2004 Mathematical Methods, Specialist Examination 2

Question 1

@ () v=£G-1

=32-f
— dv
=g )
=6t -3t
(ii) maximum acceleration when % =0
dn _ ¢ _ gt =
o 6-6t=0
St =1
so maximum acceleration —6x1-3x1?

=3 ms™>

(b) Total distance = area under the curve
41 =2£3t2—t3dt:(T—4)4
3 42
=2[FP-1L] +4T-16
49

=2(8-4)+4T-16

=8+4T-16
=4T -8
-4
so T= )
=12.25s
R
© XF =ma
R -29¢ =29a
=29(a + g)
(d) maximum R when g is a maximum , i.e. a =3 ms >
so R =29(3 + 9.8)
=371.2
so R = 371 N (to nearest integer)
(e) R
\
4004 (1,371)
300'[\ (T, 284.2)
(0,284.2)" (2, 284.2) e
200 -
100 (T-1,197.2)
2 T2 T Tt

(f) At t=1, IRyjI=IR;1=371.2
(i)
Equation for velocity of boy v, = * (t - 3)
< ag =3t — 6t
Att=1,a,=-3ms
Ry—mg g=maga



Rp=my(a+g)=371.2

o (=3 +9.8) = 371.2

371.2

so mass of boy is 54.6 kg
(ii) No
The boy’s reaction force will always be greater than 371.2 and the girl’s reaction force will have
reached a maximum of 371.2
R

535 Reaction force of boy.
371.2

Question 2

(@) AtP t=0
7 (0) = (2 sin (0))i + (2 + 0 - Jsin (0))]
=0i +2]
soPisat(0,2)

() o () =7 (1)

= == cos ($)i +(%—%cos (lat))z,Osts%

(c) let the angle be given by 6

tan 0 =(%—%COS (—é.O))

4
15

cos (1—25 .0)

1

o

G|u=|©

= 4.1667
So 0=76.5"

(d) “swings” i.e, Z—’t‘ =0 (turning point in 7 direction, max 1)

dx _ 4 2y —
=15 08 ()t =0

=11.78 s
ie. t = 11.8 s (to nearest tenth sec)



(e) At], x =1s02sin 25—t):1

251
sm(15) 5
2y —m 5n
15 67 6
t _ bm  25m
47 4

Substituting into y = 2 + %t - % sin (%t)

= 5n = 25m _ 5 _ gin (21
If)f—4 , Y 2+12 3 sm(lz)
=~ 6.935 which occurs before ball swings
— 25m - 251 _ 55 4in (21
Ift=22, y=2+57 -25sin (7)
=343
So ball does not pass through J.
Question 3

(@ (i) ©=8,000x1xTan" (1)
- g
= 8,000 x 1
= 2,000 7t litres

(ii) 10 000 = 8000k Tan™" (k)
1870— h Tan™ (h) =0

h =1.3429933 (using calculator)
so h = 1343 mm

(b)

dh _dh dv
dt do * dt
dov _ -1 1
i 8000 Tan " (k) + 8000/ x (—1 +h2)

= -1 _h_

= 8000 (Tan™ (h) + ; +h2)
dh _ 1
dv 8000 (Tan'(h)+ h )

1+ 71?2
dh _ 1
o ~8000 an Ty = ) = 2000
T+7?
_ 1
4(Tan ')+ h )
iEar
_ 1+n2
4 (1 +h2) TanL(h) + h)
(i) d_t — 4 ((1 + //12) Tan -1 (h) + h)
dh 1+h2

=4 (Tan™ (h)lﬁhz— )

sot = j4 (Tan™ () +; ]fhz ) dh

V3
sot=4J; Tan_l(h)+1’+1h2 dh



i) t=4( jo - (h) dh +fJ3 I

|l dh)

V3
L’ Tan™ (k) dh

]

3k T -fo Tan™! () dh

- 3 sin(h
T V3 _fo cos (h) dh

let u = cos (h) so du = —sin (h) dh
n 0.5 1

=5+ IO ” du

= ;_3 + [log, n]®s,

_m
=3+ log 0.5

V3
h
J01+h2 dn
letw =1+ h>
dw=2hdh

0.5w =hdh

Sot = 4(};— + logeé— +log, 2)

= 4(% +log, 1)

It .
= — minutes
V3

Question 4

(a) (i) Since 4, b, ¢ are real numbers the complex conjugate theorem applies

so the third root is -1 + 2i

(ii) Z2+az?+bz+c =(z-4) (z+1+2i)(z+1-2i)
=(z-4)(z+1)°-4i%)
=(z-4)(Z*+2z+5)
=2°-222-32-20

Soa=-2,b=-3,c=-20



(b)

P(—1,.2)

Re z

M (4, 0)

Q (-1, -2)

(c)@:ﬁ0+®
- -OM +OQ
:—(4£'+ OZ)+(—£’—2]~')

=-5i-2

(d () DQ=DO+0Q

= (-di) + (i - 2))

= (-1-d)i-2j
(ii) Angle DOM =90° since it is an angle in a semi circle
. DQ.QM =0
(1-d)i-2j).(5i+2j)=0
5-5d-4 =0
-2
d= 5

(e) Qisat(-1,-2)so-1-2i
letw=a+ib
(a+ib) (-1 =-20)+(a—-ib) (<1 +21) =0+ 01
—a+2b—ib—-2ai—a+2b+ib+2ai=0+0i
(—2a + 4b) + 0i + 0 + 0i
soa=2b
A possible wis 2 + i

(f) T is a circle with centre at (b,k) and radius r
ie (x—h)+ (y— k)? = 72
r=10Cl = vi* + k>

and 7 =1QCI= vh + 1)* + (k + 2)*

so K+ =0h+1)%+ (k+2)?



2h+4k+5=0

_ . _ =7 - 49 /65
let h=1..k= 2 andr—Vi+16_y4

So a possible T is { (x,y) : (x 1)+ (y + % )? < % }. Others are possible.
Question 5
@ 1-x2=0 Sox=txl
1-x2>0 so x¥’<1
so domain f = [0,1)
(b) x=0.5
o £(0.5) =2(0.5)"° (1 - 0.5%)%% + (1_0;.52)0'25
ie. D=2.39

(0) f/(x) _ 2x0.5 _ }I (1 _ x2)—0.75, —2x + x—0.5(1 _ x2)0.25 + ?Zl(l _ XZ)—1.25. i,

=151 x2)075 4 05 (1 L 42025, % (1 - 2215

f(0.5) =1.23557
tan 6 = 1.23557

so 6 = 51.01°

so angle slope makes with surface = (90 - 6)°
= 39° ( to nearest degree)

(@ G (f)’= (27704 o)

— <2x0.5(1 _ x2)0.25)2 + Z(ZXO.S(l_xZ) 0.23< 1 ) +< 1 )2

(1 _ x2) 0.25 (1 _ x2) 0.25
= 4xV1 — 2% + 4Vx + —
V1 —x2
So third term is 4vx

(ii) V=nfy? dx

0.5
= 4xV1 — 2% + 4V + =L
mf AL
j4xv1—x2dx

letu=1-x>

du _ _
T 2x

2 du = 4x dx



2

j\/ll_ dx = Sin™! (x)

0.5
SoV=n [% (1-x2)2+ _§x1~5 +Sin! (x) ]0

=1 (1.9337)

= 6.07 m>

= 6.1 m® (to two significant figures)



