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Question 1

Consider the function f(x) = 2;

2x°—x-3

la. Determine the equations of the asymptotes of f.

Worked solution

Vertical asymptotes: 2x° —x—3=0
(2x=3)(x+1)=0

xX= é, and x =-1
2
Horizontal asymptote: y =0
1b. Find the coordinates of any intercepts and stationary points of f.

Worked solution

: 1
y-intercept: x=0, y= -3
Stationary points: f(x)=-12x* —x=3)*(4x-1)=0
B 4x —1 B
(2x* -x-3)°
4x-1=0
1 1 8
X =— _

¢ T

4

. . . . 1
There is a maximum turning point at (Z, -
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3 marks

Question 1 — continued



3
le. Sketch fon the axes below labeling all key features.

Answer

e

1
(98]
1
—_—

x=-1 x %
Shape and features 1A
1 mark
Question 2
1
2a. Show that —————— =sec(2x)
cos’ x—sin" x
Worked solution
-
cos® x —sin” x
1
- 2 . 2 2 -2 IM
(cos” x+sin” x)(cos” x —sin” x)
3 1
1x (cos® x —sin* x)
1
= 1A
cos(2x)
=sec(2x)
2 marks

Question 2 — continued
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2b. Hence find the exact values of x for which % =2, xel0,27]

cos  x—sin" x

Worked solution

1

- 9
cos’ x—sin* x

sec(2x) =2 (froma.)

1
cos(2x) =—
(2x) 5
2x :Z, 27[—1, 27r+z, 4r-=
3 3 3 3
7 Sz Tr 1z
2x =T T s T s T
3 3 3 3
x =& 27 Iz lx
6 6 6 6
Question 3

Find the fourth roots of 167 in exact polar form.

Worked solution

Let z* =0+16i

z* :16cis(£j
2
1
(7 4
z =|16¢cis E+2k7z ,keZ

1
z=16% cis%[% + 2k7rj By De Movire’s Theorem

A 2km
z =2C1S| —+——
8 4

k=0, z= 2cis(zj , k=1, z= 2cis[5—ﬂj
8 8

k= —1, z = 2CiS[— 3?7[) k= —2’ z = 2CiS[— 7?7[)

The four roots are: 2cis(— %Tj, 2cis(— 3{], 2cis(%), 201{%]
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Question 4

Determine the rate of change of y with respect to x on the curve y = x —5x)° at the point where
y=1.

Worked solution

Find x when y =1:
y=x-5xp°
1=x-5x(1)°

1=—-4x
x=-0.25 1A

Find the rate of change using implicit differentiation:

dy 2 dyj
— =1-5|1xy " +xx2y— 1M
dx ( 4 ydx

dy
dx

(1+10xy)@:1—5y2
dx

=1-5y° —10xy%

_ 2
G 1A
dx 1+10xy

When y=1, x=-0.25:
dy  1-50)°
dx  1+10x—025x1
dy _ -4
dx  -1.5
dy 8
dx 3

1A

4 marks
Question 5

S5a. i. Give the domain over which di(arcsin(Zx) + 2xy1—4x7 ) is defined.
X

Worked solution

Domain is x € —l, 1 . 1A
27 2

The derivative is not defined at the end points of this range.

Question 5 — continued
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Sa. ii. Show that di(arcsin(bc) + 2xy1—4x’ ) = 441-4x7

X

Worked solution

di(arcsin(bc) + 2xv1—4x° )

X

= i(arcsin(2x)) + i(2)m/1 —4x° ), xe (_ l’ lj
dx dx 2

1
L o2 1—4x2+2x(l(1—4x2)_2](—8x) M
JI-(2x)° 2
2 8x’
— + 2Wl-4xt —————
V1-4x? V1—4x?
2 8x’

2
228 L oitay

1-4x

(1-4x7) S 4
2 4 241-4x
V1-4x

[\S]

V1-4x? V1-4x?

[

[\

[\

== =L p21-4y?

