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Fax 9836 5025

Part I - Multiple-choice answers

1. D 7. E 13. C 19. A 28S. D
2. B 8. E 14. A 20. B 26. E
3. C 9 B 15. B 21. A 27. A
4. D 10. C 16. E 22, C 28. E
5. B 11. D 17. C 23. A 29. D
6. B 12. B 18. E 24, B 30. E

Part I- Multiple-choice solutions
Question 1

The ellipse in the diagram has its centre at (0, 1). Its semi-major axis length (parallel to the x-
axis) is 3 units and its semi-minor axis length (parallel to the y-axis) is 1 unit. The required

2 Y
equation is % + Q =1.

The answer is D.

Question 2

Options C and E give the equation of an ellipse and hence there would be no asymptote. The
2 2
. . . b
equations of the asymptotes of the hyperbola with equation x_z - b_2 =lare y=+—x. So the
a a
2 2

required equation would be S .
9 25

The answer is B.
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Question 3

The graph is that of the function y =Sin ™' (fj .
a
Method 1

The graph of y =Sin™ (fj is produced when the graph of y =Sin~'(x) is dilated parallel to
a
the x-axis by a factor of € =a.

Va

a

Method 2

Consider the inverse function of this function which we find by swapping x and y.

x=Sin™" (1)
a

Now rearrange,

So 2 =Sin(x)
a

y = aSin(x)
The graph of this function involving the restricted sin (x) function is shown below.
y
A
a /
'z > X
2 al 2

The reflection of this graph in the line y = x is what is given in the question.
The answer is C.

Question 4

y=cosec(2x—1)
__
sin(2x —1)
=(sin(2x - 1))
@ =—1(sin(2x — l))_2 x cos(2x —1)x 2
dx
~ —2cos(2x—1)
sin”(2x —1)

=-2cot(2x —1)cosec(2x —1)
The answer is D.
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Question 5
z=4-3i

zi=4i+3
z=4+3i

|| =+16+9
=5

So Z+Zi—2+|z|
=4-3i+4i+3-4-3i+5

=8-2i
The answer is B.

Question 6

Im(z)
A

u=1+\/§i
|u|:\/1+3

=2

» Re(z
Argu =tan™' (?J 1 (@)

= % (1st quadrant from diagram)

u= 2cis(£)
3

2cis(ﬂj
u 3

2cis(ﬂ)
6

The answer is B.

Question 7

Since the coefficients of the terms in the polynomial equation are real, the complex roots must
occur in conjugate pairs. Since (z -3i ) is a factor, z =3iand z =-3i are roots. So options A

and B are correct. We have 2 complex roots which are a conjugate pair and the third root must
be real since the coefficients of the polynomial are real. So we have two complex roots and 1
real root. Option E is not correct.

The answer is E.
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Question 8

z2 =242

(rcis6)’ =8 cis(%j since r=+v22+22 =+/8and #=tan"' (%) :% (first quadrant)

ricis(20)= V8 cis(%j (De Moivre)

#2 =+/8 and 29=%+21m k=..-1012
r=48 9=%+/m
Letk=0, 0=2
8
Letk=1, 9=9—”
8
-Tr

Letk=-1, 6=——
8
The values of @ repeat themselves.

So the two solutions are i/g cis(%j and i/g cis(g?ﬁj .

The answer is E.

Question 9
3x 3du
J‘ = dxzjzauzdx where u=x>-2
Vx© =2 y ﬂ_zx
:%J‘uz du dx
1

=—u5><2+c
2

=3Wx? -2 +c

If ¢ =0, then an antiderivative is 3vx* —2.
The answer is B.
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Question 10

1
J-x«/2x 1dx Iu+1 2xlﬂdx
2 dx
el 2 2
=— (u 2 +y? J du
4
5 3
1| 2u? 2u?
=— + +c
41 5 3
5 3
_(2x-1)2 | (2x-1) e
10 6
The answer is C.
Question 11
jcos3 (3x)dx
= J.cosz(3x)cos(3x)dx
= J.(l —sin? (3x))cos(3x)dx
1 du
j(l —u’). __d where
_ 2
= 3J-(l u”)du

1 u’
=—|lu—-——/|+c¢
3 3

. .3
_sinBx) 1 (SInGx) .

3 3 3
. . 3
_ sin(3x) sin”(3x) e
3 9

The answer is D.

where u=2x-1
du_,
dx
u+l1
x =
2
u =sin(3x)

and au =3cos(3x)
dx
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Question 12

N N

Ix +3

1

IIII

T{Tan (1) -~ Tan~ 1(%}

VNG
i
36
The answer is B.

Question 13

Find the value of this definite integral using your graphics calculator. Note that the decimal
approximations given as the alternatives give a clue that a graphics calculator should be
involved. Note also that radian mode is required.

The answer is C.

