is 3.

Question 10
Answer: D
Explanation:

m-n _ 2-2-1 :_l
ml| Vo6 6
2 17

cos20=2cos’f—-1=——-1=——
36 18

cosd =
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Question 11
Answer: B

Explanation:

Let ¥ =2x—3.Then @=2 and xz?

dx
Ix(Zx—3)3dx zé‘[u;stﬁdu zij'(u4 +3u3)du

(2x-3) . 3(2x-3)*
=20 16

Question 12
Answer.: C
Explanation:

ﬁ:5><8— 10x
dt 100 —2¢
5x
50—¢

Question 13
Answer: B

Explanation:

We are given CZ—V = % and need to find % when » =5, where S is the surface area of the

balloon.

Using the chain rule ﬁ=§£a]—V and V =i7z7f3,S =4m*, we have
dt dr dV dt 3

d—V=47zr2 andd—S=87zr

dr dr

ﬁ:87z7f>< ! xzzz—”.For r=>5, ﬁzz—”

dt Am* 3 3r dt 15
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Question 14
Answer: A

Explanation:

xn+1 :xn +h’ yn+l :yn +hf(xn’yﬂ)’ xO :4’y0 :17h2004’ f(x’y):y_x2

x, =4.04,y, =1+0.04(1-4%) = 0.4
x, =4.08,y, =0.4+0.04(0.4— 4.04%) = —0.23864
x, =4.12, y, = —0.23864 + 0.04(—0.23864 — 4.08”) = —0.9122

Question 15

Answer: A
Explanation:
. ) sin 2x
Ism 2xsec” 2x dx = j dx
cos” 2x
. o in 2 1¢1 1 1
Using substitution u = cos2x, J. sz Yy = ——j—zdu =——X——
cos” 2x 29u 2 u
1 1
=—sec2x

- 2cos2x 2
Question 16
Answer: E
Explanation:

¢ X ° 4 x| V4
_[ zdxzj(l— 2}dx={x—2tanl—} =2-=
4+x 4+x 2 1 2

0 0

Question 17
Answer: E

Explanation:

a =v%=(4—x2X—2x)

=—8x+2x’
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Question 18
Answer: D

Explanation:

\_ _f _\1_1\ 1_/2/3 7/

|\ \_z \—////
e A

\—4 \—//

\

From the direction field, 2 =0 at (1,-1),(2,-2),(3,-3)...

dx
differential equation & =x+y.
dx
Question 19
Answer: C

Explanation:

STV T o
5 5
m =1000kg, F =1000x2 = 2000N

a
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Question 20
Answer: B
Explanation:
T
T
A
Skg
32y
58
T-3g=3a
-T+5g=>5a

By adding the equations 2g = 8a,a = % . Substituting back into 7 —3g =3a gives

T=3g+3a=157g

Question 21
Answer: A

Explanation:

a=-g
v=—gt+294

s =—4.9t> +29.4¢+ 20
s =20 when —4.9t> +29.4¢t =0

t=0,t=6
The ball is above the top of the building for 6 seconds.

OR

As the ball passes the top of the building on its way down its velocity will be equal and
opposite to its initial velocity i.e. -29.4 ms™

a=—-g,u=294,v=-294
v=u-+at
_v-u _ -29.4-294 _6
a -9.8
The ball is above the top of the building for 6 seconds

t
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Question 22
Answer: C

Explanation:

g
Tcos@—-5g=0=>Tcosd=5g (1)

Tsin0-26=0=Tsin0=26  (2)

Dividing equation (2) by equation (1)

Slng :é,eztan_] é :27950-
cosd 5Sg S5¢g
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SECTION 2
Question 1

a. Ifw is asolution of p(z) then w is also a solution. Therefore z —wand z —w
of p(z). Thus (z —w)(z —w) is a quadratic factor of p(z).

(=W z-W)=z —(W+W)z+ww =z —4z+8

Therefore z2 —4z+8 is a quadratic factor of p(z).

This could also be done by first solving w+w =4 and ww =8 simultaneously.

are factors

Al
b. (z> -5z —6)(22 -4z + 8): 2z =92’ +az* —16z-48 .:
M1
By equating quadratic terms, 8—-6+20=a, a=22
Al
+ i/ —
c. Solving z° —4z+8=0gives z = % =24+2i. Therefore, w=2+2i.
This could also be done by solving w+w =4 and ww =8 simultaneously.
M1 + Al
d. Find, in polar form
i. |w|=\/4+4=2\/5, Argw:% w=2\/§cis%
Al
’ 3
ii. W= (2\/5@{— ED — 128+/2cis
4 4
Al
1 T 2kn 7 3
iii, 3w = (2v2 s eis Ak =-100 =2cis| = 2Z | Nacis =\ 2cis 2=
3 12 12 4
M1+ Al
e 5= {Z : |Z -2+ 21)' = 2\/5} Correct circle drawn
Al
T= {z :0< A4rgz < %} Correct lines shown with a dotted line along the x-axis
Al
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A/xy:x

Correct region shaded with the origin excluded

2,2) 4
Question 2
a. Let u=x". Then du _ nx""!
dx
" 1 .
jx”’le’” dx=—je’“du = —le’“ +c = —le”‘ +c
n n n

2
b. Using the result from a. or by substitution J.xe”‘2 dx = [— —e™"
0

\
N
4

®=-a ®=a
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Page 11 of 16



2008 SPECMATH EXAM 2

ii. The volume of this solid of revolution consists of a cylinder of radius a and height

¢~ and a solid obtained by revolving part of the curve from ¢ to 1 about the y-axis.

