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Question 1
a. i u| =v1* +17
=2 (1 mark)
ii. Method 1
a1
Arg u =tan lhj (first quadrant)
V4
= Im(z)
4 A
Method 2 "
From the diagram, 1f
V4 /4
Argu =— (1 mark) 1
4 i > Re(z)
iii. Multiplying a complex number by i has the effect of rotating it in an

c

anticlockwise direction by 5 So, start at # and after 5 anticlockwise turns

of % , you land at w as shown.

Im(z)
A

LN

» Re(z)

(1 mark)
Alternatively, w=ui’ =ui=(1+i)i=—1+i
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iv.

ii.

Hence means use what you have just found therefore we must take a
graphical rather than an algebraic approach.

We know that the roots of the equation z* + 4 =0 will be evenly spaced
about the origin on the Argand diagram. (1 mark)
Given that # and w are roots and that there are two others, from the graph,
they mustbe —1—iand1-1i.

(1 mark)

If mi is a solution to the equation

22 —(1+5)z+3i-6=0
then m?i? — (1 + 5i)mi + 3i — 6 =0

—m?> —mi+5m+3i-6=0

0 —m> +5m—6+i(-m+3)=0+0i

-m?+5m—-6=0 AND —m+3=0 (1 mark)

(~m+2)\m-3)=0 m=3

m=2or m=3

So m =3 since the value of m must satisfy the real and imaginary parts.
(1 mark) for rejecting m =2

Since 3i is a solution to the equation then z —3i is a factor.
z—1-2i
z—3i>22 —-z-5iz+3i-6

2

z —3iz
—z—2iz+3i
-z +3i
 2iz -6
=2iz -6
So,
22— (1+5i)z+3i-6=0
becomes

(z-3i)z-1-2i)=0
The solutions are z=3iand z=1+ 2i
(1 mark)
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c. i. The region defined by {z : |z| < 5} is a circle with boundary excluded and
with centre 0 + 0; and radius 5 units.

. 37| . .
The region defined by {z : % <Argz< Tﬁ} is a wedge with vertex at 0 + 0i

which is not included, and included boundaries with equations
y=x, xe€(0,0) and y =—x, xe(-,0). The region R is shown below.

- region required

boundary included

Im(z)

— — — boundary excluded

Note that (0,0) is not
included since Arg 0
is undefined.

» Re(z)

1 mark) for correct curved boundary
(1 mark) for correct straight line boundaries

ii. |z=3—i]=|z+1+3
So, |x+iy—3—i|=|x+iy+1+3i
V=3 + (=17 =+ 1) + (v +3)°
x2—6x+9+y? —2y+1=x>+2x+1+y* +6y+9
-8x—-8y=0

y=-x
The region R is reflected in the line y = —x. (1 mark)

Im(z)

- regions required

boundary included

— — — boundary excluded

> Re(z)

(1 mark) for correct shape and position of S
Total 12 marks
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Question 2
a.
N, N, P
T T 30°
Fr, crate 2 crate 1 | hallway floor
* Fr ¢
5¢ 4g
(1 mark) for correct forces
around crate 1
(1 mark) for correct forces
around crate 2
b. R=ma
Using

i

as our convention for direction we have, resolving around crate 1,
(Pcos30° =T — Fr, )i+ (N, + Psin30° —4g)j=4ai (1 mark)

Since P=43.55, ©=0.5 and a=0.5,

43. 1
43553 T —0.5N, =4a and N, +43.55 x> —4g=0 (1 mark)
N, =4g-21.775
=17.425
So, T=21.775V3 = 0.5x17.425 - 4% 0.5
=27.0N (correct to 1 decimal place) (1 mark)

Because Zac is accelerating at a constant rate of 0.5ms >, we can use the formula
s=ut+ %atz (1 mark)

where s =20, u=0, and a=0.5

So 20=0+%x0.5xt2

t=++/80 butz>0

So, t=8.9seconds (to1decimal place)
(1 mark)
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d. The crates are on the point of sliding when Fr, = uN, .
Prior to that point, Fr; < uN, . (1 mark)
Resolving around crate 1 and remembering that a =0 now, we have
(Pcos30° =7 Fr, )i+ (N, + Psin30° —4g)j=4x0i