Question 14

v
~

37

I
I
I
I
I
I
I
T I
4 8 |

oo | 3

z
2

The area of the two rectangles shown is f (%j x % + f (3—7[] xZ

8) 4
where f(x)= tan(gj

T T 3\ &«
So area =tan| — |x — +tan| — | x —
(16} 4 (16} 4

=0.68 square units
The answer is A.
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Question 15
Area of shaded region = j.(ez" —sin(x))dx
o_ .
{ 5 + cos(x)}0
o2
2

={(‘ : +cos(a)j—[‘2eo +cos(0)]}

1
= +cos(a)+—-1
2e* (@) 2

a

-1 1
= +cos(a)——
e (a) 2

The answer is B.

Question 16
If f"(m) >0 then the graph of y = f(x) is “concave up” i.e. \/ at x=m.

From the graph of y = f (x) , we see that the graph is concave up for 0 < x < a, and for
c<x<e. So for these values f"(x)>0.
The answer is E.

Question 17

From the formulae sheet we have, if % =f(x), x,=a and y, =b,

X
then x,,, =x, +4 and y,,, =y, + hf(x,)

Now, x,=0andy, =1 andﬂ = f(x)= e . Also, h=0.2
dx x-1
So, x,=0+02 and y, =1+0.2x £(0)
=0.2 =1+0.2x-1
=0.8
Therefore,

x,=02+02 and y,=0.8+0.2x f(0.2)
=04 =0.6628 to 4 decimal places

So, the value obtained for y when x =0.4 is 0.6628 (to 4 places).
The answer is C.

© THE HEFFERNAN GROUP 2003 Specialist Maths Exam 1 solutions



Question 18

The graph of y=f (x) gives the gradient function of the graph of y=F (x)
The gradient of y = F(x) at x=-2 is zero.
\ | /

For x < -2 the gradient is negative and for x > -2
the gradient is positive. \ -2 /
So at x=-2, on the graph of y = F(x)

there is a local minimum.

Similarly the gradient of y = F (x) at x =1 is zero.

For x <1 the gradient is positive and for x >1 the gradient is positive. So at x =1 on the
graphof y=F (x), there is a stationary point of inflection.

The answer is E.

Question 19

o 1
The volume of a cone is given by V' = 572' r*h. (from formulae sheet)

Since r =2h, we have
1

V=—n(2n) h
3
So, v=2m
3

and therefore d—V = 47h?
dh

av

Also, —=2
dt
Now, a = av dn (Chain rule)
dt dh dt
So, 2= am? .
dt
dn__1
dt 27h?
So when 4 =2, ﬁzi
dt 8r

The answer is A.
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Question 20

x+1
=10ge(x+l)+c
v2 =2log,(x+1)+2¢
Whenv=0, x=0,
so, 0=2log, 1+2c
c=0
v2 =2log,(x+1)
2
v?zloge(x+l)
2

V2

e? =x+1
2

x=e? -1
When v:\/z

1
x=e —1

The answer is B.

Question 21

Now, 0Q =OP+ PQ
=(-3i+j-2k)+(2i-3j+5k)

So, 0Q=—-i-2j+3k

The answer is A.
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Question 22

Let u=2i-3j-k

u=

sl
—2i—3j—kj
44+9+1\ °~ -~ °
1
=— 2i—3j—kj
WO
The vector we require is L(Z i-3j- ]Sj

i3

The answer is C.

Question 23

The vector resolute of 2i— j+ k perpendicular to —i+2 j—3k is given by

N s R S

:(25—{415)—%(—2—2—3)%(—54 2{'—315)

7
= 2i—j+k|+—|—-i+2j-3k
(5{~) 14(5 d )

3.1,
2~ 2~
The answer is A.

Question 24

K(t)zSin_l£§j£+Cos‘{é}j, 0<¢<3
S i+ _! J
Vo—2 7 o2 "

i)

3 2
Vo2
Whent =1, speed :\/:

#t)

speed =

oo | N

)
The answer is B.
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Question 25

He) =" i S e
Now, f(O)z—%i
So —%i——%£+0]+c
¢=0
—2¢ .
o ]:(t)_e_z i+ smgzt)z
-2
so )= -0 i g
Now r(0)=i
so Liclilo
4~ 4~ 4~ -
1
dedi
=4/
e cos(2) 1,
So l:(t)—Ti— 4 ‘Z+Z‘Z
e72t . 1 )
= £+Z(1_COS(2t))Z

The answer is D.

Question 26

x2 :49+2—2><7xx/500s(135°) (Cosine rule)

1
=51 4142 x—
NG)
—65
x=+65

The resulting force has a magnitude of +/65 newtons.
The answer is E.
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Question 27

Initital momentum of particle = (3 x 20 )kg ms ™

=60kgms™
Momentum of particle after 4 seconds
=(3x15)kgms™
=45kgms”
The change in momentum =45 — 60
=—15kgms™
The answer is A.
Question 28
Draw a diagram.
N
A
=307/ _
Fr €——
v
2g

Rzmg

(20c0530° = Fr)i+ (N +20sin30° - 2g) j =2x3i
So,
10V3 - Fr=6 and N+10-2g=0
Fr=10v3-6 N=2g-10
So uN=10v3-6
_10M3-6
10
_5W3-3

g-5
The answer is E.
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Question 29

The pulling force P could be acting up or down the plane. The weight force acting vertically
downwards has magnitude 10g newtons. Hence eliminate options A and B. The normal force
acting perpendicularly from the plane is N not uN so eliminate option C. The frictional force
is Fr and not pFr so eliminate option E.