1
_ 2
V=a’re® +n _fxzdy.

e

Ml
1
From y=e¢™, x* =-log, y. Therefore V =a’wre™ —n jloge ydy
Al
d. V=ad’re™ —ﬁbloge y—y]lﬁ2
M1
2 -a® -a? —a® —a®
=arme —7[[—1—6 log,e™ +e J
M1
=d’re tr-atme -
= ﬂ(l—e’“z)
Al
: 1
e. When ¢ > o, e =—— 0 and so the volume approaches = .
ea
Al

Total 12 marks
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Question 3

Y
A

a+0

0 X o\ g

a. From cos@ = ﬁ,sinﬁ -2 , x=rcos@,y =rsin@ . Given that » = 4e"’, it follows
r r

x=Ae*’ cosh, y=Ae"siné.

M1 + Al
b, D dvdo
© dx  dOdx
% = kAe" sin O + Ae*’ cosd ax _ kAe*? cos @ — 4% sin 6
= Ae* (ksin @ + cos 6) = Ae"? (k cos 6 —sin 0)
M2
dy _ Ae* (ksin @ + cos 6) B (ksin @+ cos6)
dx  Ae"(kcos@—sind) (kcos@-sin@)’
Dividing each term by cosé&:
Ml
ksin@ N cos@
dy _ cos@ cosf _ktanf+1
dx kcosH_sinH k—tan@
cosd cosd
Al

c. The angle that the tangent makes with the x- axis is the exterior angle of the triangle OPQ,

which is equal to the sum of two interior angles (a + 9). The gradient of the line is
tan(a +6).

Al
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d. Fromb. and c.

Kan0+1_ tan(a + 6).
k —tan @

Using the addition formula for tan: kan6+1_ tana+ tan®

—tand l—-tanatand

M1
Cross multiplying gives:
ktan@—ktanatan @ +1—tanatan @ = k tan a + k tan @ — tan> @ — tan o tan &
ktana + ktanatan® @ =1+ tan” 6
ktana(l+tan” @) =1+ tan’ 6
M1
1 41
tana=—, a=tan —
k k
Al

Total 10 marks

Question 4

a. The acceleration of the missile is a,, = -9.8j.

Al
The initial velocity of the missile is v,, = -30i+3j The velocity at time ¢ will be
v, =-9.8t+(-30i+3j) =-30i+ (3-9.8¢)j

Al
As the initial position of the missile is r, =1000i + 500j, the position at time ¢ is
r,,(£) = —306 + (— 4.9/ + 3¢ )j+1000i + 500j
r,,(t)= (=30 +1000)i + (— 4.9¢> + 3¢ + 500

Al

b. The acceleration of the anti-missile is a, = —9.8j

The initial velocity is
v, =100cos@i+100sin @ j and the velocity at time ¢ is

Al
v, =100cos @i+ (—9.8¢+100sin 9)j .

M1

The anti-missile is initially at the origin, so its position at time ¢ is obtained by integrating
v, =100cos @i+ (9.8 +100sin 8)j with respect to .

Therefore r, ()= 100¢ cos 0 i+ (— 4.9¢> +100¢ sin 0)j
Al
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¢. For an interception, the position vectors must be equal.

M1
100 cos 0+ (— 4.9¢% +100¢sin 0)j = (— 30¢ + 1000 + (— 4.9 + 3¢ + 500);
Equating i and j components:
100 cos@ = —30¢ +1000 (1)
—4.9¢2 +100¢sin 0 = —4.9¢> + 3t +500 (2)
M1
From (1) ¢ = __1000
100cos 8 + 30
Substituting into (2) 100000sin6 _ 3000 4,
100cos@+30 100cosé +30
M2

A calculator can be used to solve this equation without simplification, or when simplified, it
becomes:
50sin@—25c0sf -9 =0 and 6 =35.8°
Al

d. Substituting 6 =35.8° into ¢ = __ 1000 gives 9 seconds.

100cos @+ 30
Al
Total 12 marks

Question 5

l

l 1.5M, 3M;
Me 4 4

a. Two different tensions and two different normal reaction forces shown

Al
Weights shown
Al
b.
T, —2Mgsin30° =0 T, —3Mgsin30° =0
T, = Mg T, = 3Mg
2
A2

© The Specialised School For Mathematics Pty. Ltd. 2008 (T'SSM) Page 15 of 16



2008 SPECMATH EXAM 2

¢. Resolving forces acting on C horizontally:
Iisina=T,sinf3

M1
Mgsina = 3]l;lg sin
2sina =3sin
Al
Vertically:
T,cosa+T,cos f—1.5Mg =0
M1
Mg cosa + 3]\;[g cosf—1.5Mg =0
2cosa +3cos f=3
Al
d. Equations 2sina =3sin 8 and 2cosa +3cos # =3 need to be solved simultaneously.
From sina = %sinﬁ,cosa = 1/1—%sin2 p = %\/4—9sin2 p
M1
Substituting cosea into 2cosa +3cos S =3 gives 4/4—9sin’ S +3cos f—-3=0
M1

This equation should be again solved on the calculator by plotting its graph. It gives a solution
of £ =38.94244" =39° to the nearest degree.

Al
sina = %sin 38.94244, « =70.52877° =71° to the nearest degree.

Al
Total 12 marks
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