
      

2021 Mathematical Methods Trial Exam 2 Solutions                                                                                               © itute 2021                    

1 
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Use CAS whenever practical  

SECTION A – Multiple-choice questions 

1 2 3 4 5 6 7 8 9 10 

E A C A C A B D D C 
 

11 12 13 14 15 16 17 18 19 20 

A B D E B E D C D B 
 

Q1  Horizontal dilation factor 2 , vertical dilation factor 2 

( ) →ba, ( )ba 2,2          E 
 

Q2  ( ) ( )( ) ( )xfxfxg ′=′ 2 , ( )xf  is an odd function .: ( ) 00 =f  

.: ( ) ( )( ) ( ) 00020 =′=′ ffg             A 
 

Q3  ba=α , 2b=β  .: abb −=− 2αβ        C 
 

Q4  
xbay

log= , xy ba loglog = , x
a

y
b

b

b log
log

log
= , 

a

bb
bxy

log
loglog = , 

abxy
log=  is a power function 

( ) ( )abxy ba −=− loglog , 
( )abbaxy

−=− log  is a linear function if 

ab > , and is undefined if ab ≤ .        A 
 

Q5  The two tangents are inverse of each other. They intersect on 

the line xy = , .: αβ =                C 
 

Q6   The average value of ( )xf  equals the average rate of change 

of ( )xf  with respect to x  over the interval [ ]3,1 . 

.: 
132 −

−
=

+ abba
 .: 0=a          A 

 

Q7  ab > , ab 22 −<−  

( )xf −
2

1
 is the horizontal dilation by factor 2 and vertical dilation 

by factor 
2

1
 of ( )xf 2 . 

.: ( ) cdxxf
a

b
=−∫

−

−

2

2 2

1
  .: ( ) cdxxf

b

a
−=−∫

−

−

2

2 2

1
      B 

 

Q8  Range of g ⊆  domain of f   .: range of g ⊆  








2
,

4

ππ
 

.: range of g is 








2
,

4

ππ
  .: domain of g  is 









2

1
,

2

1
 

.: domain of ( )( )xgf  is 








2

1
,

2

1
 and range of ( )( )xgf  is ( )0,1−  

              D 
 

Q9 ( ) ( )( ) 311 ++−= xxaxf , 
( )

1

3

1 22 −
+=

− x
a

x

xf
, the remainder is 3 

           D 
 

Q10  ( )( ) ( )( )22
cossin nxbnxa + ( ) ( )nxbnxaa

22222
coscos +−=  

( ) ( )nxaba 2222 cos−+=  

Min is a  when ( ) 0cos
2 =nx , max is b  when ( ) 1cos

2 =nx      C 
 

 

 

Q11  ( ) 023 2 ≠++=′ cbxaxxf , ( ) ( ) 0342
2

<− cab , acb 3
2 <            A 

 

Q12 =








y

x
TTT 123 ( ) ( )







−

−
=









−−

−
=









−

−
=









byd

cax

dby

cax

dby

cax
T

by

qx
TT

2

1

2

1323  

                 B 

Q13   axy elog=  and bxey −=  intersect at xy = , and xy =  is a 

common tangent to the curves  .: 1=
dx

dy
 at the intersection. 

1
1

==
xdx

dy
 and 1== −bx

e
dx

dy
 .: 1=x  and 01 =− b , 1=b  

Intersection is ( )1,1  .: 1log =ae  .: ea =               D 
 

Q14  Find the point where m
dx

dy
=  for each curve. 

For 2

4

3
xy = , mx

dx

dy
==

2

3
; for xy elog= , m

xdx

dy
==

1
 












3
,

3

2 2mm
, 









mm
e

1
log,

1
 

Common normal at both points: 
m

m

m

me
m 1log

1

3

2

1

3

2

−=
−

−
, 1=m  










3

1
,

3

2
, ( )0,1   .: 

9

2

3

1
0

3

2
1distance

22

2 =







−+








−=                              E 

 

Q15   ( ) 12cos
0

=+∫ dxbxa
π

 .: 
π

1
=b  

0
1

2cos ≥+
π

xa  .: 
ππ

11
≤≤− a                 B 

 

Q16  Sum of the number of dots on opposite faces 7=  

( ) ( )
6

1
faceuppermost  on the dots 5Pr33Pr ==             E 

 

Q17  A, B, C and E are events. 

