THE

HEFFERNAN SPECIALIST MATHS
GROUP TRIAL EXAMINATION 2
P.O. Box 1180 SOLUTIONS
Surrey Hills North VIC 3127 2005
ABN 20 607 374 020
Phone 9836 5021

Fax 9836 5025

Question 1
a. i. Im(z)
A
3
2
-
(1 mark)
ii. The roots of the equation z*° =a,a € C, are evenly spaced around a circle.

Since we know that one of the roots is u, the circle has a radius of 2 and the

2z . (7 .
roots are spaced EY apart. So since u = ZCls(gj , the second root is

2cis £+2—” =2cis 5—” and the third root is 2cis 5—ﬂ+2—” =2cis 3—”
6 3 6 6 3 2

or 2cis(— ZJ .
2

(2 marks)
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iii. Method 1

a=u (1 mark)

:2[£+1J
2 2

=3 +i

.. (57 . .
From part ii. we know that the second root; 201{?} , 1s a reflection of

NE AN . .
201{%] in the y- axis. Therefore the second root must be a reflection of

V3 +i inthe y-axis.
The second root is therefore —+/3 +i and the third root is 2. (1 mark)

So,
(Z—\/g—in-i—\/g—iXZ—i-Zi) 0
(22+\/§z—iz—\/gz—3+\/§i—iz—i\/§—1Xz+2i) 0
(22—21'2—4 z+2i)=0
2 +2iz° —2iz> +4z-4z-8i=0
z? —8i=0

23 =8

So a=8i.
(1 mark)
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b. i. Method 1

u= 20is(£)
6 s|a
u= 2CIS(ij T|C
6

Method 2

Sl
Aol o)

zz[ﬁgJ

2 2

=3 +i

So 1/7=\/§—i

ii. z=x+1y, X,VER

(1 mark)

z—ﬂzk—ﬂ

ot iy =3 ] =iy -3+

Ve =v3F + (=12 = e =3 + (1)
y:=2y+l=y>+2y+1
-4y =0
y=0
So z=x+iy becomes z=x asrequired (1 mark)

(1 mark)

iii.
Im(z)
A

If |z - u| = |z - L_l| then the distance from the
complex number z to the complex number  is

the same as the distance from z to the complex

number u . %\

From the diagram, those complex > Re(z)
numbers z for which this applies, lie along W

the real axis of the Argand diagram. u

So z=x,thatis, y=0.

(1 mark)
Total 9 marks
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Question 2
a. Draw a diagram showing all the forces.
J
\/ !
N
200
Fi
L300 10g
R=(200-10gsin(30°)- Fr)i+ (N —10gcos(30°)); (1 mark)
= (200 ) ;zN)£'+ (N - S\Eg)j
Also R=ma
=10ai (1 mark)
So N-35J3g=0
N=53g
and 200—-5g — uN =10a
200-5g —15g =10a (1 mark)
4o 200 -20g
10
=20-2g
=0-4ms™
(1 mark)
b. Since the acceleration is constant, we can use the formula
1
s=ut+5at2 (1 mark)
So, 2-5:0><t+%><0-4t2
2_25
2
t= 5\2/5 secs (t > O)
(1 mark)
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c. Draw a diagram showing all the forces.
J
\/ !
N
Fr
(1 mark)
30°)  Jog

There is now no pulling force up the ramp and so the tendency of the box would be to
slip down the ramp and so the friction forces are directed up the ramp.

R= (Fr —-10g sin(30° ))£+ (N —-10g 005(300 ))[

= (Fr-5g)i+ (N—S\/Eg)z (1 mark)
Once stationary, a =0
SO R=ma

So Fr-5g=0
Fr=5g
Also N-5V3g=0
N:5x/§g
So UN =15g
So Fr<uN

So the box is not on the point of slipping down the ramp.

(1 mark)
d. From part c., we have

R=(Fr—5g)i+ (N—S\/gg)j

Also R=-mai where a represents acceleration down the ramp.