So,
P P
—\/E—T—O.SN1=Oanle+——4g=0
2 2
P
N1=4g—5
So P—\E—T—O.S 4g—£ =0
2 2
2 4
P£+l =T+2g
2 4
2ﬁ+1P=T+2g
4
p-_2 (T+2g) —* (1 mark)
23 +1
Resolving around crate 2, we have
(7—Fr,)i+(N, -5g)j=5x0xi (1 mark)
So T=uN, and N,=5g
=0.5%x5g
=2.5g
In *, gives
P= 4 x4.5g
W3+l
18
= £ newtons
243 +1

(1 mark)
Alternatively, a single equation can be used to solve this by considering the two
crates as a single 9 kg entity.

R=ma
(Pcos30°—uN)i+ (N + Psin30°-9g) j=0i

. . P
Equating components, we obtain N =9g — 5

V3 1 P
2 P-—9g-")=0
5 2( g 2)

J§P—9g+§=o

18¢g

P23 +1)=18g so, P=
243 +1

newtons

Total 11 marks
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Question 3
a. For the function f'to be defined, we require that
x+1>0
x>-1
So the maximal domain of fis (—1,c0).
(1 mark)
b.
y
x=-1 A
y=1
> X
(1 mark)
2
c The integral J-loge (x+1)dx gives the area shaded in the diagram below.
0
y
A
|
2
| y=1
|
I
|
1 : x
3 4
(1 mark)

The rectangle with corner points (0,0), (2,0), (2,10g,(3))and (0,log,(3)) has an area
given by 2 xlog,(3). Clearly, the area of the shaded region is less than the area of the

2
rectangle and hence jloge (x+1)dx<2log,(3).
0

(1 mark)
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d. Following the same reasoning as in part ¢. we have

jloge (x+1)dx<4log,(5), since the rectangle “surrounding” the area described by

4
jloge(x +1)dx will have a width of 4 and a height of log, (5).

(1 mark)
e. i
Let y = xlog, (x +1)
dy
—=xx +log, (x+1
dx x+1 ge( )
=7 +log, (x+1)
x+1 ¢
(1 mark)
ii.
. dy X
Since —= +log (x+1
dx x+1 gE( )
zdy
then |—dx= dx+ lo x+1d *
! 0 f f g (x+1)dx
Method 1
2 3
u-—1 du
I dx = J- where u=x+1
)X+ +1 U dx
3 so x=u-1
.[ and ﬂzl
1 dx
=[u —loge(u)]l3 Also x=2,u=3
=(3-log,(3))—(1-log, (1) x=0,u=1
=2-log,(3)
(1 mark)
Method 2
2 2 1 1
de=1(1- dx i N x+1)x
l.erl _([( x+1) Using long division
N x+1
=[x—10ge(x+1)]o 1
=(2-1og,(3)) — (0 —log(1))
=2-log,(3)
So, * becomes
2
[xlog,(x + 1)]Z =2-log,(3) +J-10ge(x+1) dx
0
2
J-loge(x +1) dx=(2log,(3)-0)—(2-1log,(3))
0
=3log,(3)-2
(1 mark)
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f. Note that we are rotating about the y-axis and so the terminals must be on the y-axis.
When x =2, f(2)=log,(3) and similarly £(0)=
log, (3)

Volume required =7 sz dy
0
(1 mark) for terminals
Now, y=log,(x+1)

so, e’=x+1
x=e’ —1
log, (3) ) ‘
So volume required = j (ey - 1) dy (1 mark) for integrand
0
log, (3)
= I( 2 _2e” +l)dy
log, (3)
= 7Z'|: -2e” + y}
o2loz.(3) 0
- ”{ _2pleB) 4 log, (3)J (e 26 & 0 (1 mark)
2 /)
02
=7 —-6+log, (3)——+2
= 72'(— —-—+log, (3))
g, (3) cubic units (1 mark)
Total 12 marks
Question 4 n
a. Take the origin to be that part on the
platform from which the particle is
projected. The downward forces acting platform

on the particle are the gravitational and

air resistance forces. Taking the positive
direction as upwards, and using the 2
equation of motion, F = ma we obtain 40+ 10

2
- (40 + Y—Oj =45y where j is vertical acceleration.