W1-4x*  + 241-4x° 1A
1 +2 =3 marks
5b. Hence, find the exact area enclosed by the curve 4x* + y° =1.
Worked solution
4x* + y* =1 is an ellipse.
Express y in terms of x
y =1 -4x? Sketch a graph.
Area of ellipse =4 x shaded region ¥
1 3
E A
A=4[J1-4x dx 1 1A
0
1
2
A=[41-4x d
! = v > X
1
2
A= [arcsin(2x) + 2xv1—4x7 ] 1A
0
A = arcsin(1) -1
A= % square units 1A
3 marks
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Question 6

log, x|

X

Find constants m and n such that y =

, X # 0 is a solution of the differential equation

2
xzfl f+mx%+ny:0
X X

Worked solution

log, x|
y=—2d0

X
Using the quotient rule

l.x—l.loge x|

D
dx x>
dy 1-log, x|

dx x?

1A

x|).2x

1,
dzy i —;.x —(l—loge

dx® x*
d*y B —x—2x+2xlog,
x> x*

dzy _ 2log, x|—3

dx? x®

x|

1A

Substitute into the given differential equation

,[ 2log, x|—3 1-log, x| log, x|
x| ———|+tmx ———— |+ ——|=0
x x x

2log, x|—3 . m(1—10ge|x|)jL nlog,

X X X

=0 1M

=

o,

210ge|x|—3+m—mloge|x|+nloge

x|:O
(2—m+n)10ge|x|+m—3:0

Therefore:
m-3=0 and 2-m+n=0
m=3 2-3+n=0
n= 1A

4 marks
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Question 7

Given %:x«/1+x2 and y=1 when x=0.

X

Find the value of y when x = NER

Worked solution

%:x\/1+x2
x

y:_[)m/1+x2 dx
y:%j\/1+x2 (2x d)

Find c: When x=0, y=1 =

3

1 =2
Ly=—1+x")2+2
y=3 X7 +2

When x=4/3, y=%(l+(\5)2j

3
3,
=—x4 +—
Y73 3
12
=—x8+—
AR
1o
o
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Letu=1+x> =

d_u =2x
dx
du =2xdx

¢ 1S a constant

IM

1A

1A

IH

4 marks



Question 8

The graph below shows the region bounded by the curve y = cos(2x) and the x-axis.

¥

T
4

Find the exact value of the volume of the solid of revolution formed when this region is rotated
around the x-axis.

Worked solution

=
Il
S
—n N
'\<I\)
Sy
Il
[\
3
O n [y
<
S}
&

N

27

cos®(2x)dx 1A

(cos(4x) +1)dx 1A

I
)
B

Sl A [N O |y B
N | —

7 | (cos(4x) +1)dx

O | N

pa

= %sin(4x) + x} ) IM

0

1. T
= 7| —sin(z) +—
in)+ 2

= 0+£}
. 4
72_2
= T cubic units. 1A

4 marks
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Question 9

A particle moves in such a way that its position vector at time ¢ seconds is given by

r=2ti+cos(2z) j +sin(27t)k
9a. Find the constant speed at which the particle is moving.

Worked solution

r=2ti+cos(2nr) j +sin(2zt) k

F=2i—-2rsin(2at) j +2xcos2m) k
N 1A
speed = \/ 2% + (=27 sin2))’ + (27 cos(2nt) )
= J4+47°sin’ 2m) +47° cos® (2)
= \/4 +4r° (sin2 (27t) + cos’ (2721))
=\4+4r’
=2V1+7" pits/sec 1A
2 marks
9b. Show that the velocity and acceleration are always perpendicular.
Worked solution
F(1) = —4x’ cos(2mt) j —4n’ sin(27) k 1A
Foi= (2;’ — 27 sin(2zt) j+ 27 cos(27t) lgj.(og —47* cos(2m) j —4x* sin(27r) lg)
;.7 =0+87" sin(2a) cos(2t) — 87° cos(2at) sin(27t)
r.r=0
1A
- The velocity and acceleration are always perpendicular.
2 marks

END OF WORKED SOLUTIONS
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