So,

(1 mark)

Fr—5g=-10a
UN —5g=—-10a
2-5{3g —5g=-10a

a=0-65647...
Since the acceleration is constant,

(1 mark)

1
s=ut+—al‘2

s=0x1 +%x 0.65647...

=0-328...
The box travels 33cm (to the nearest centimetre) in the first second.
(1 mark)
Total 12 marks
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Question 3

ar _ 400-T2, >0

dt
dr_ 1
dT" \400 - T

[ ar
\400 -T2
(T

t=Sin" | — |+c¢ (1 mark)

20
When 1=0, T=10V3

0=Sin"" _10\/5 +c
20
c=-Sin"! (é]

o

(1 mark)

(1 mark)

T= 2OSin[t + %j (1 mark)

b. Since the function 7(¢) contains the principal valued sin function, then

but >0 )

we require {t :0 gts%} orte {0,%}.

(1 mark) — upper limit
(1 mark) — lower limit

© THE HEFFERNAN GROUP 2005 Specialist Maths Trial Exam 2 solutions



c. T _ Ja00-17
dt

. dT .. . . .
The sign of & can only be positive. Hence the gradient of the function T(t) is

always positive and hence the temperature increases as time increases and hence the
maximum temperature occurs at the upper limit of the domain of the function 7'(¢) ;

. V3
that is, at 1 =—.
6

. dT . -
(1 mark) — stating " is always positive

(1 mark) — rest of explanation

Total 8 marks
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Question 4
a. We require that v1+e* >0
I+e* >0
e’ >-1

Now e* >0forxeR
So e">-lforxeR
So D=R
(1 mark)

b. and c.
The y-intercept occurs when x =0

f(0)= ! +4/1+1

V141
_ L2
-+
_1 .2
V22
_W2
)
r v=fO
IOFI
ol 1
|
6f |
|
|

]
I
I
2000
I
4 I 3\/5
- : N&
I 2
-6F
I
8k
I
_1ol

There is an asymptote of y =1 since as x — -0, e* —0andso f(x)—>1".
(1 mark) correct shape of y = f(x)

(1 mark) — correct y-intercept
(1 mark) - showing correct asymptote on graph

(1 mark) - showing graph of y= 1" (x) as a reflection
of whatever has been drawn for graph of y = f(x).

© THE HEFFERNAN GROUP 2005 Specialist Maths Trial Exam 2 solutions



d.

Stationary points occur when f" (x) =0.

Now, f(x):\/lex_x+\/l+ex
+e

1 2
ot — ot (14 x L
. f'(x): +e ) e’ —e' x (+e ) Xe +l(1+ex)2><ex (1 mark)

| =

—=

exm_ e N e’
Ive”  ai+e Nirer 2/1+e’
_2ex(1+ex)—ezx+ex(l+ex)
e Nier

_2e" + 20 —e™ + e + et
- 3

2i+e )
3e" +2e*"
:m (1 mark)
If S'(x)=0,
then 3e* +2¢* =0
3¢ =-2e*"
_E B e2x
2 e
e’ = —% (1 mark)

. . . 3 .
Since e* > 0for x € R, there is no solution to e* = - and therefore there is no

stationary point on the graph of y = f (x)
(1 mark) — explanation

2 _ ex x ex X
Y =| ———=++l+e +Vl+e
{\/1+e’“ J[\/l+e’“ J

_ e +2ex\/1+ex .
I+e Vi+e®

2x
= +2e" +1+e"

+1+e

(1 mark)
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10

e
. 1+exF
ii.
e +e”
_ex
S o2 . o
I+e" l+e*
Check: e* - e
1+e”
_ex!l-i-ex!—ex
- 1+e”

e’ +eX —e”
1+e”

er

T 14ef
So a=e* and b=—-¢€".