2
So, y=-10- Y as required. (1 mark)
40
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b. The maximum height is reached when v =0.

-y
Now, v’= 100[56 20 —4]

-y
becomes 0 = IOO[Se 20 _ 4}

o
S
|

So,

|
[\ ®] Al ODn|lKN~
SN |

._
o
[0)¢]

o
7\
Al
N
Il

5
=20log | —
—e

So the maximum height reached is 20log, (%} metres. (1 mark)

c. We need to consider the downward part

of the particle’s journey. Taking its max. height

maximum height as the origin, the l

downward direction as positive, and using + 40 - —

the equation of motion F =ma , 10
2

we have 40 —‘1}—0 =4y where y is

2
v

the vertical acceleration. So, y =10 20 (1 mark)
. .. dv
Now, given that y = v—
dy
We have,
2
ST
dy 40
v _10_ v
dy v 40
400 —v?
40v
dy 40y
dv 400 —v*
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10

jﬂdv =40[ ——dv

dv 400 — 12 letu =400 —v?
_ ldu ﬂ=—2v
y—40J'—EEM dv dV
=—20J.u_1 du
y=-20log, (400 -v?)+c
Wheny_:8= 0=-20log, 400 +¢
" ¢=20log, 400
y==20log (400—v?)+20log, 400
=2010g( 400 ) (1 mark)
L400 —v?

From part b., the particle returns to the platform when it has travelled

20 loge(%j metres. So, when y =20log, (%}

We have 20log, (EJ =20log, (Lozj
4 400 —v
o S__400
4 400-v?

5(400 - v*)=1600
2000 - 5v* =1600

v? =80
V= i\/%
So, the particle is travelling at a speed of 4\/§ metres per second when it returns to
the platform. (1 mark)
d. i.

We need an expression for velocity as a function of time. Looking at
the motion of the particle from when it reached its maximum height, we have,

from part c.
2
A%
p=10——
4 40
2
Now, v _400-v
dt 40
So, a_ 40
dv 400 -2
Now, 40 _ 40
400-v>  (20—v)20+v)
40 A B
Let =

(20-v)20+v) 20-v 20+
_ A(20+v)+ B(20-v)
 (20-v)20+v)

© THE HEFFERNAN GROUP 2003 Specialist Maths Trial Exam 2 solutions



11

True iff 40= A(20+v)+ B(20-v)
Put v=-20, 40=403, B=1
Put v =20, 40=404, A=1
40 1 1
So, = +
400—-v* 20-v 20+v
So, de = ! + ! (1 mark)
dv 20—-v 20+v
dr dv = I ! dv + I dv
dv 20—-v 20+v

Whent=0,v=0

t=-log,(20—v)+log,(20+v)+c
0=-log, 20 +1log, 20 + ¢

c=0
20+ v
So t=lo
8.5
. 20+ (1 mark)
So, e =
20—v
20e’ —ve' =20+v
—ve' —v=20-20e'
v(e' +1)=20e" - 20
20e’ —20
V==—-
e +1
L_20e' 1) (1 mark)
e +1
20(e" -1
ii. Now,v:y
e +1
1
So,v:20[1— ) since e +1)e' —1
e +1
e +1
As, t— o, -0 -2
e +1

So, v— 20 from below.
So the terminal velocity of the particle is 20 metres per second.

(1 mark)
e. For that part of the particle’s journey where it is falling downward, we have
20
from part d. that ¢ = In( hl V) .
20—v

From part c. the speed of the particle when it returned to the platform was
44/5 metres per second.

So when v=4+/5 , (since we assume that downwards is positive).

t=1lo

g.(

20+ 445

20—4J§)

=0.96 seconds (correct to 2 decimal places.)

(1 mark)
Total 10 marks
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Question 5

a. The naval exercise began when ¢ =0
r (0)=5sin(0)i+ 5cos(0)j
y ~ J

=0i+5)

The aircraft carrier 4 was positioned 5 km due north of the fleet command ship when
the exercise started.