Option D is correct. Note that the pulling force could be quite weak and hence the particle
could be on the verge of sliding down the inclined plane which explains why the friction force
is directed up the plane opposing the imminent movement.

The answer is D.

Question 30

Draw a diagram.

Because the system is on the point of sliding down the slope, the friction force opposes this
and acts up the slope.

So, T+ Fr=m,gsin45°

r="48 N

The answer is E.
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PART II

Question 1

2
y=3x" +—
x

The asymptotes are given by x=0 and y =3x>.
Using a graphics calculator locate the minimum turning points. These are at (— 0.9, 4.9)
and (0.9,4.9) where the coordinates are correct to 1 decimal place.

(1 mark) general shape of graph
including asymptotes
(1 mark) for turning points

Question 2
Let /BAO =« C
Let ZCAO =6 T
So0,0=0-«a 5m NOT
So, tan(#) = tan(d — «) S](;aLE
_ B
_ tan(é) tan(a) (1 mark) ‘
1 + tan(J) tan(cx) aml [0 K
9 _4 W a
__X X O¢——x—PA
9 4
I+—x—
X X
= Bl + (l + g)
X X
B 2 . x2+36
x x?
5 x?
= — X 2
x x“+36
5x .
So, tand = > as required. (1 mark)
x°+3
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Question 3
N

N

To prove: BDe DO =0
- -

LS =BDe DO

1 > - -
= EBA. (DB+ BO)

= %(BO+ OA) ° (% AB+ BOJ

B +5Aj._(/10+30j
ufolu-)
i)

il
e
A
1

S
il

o v—ue u)
v{cos(0°) - ‘ H ‘cos(O")
1/(112 2
=—(v —lv ) since M:M
Ak V=
=0
— RS Have proved
Question 4
i.
W) =——=
V25 —¢?
-1
=5(25-1%)2

-3

a(t)=— (25—t )2 x -2t

:L
(25—12)%
At t=2, a(z)zl—o3
212
= 10 ms™
(v21)

1 - - 1( > - -
BO+ OAJ . (2 (AO+ OB) + BO

15

(1 mark)

(1 mark)

(1 mark)

(1 mark)
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ii. In this case the distance travelled by the particle is the same as its displacement.
So, distance travelled
5.5

3
5
= | ——dt+ (— 0.5¢ + 2.75)dt (1 mark)
;[\/25 —1? '[

3

3. 2 53
zs[sm"(éﬂ +[ 0'251 +2.75t} (1 mark)
0

3

= s{sm‘1 @) ~Sin™' (0)} +{(~7.5625 +15.125)— (- 2.25 + 8.25)}

=5Sin™" @) +1.5625

(1 mark)

Question 5

i. p(z)=z" —62° +162* =22z +15
When p(z) is divided by z — 3/, the remainder is given by
p(3i)=81+162i —144 — 66i +15

=—-48 +96i
(1 mark)

ii. Since 2 —i is a solution to the equation p(z)=0 and since the coefficients of the

terms in the equation are real, then, by the conjugate root theorem, 2 + i must also be
a solution.

So (z=2+iNz-2-1)

=z =2z—iz-2z+4+2i+iz-2i+1

=z> —4z+5 isa factor of p(z) (1 mark)
So

z2 2243
e —4Z+5>z4 —62° +1622 =222 +15

zt —4z2° 4+ 52?2
-2z +11z* =22z
-2z° + 8z 10z
3z 12z +15
3z —12z+15

(1 mark)
So p(z)=(22 —4z+5XZ2 —2Z+3)
—(z=2+i)z—2-i)(z® —2z+1)-1+3)
=(Z—2+i)(z—2—i)(z—1—\/§iXZ—l+\/Ei)
The solutions to p(z)=0 are z=2+i and 1++/2i.
(1 mark)
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Question 6

17

d )
—Q = rate of inflow - rate of outflow

dt
= 0, Ay _ 8w o (where [ represents litres)
dlin dtin dlout dtout
=15%x20- 0 x 20
1000
=300—- 2
50
as required.
(1 mark)
ii.
O _300- L
dt 50
15000 -0
50
50 _—
dQ 15000 - O (1 mark)
1
=500 —— d
I 15000 — O ©
=-50log, (15000 — Q) + ¢ (1 mark)

t=0, O0=10x1000

So

=10000

0=-501log, (15000 —10000) + ¢
¢=501log,(5000)
t=-501log, (15000 — Q)+ 501og,(5000)
—50log,|—200 _
15000 — O
5000
—_ = Oge P
50 (15000 - Q]
% 5000
15000 — O

15000 — O
5000

(1 mark)

~

-
e 30

—t

5000¢% =15000 — O

—t

0 =15000 — 5000¢ %

—t
0= 5000{3 - eSOJ

(1 mark)
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