The difference is a numerical variable and its value depends on the 

outcome of tossing 8 coins.                           D 
 

Q18   anp ==µ , ( ) bpnp =−= 1σ , ( ) bpnp =−1 , bapa =−   

.: ba >                                                                C 
 

Q19  125.05.1 432 =+++ pppp  .: 4464 432 =+++ pppp  

54641 432 =++++ pppp , ( ) 51
4

=+ p , 49535.0154 ≈−=p  

( ) =XE ( ) ( ) ( ) ( ) 656.1425.0325.11 432 ≈+++ pppp                          D 
 

Q20  1000=n , 60.0ˆ =p , ( ) 0155.0
1000

40.060.0
ˆsd ≈

×
=p  

( ) 842.08.0invnorm ≈  

587.00155.0842.060.0 ≈×±  or 613.0                              B 
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SECTION B 
 

Q1a  1=+= rOPOK , 1
2

1

2

=++







− rr

a
 .:













 −
−=

2

4
1

2

1
2

a
r  

Q1b  1=+= ROGOJ , 1
22 =++ RRx  .: Rx 21−=  

Q1c  EGF∆  and ACB∆  are similar triangles  .: 
2

4

2

aR

y

−
=   

.: 
2

4

2

a

R
y

−
=  

Q1d  ADE∆  and ACB∆  are similar triangles  .: 
2

4 a

a

R

z

−
=   

.: 
2

4 a

aR
z

−
=  

Q1e zyx +=+1   .: 1−+= zyx  

Q1f  R21− +
−

=
24 a

aR
1

4

2

2
−

− a

R
, R21−

( )
1

4

2

2
−

−

+
=

a

Ra
, 

R21− 1
2

2
−

−

+
=

a

a
R .  

By squaring both sides: R21− 1
2

2
2

2

22 +
−

+
−

−

+
=

a

a
R

a

a
R   

.: 0
2

2
12

2

22 =














−

+
−+

−

+

a

a
R

a

a
R , 0

2

2
12

2

2
=















−

+
−+

−

+

a

a

a

a
R  

.: 













−

−

+









+

−
= 1

2

2

2

2
2

a

a

a

a
R   .: 















+

−
−

+

−
=

a

a

a

a
R

2

2

2

2
2  

Q1g  R  is a maximum when 2.1=a  .: 
10

1

2

4
1

2

1 2

=












 −
−=

a
r  

Q1h  ( )






























+

−
−

+

−
+













 −
−=+=

22
2

22

2

2

2

2
16

2

4
1

4 a

a

a

aa
RrA

π
π  

Q1i  821.0max ≈A when 277.1≈a  

Q1j  384.0min ≈A  when 
2

1
=a  

 

 

Q2a  Period 4
2

2

==
π

π
T  

Q2b  When ( )xA  changes from ( ) 1=xA  to ( )
2

1
x

xA −= , ( )xf  

changes from ( ) 







=

2
cos

x
xf

π
 to ( ) 
















−=

2
cos

2
1

xx
xf

π
, i.e. 

from an even function to neither even nor odd.  

The amplitude increases as the value of x  increases in both 

directions. The change has no effects on the period. 
 

 

 

 
 

 

 

 

 

 

 

Q2c  ( ) ( ) ( )







 −







 −
−=−=

2
cos

2
1

bxbx
bxfxg

π
 is an odd function, 

i.e. ( ) ( )xgxg −=− . 

.: 
( ) ( )








 −







 −
−−=







 −−







 −−
−

2
cos

2
1

2
cos

2
1

bxbxbxbx ππ
 

( ) ( )







 −







 −
−−=







 +







 +
+

2
cos

2
1

2
cos

2
1

bxbxbxbx ππ
 

.: At 0=x , ( ) 00 =g ,  .: 2−=b  

.: ( ) 







=








+−=

2
cos

22
cos

2

xxxx
xg

π
π

π
 

Q2d  ( )
2

x
xA = , ( )

2

1
=xA

dx

d
 

Q2ei  Let 
22

cos
2

xxx
=







π
, 0

22
cos

2
=−







 xxx π
, 01

2
cos

2
=








−






 xx π
 

.: 0=x  or 01
2

cos =−






 xπ
, π

π
n

x
2

2
= , nx 4=  and ny 2= . 

General solution ( )nn 2,4  where integers ofset  ∈n . 

Q2eii   ( )( )
2

1
=′ nxg  

( ) 







=

2
cos

2

xx
xg

π
, ( ) 








−







=′

2
sin

2
.

22
cos

2

1 xxx
xg

πππ
  .: ( )

2

1
4 =′ ng  

Q2f  0
2

cos
2

4

0
=








∫ dx

xxn π
 .: the regions above and below the x-axis 

have the same area. 

Q2gi  dx
xxxn

∫ 















−

4

0 2
cos

22

π
  

Q2gii  The definite integral has a value equal to the area of the triangle 

bounded by 
2

x
y = , nx 4=  and the x-axis, i.e. 