(1 mark)
b. From a.
r (0)=0i+5]
Also,
r (0)=2cos(0)i+ 3sin(0)
s - z
=2i+0;
So aircraft carrier B is positioned 2 km due East of the fleet command ship.
So at the start of the naval exercise 4 and B A
are as shown in the diagram
Distance required
=425+ 4 5 km
=429 km
O 2km B (1 mark)
c. r (¢)=>5sin(2¢)i+ 5cos(2¢)
A ~ ~
So, # ()=10cos(2¢)i—10sin(2¢) (1 mark)
~4 = J
So, 7 (0)=10cos(0)i—10sin(0)
L t J
=10i+0
So the aircraft carrier 4 is moving due East when the naval exercise begins.
(1 mark)

r | Z ] =5sin| Z | i+ 5cos| = j
~4\ 6 3)~ 3 )~

33 (1 mark)
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- (5)(6)
cosfd = 6) ~516 (1 mark)
z z
A 6 B 6
5 3 5 3 3 75 25 27
=X || N+ — 1+ —
2 2 4 4 4
_M V3, [ [100 [31
2 4 4 V4
_25V3 53l
4 2
253 2
4 531
cosf = i
231
6 =38°57"
So the required angle is 38°57’. (to the nearest minute) (1 mark)
e. i. r (¢)=5sin(2¢)i+5cos(2¢)
x =5sin(2¢) y=5cos(2t)
y
X —sin(2t —=cos(2¢
S=sin()  Z=cos(2r)
2 2
X 2 Yy 2
— =sin"(2¢ ~—=cos”(2¢
s (21) s (21)
So, —+y——s1n 2t) + cos” (2t
5 5 s (20) *(21)
X y_ _
25 25
x?+y?=25
(1 mark)
ii. The path is circular with centre at O and a radius of 5 km. Also, we know
from part . that it is clockwise motion.
(1 mark)
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Method 1 — “Hence...”
r (1)=2cos(2t)i+3sin(2r) j
~B ~

x=2 cos(2t) y=3 sin(2t)
x* =4cos’ (2t) y?* =9sin’ (21)

2 2
So, 42 —cos? (2¢)+sin?(2¢)
4 9
2 2
oY (1 mark)
4 9

The path of aircraft carrier B is that of an ellipse with a semi-minor axis length of 2
km and a semi-major axis length of 3 km and “centre” at O. From part e. we know
that the path of aircraft carrier 4 is circular. y

From the diagram, we see that 54
the two aircraft carriers cannot 3

collide.
(1 mark) / \
3 -2() jz 5 >

3
3

Method 2 — “Otherwise...”
The two aircraft carriers will collide iff
5sin(2¢)=2cos(2t) AND 5cos(2¢)=3sin(2¢)

sin(2¢) _2 AND 5_ sin(2¢)
cos(2r) 5 3 cos(2)
tan(2¢)= % AND  tan(2f)= %

(1 mark)
Since this is not possible, that is the i and j components are not the same for both

the carriers at the same point in time, then the two aircraft carriers cannot collide.

(1 mark)
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g. i. The helicopter can only land on aircraft carrier A4 if they are at the same
position at the same time.
So, the helicopter can land on aircraft carrier 4 if

543

5sin(2¢)= 543 cos(2t) AND 5cos(2t)= Tsin(2t) AND cos(?) + % =0

(1 mark)
Now, 5sin(2¢)= 543 cos(2¢)

sin(2¢) S| A
=+/3
cos(2¢) ¥ C
tan(2t) =3
y=Z 2 I
33 3
,_x 2 Tx
637 6
Also, 5cos(2t)= % sin(2¢)
sin(2¢) _
cos(2t)
tan(2¢) = 3
636
1
Al =——
o) cos(t) 5
2r 4Arx 8z
:T’ 33 (1 mark) for examining each component

. 2r 8 ) ..
There are values of ¢ (ie ¢ = ?ﬁ,?ﬂ,...) that satisfies all three position

components. Therefore the helicopter and aircraft carrier 4 can be at the same
position at the same time and hence the helicopter (barring technical
difficulties) can land.

. . 2
ii. Hence the least value of # when this happens is at ¢ = Tﬁhours .
2
So, T'=—.
( 3 )
(1 mark)
h. Consider the vertical component of the position function of the helicopter.

Graph the function y = cos(t) + % . y

o A
Att:?, ieatt=7, y=0. 1.5¢

For T<t<4Tﬁ, y<0.

P I G A *

3

This would mean that the helicopter would be under the water.
(1 mark)
Total 15 marks
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