(1 mark)
1
f. VolumezﬁJ- yidx (1 mark)
0
:”_1[[ e’ + 3" +1j dx From part e.i.
od+e?
1 X
:ﬁj(ex LN, Y lex from part e. ii.
7 l+e”
1 X
o
= | (4e +1)ax - d
ﬁ_([(e + 1 )dx ﬂ£1+ex X
1 1+e d
- ”.[ (4ex + l)dx - ”J‘ w “Lax (1 mark) whereu =1+ e”
’ I ’ l+ex ﬂ:ex
:”[4ex + x]o - ﬂ[loge(u)]z (1 mark) dx
= 71'{(4e +1)- (4e° + 0)}— m{log,(1+e)-log,(2)} x=Lu=l+e
=r{de +1-4—1log,(1+e)+log,(2)} x=0,u=2

2
= 71'(46 -3 +log, [WD (1 mark)

(1 mark) change
of terminals

Total 16 marks
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Question 5

a.

The feather is released at ¢ = 0. The vertical component above the ground is given by

o (t+1)
ge 20 )

Whent=0, -—log, 1 =—log, 1 (1 mark)
20 20

=2-9957...

The feather is dropped from a height of 3m (to the nearest metre).
(1 mark)

The feather reaches the ground when the component of the k& coordinate equals zero.

o= tt1
20
20x1=¢+1
t=19
It takes 19 seconds.
(1 mark)
We need to find |r(1 0)( .
t t t+1
=sin| — |i+|1- —|1j-1 —
r(t) s1n(10jg+£ COS(lOJJZ oge[ 0 jlg
(10)=sin1)i+ (1 - cos(1)) - 10g{%]@
- ) 1)
1:(101 = [sin?(1)+ (1 - cos(1))* +| log, N
(1 mark)

The feather is 1.13m (correct to 2 decimal places) from the sister at z =10 secs .
(1 mark)

The feather is directly north-east when the component in the i direction and the

component in the j direction are equal; that is when

sin L =1-cos L (1 mark)
10 10

Using a graphics calculator we see that this happens when ¢ =15-707....
So, the feather is directly north-east at =15 -7 secs (correct to 1 decimal place).
(1 mark)
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1. (1
10 10 10
1 t. (Y. (1
=—cos| — |i+—sin| — | j—| — |k
10 10 10 10 )~ \t+1
(1 mark)
At t =9secs,
speed = 3(91 (1 mark)
1 1 1
=|—cos(0-9)i+—sin(0-9) j—- —k
‘10 (0-9)i+ {5sin(0-9), 1o~‘
= Lcos2(0-9)+Lsin2(O-9)+L
100 100 100
1 ) . 2 1
=,[—\cos“(0-9)+sin"(0-9))]+—
Johfeos*0-9)sin*(0-9) -1
_ |2
100
_V2
=——ms
10
(1 mark)
We need to find the angle between vand ;.
1 t 1 t 1
Now Vej=|—cos| — |i+—sin| — | j———k |.]
*ed [10 (IOJN 10 (10)1 t+1NJZ
_ Ll (1 mark)
10 10
Also, Ve Z:h’” Z|cos9 (Scalar product)
| 1 1 . .
So, —sin| — |= |[—+-—— x1cosf (using working from part f.)
10 10 100 (t+1)2
The feather reaches the ground at # =19 seconds .
So, isin(1-9):‘/L+Lcos¢9 (1 mark)
10 100 400
1
= cosd
80
cosf = \/?)_0 sin(1-9)
6 =32°11" (to the nearest minute)
(1 mark)
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13

h. The component of 7 in the i direction gives the position of the feather in the east
. . . . t
direction, that is, s1n(ﬁj .

The maximum value for sin(ﬁj is 1. (1 mark)

Check when this occurs to make sure that it is before the feather hits the ground.
[t . Sy .

Now, sm(ﬁj =1 when % =%; that is when ¢ = 57 which is at approximately

t=15.7 seconds. This is before the feather hits the ground.
So the furthest distance east reached by the feather is 1 m.

(1 mark)
e. Total 15 marks
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