2
424

2

1
nnn =××  

 

 
 

Q3a  Radius r of water surface: 
1

1

1
=

− h

r
, hr −= 1  

( ) ( ) ( ) ( )( ) 







+−=−−=−−−=

3
111

3
11

3

1
11

3

1
2

322 h
hhhhhhV π

π
ππ  

Q3b  
4

3
25.01full =−=h ,  

1024

171

0

3
1

4

3

0

2
4
3

π
π

=
−









+−

=
∫ dh

h
hh

Vav  

Q3c  
( ) ( )

16

7

0

0

4

3

4

3 π
=

−

−
=







 VV

dh

dV

av

  

Q3d  ( )2
1 h

dh

dV
−= π , 

dt

dh

dh

dV

dt

dV
×= , ( )

dt

dh
h ×−=

2
1

3600
π

π
, 

( )2
13600

1

hdt

dh

−
=  

 
 

 

 

 

 



      

2021 Mathematical Methods Trial Exam 2 Solutions                                                                                               © itute 2021                    

3 

 

Q3e  When 
8

3

4

3

2

1
=×=h , 

( )
ππ 2520.0

38

3
1

8

3

8

3
2

8

3

≈













+−=








V , 

time required 907
2520.0

3600

≈≈
π

π
s 

Q3f  Time required to fill the tank
( )

4

4725

3600

64

21

3600

4

3

===
π

π

π

V
, 

1575

1

0

0

4

4725

4

3

full

full ==
−

−
=









t

h

dt

dh

av

 m/s 

Q3g  
dt

dh

dh

dV

dt

dV
×= , ( ) ( )

1000

1

1000

1
1

2
2 h

h
dt

dV −
=×−=

π
π  

Q3h  Time required π
π

750
1000

1

4

3

== s 

Q3i  
64

21

2

1

3
1

2 π
π ×=










+−=

h
hhV , 2022.0≈h ,  

time required 635
2022.0

1000
1

≈≈
π

s 

Q3j  
( )

16000

7

750750

64

21

4

3

===








ππ

πV

dt

dV

av

 m
3
/s 

 

 

 
 

Q4a  ( ) ( )33 fg ′=′   .: 1
32

=
− b

a
  .: 

2
3

a
b =−  

( ) 133 =+−= cbag   .: 1<c  and 1
2

=+× c
a

a   .: ( )ca −= 12  

Q4b  
a

c
b

−
=−

1
3 , 

( )
2

2
1

3
a

c
b

−
=− , 

( )
2

2
1

3
a

c
b

−
−=  

Q4c  1−=c , ( ) 212 =−= ca , 
( )

2
1

3
2

2

=
−

−=
a

c
b    

.: ( ) 122 −−= xxg  

Q4d  ( )










≤<−−

≤≤−

−<≤−+−−−

=

93122

33
27

39122
3

xx

x
x

xx

xh  

Q4e 
            

 

            
 

 

 

 

Q4f  ( )
27

3x
xf = , ( ) m

x
xf ==′

9

2

, mx 3−= , mmy −= ,  

( ) 122 −−= xxg , ( ) m
x

xg =
−

=′
2

1
, 2

1
2

+=
m

x , 1
2

−=
m

y , 

common tangent: m
m

mm

m

m =
++

+−

32

1

2

1

2

 

.: mmm
m

mm
m

32
1

1
2

++=+−   

.: 0
1

122 =−++
m

mmm , 4196.0≈m  

 
 

Q5a  0000002=n , 75.0=p , 0005001== npµ , 

( ) 3724.6121 ≈−= pnpσ  

Normal approximation : ( ) 05.01501000Pr ≈>N  
 

Q5b  X ~ ( )75.0,100Bin , ( ) 2839.08678Pr ≈≤≤ X  

Number of samples 72839.025 ≈×≈  
 

Q5c  ( ) 75.0ˆE == pP , ( ) ( )
0433.0

100

25.075.01ˆsd ≈
×

=
−

=
n

pp
P , 

( ) 2387.086.0ˆ78.0Pr ≈≤≤ P  

Number of samples 62387.025 ≈×≈  
 

The difference arises due to small sample size and skewed distribution 

of P̂ ( p  not close to 0.5). 
 

Q5d   

105.0125.175.0 =+++ xx , 
85

8
=x , ( )

85

9

85

8
125.1Pr =×=′∩ wc  

 

Q5e  ( ) ( ) 25.075.01Pr1Pr =−=∩−=′∪′ wcwc  
 

Q5fi ( ) ( )
( ) 287

255

Pr

Pr
|Pr

85

8

4

3

4

3

=
+

=
∩

=
w

wc
wc  

 

Q5fii  ( ) ( )wcc |Pr
340

291

85

8
125.175.0Pr ≠=×+=   .: not independent 

 

 

             Please inform admin@itute.com re conceptual 

             and/or mathematical errors 

 

 

 

 w  w′   

c  0.75 x125.1  x125.175.0 +  

c′  x  0.05 05.0+x  

 x+75.0  05.0125.1 +x  1 


