3 2020 MATHMETH EXAM

Instructions
Answer all questions in the spaces provided,

In all questions where a numerical answer is required, an exact value must be given, unless otherwise specified.
In questions where more than one mark is available, appropriate working must be shown.
Unless otherwise indicated, the diagrams in this book are not drawn to scale!

Question 1 (3 marks)
a. Lety=x?sin(x).

d
Find Ey ) ek
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b. Evaluate f'(1), where f:R—> R f(x) e¥i-x+3, Nwmks
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Question 2 (3 marks)
A car manufacturer is reviewing the performance of

six-month service, the pmbabmty of model X requir

requiring an ajr filter change is -~ and the probabili
2{]
(fer

without an oil change.
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of model Y requiring an oil change at any given six-month service will be oy

n
model Y requiring an air filter change will be P

st
m

fb(A"f‘f'/r‘w 0@«7@

its car model X. It is known that at any given

?u’ 17 :
ing an oil change is —~ 20 the probability of model- X
™t

ity of model X requiring both is 7% 30

a. State the probability that at any given six-month service model X will require an air filter change

J};H(M-f,m,.n Mo m)

L ATAD " 30 % _1e_

b. The car manufacturer.is developing a new model, Y. The production goals are that the probability

and the probability of model Y requiring both

Determine m in terms of # if the probability of model Y requiring an air filter change without an oil

o

m+n

;
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the probability of

1 mark

2 marks
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Question 3 (3 marks)
Shown below is part of the graph of a period of the function of the form y = tan (ax + b).

(15)

B R R T T T T g ———

The graph is continuous forx € [-1, I].

Find the value of @ and the value of b, wherea>0and 0 < b < 1.
M.Si‘n? (~1,=1): —l=Tom(-atb)
_ ;w? C12J3)5 V3= tam(a+bh)
B?/ erf;eUHM s —=At+b = % @
a.."f'b:_ 33].— @
O+ > 2b=F b=
olso ﬂ:rll...;%{, A=

2

IN THIS AREA

NOT WRITE

_—
TURN OVER
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Question 4 (3 marks)
Solve the equation 2 log, (x + 5) = log, (x +9) = L.

(x+5)
Sttty loga ( =c-+‘i>) - “
2‘ - E:_:i?)r > % -rlox-f-25 = :z;ﬂg 1 _f \
D xF48x+F =gl chede validityy 1 -
= (Z+1)0<tH)=0" Z+5 >0 —>5¢>—5‘ > x_;»-_g
_2exdhx=3 7 | 4 x""‘T [

 Hewwe ok 15T x=-| M}
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Question 5 (4 marks)

3
For a certain population the probability of a person being born with the specific gene SPGE! is 5

The probability of a person having this gene is independent of any other person in the population having

this gene.

a.  Inarandomly selected group of four people, what is the probability that three or more people have the
NN

SPGEI gene?

Lot X wBil(n=4, p=&).

(X 2
RGO

Gx 2. (ZROY B
“ A% tv.;'-)“f 625
3R21 + &1

25

2 marks

TR NPk shonat”

3 )= BOXE 3) + [Pk=4)
1 26, ) D)’

b. Inarandomly selected group of four people, what is the probability that exactly two people have the
SPGEI gene, given that at least one of those people has the SPGE] gene? Express your answer in the

p

form T

_B-(X =2 l X21)
= x=2)

~a ., Wwherea, b,
-

celZ*

i

\

Bn= 2] xpd) = Le{L=20K2))

_[Pb(K-Z)
Cz, "-( ) (5)

1}

= 63‘ i_‘ X ..L_.r—.-
2 se B ae
- =2lb
625

2 marks

34

(&) -(aX.

m__é:'_—"? & e=22

Pxz1)
| = JB(X=0)

= 1= 4o x (B) (D
16

:.-"-f"' -—
= - b
b2y

Where, __&-'—‘é

TURN OVER
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Question 6 (8 marks)

Letf:[0,2] > R, wheref(x)=%\f;.

a. Find the domain and the rule for /!, the inverse function of f. 2 marks
Dewm(f) = [o,27, f{g) s Wd‘b} |'4mwr'v?__ ! .
fro) = 0, )= | > RamaelE ol ] oo (F1),
et g g B g iy i 5 [
S 7 Bt | FRIT0) = 2% X

The graph of y = f(x), where x € [0, 2], is shown on the axes below.

| Y

| / /7{2’ 1)
1 7)==
5 2

[
~
-
bl
.
S

3 ]

b | w2

b. On the axes above, sketch the graph of /! over its domain. Label the endpoints and point(s) of
intersection with the function f, giving their coordinates. 2 marks

Question 6 — continued
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¢.  Find the total area of the two regions: one region bounded by the functions fand /', and the other

region bounded by £, £~ and the line x = 1. Give your answer in the form ,wherea, b e Z". 4 marks
: |
- 2
Area. j ch) - \-f"(x)) dx -+ J 6"0&) —jcx;)-olx
0 3
: .
= 2 (x—- f"(x))olx + féxl_ .L-{E)alx
Jo i
.
< = 2@:_— 1‘:(,1:)0[;( + f G‘—XL- _E)dx
L b, 4 J=
m s kil -
< 2 3oL 5 :
= z[x pATT | [2x2 _ L 253
W 2 > |, > J= 3 i
— =z ..
: =Z(J-x-Lx.-L—3'- -L-—o — 2‘.-._2'_. 2 1 —
- e TR Rl z wz)*‘(-gx —iﬂj:g—)
=
=5 = L L 21 4 2 s L = |
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= = AL - f
= 12 N T
o v — -
- = -—§- + — = Z'JZ" - = 2"‘5 o Vuwtib
o 1212 é 4
=
(®
()

TURN OVEI
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Question 7 (8 marks)
Consider the function f(x) =x* + 3x + 5 and the point P(1, 0). Part of the graph of y = f'(x) is shown below.

y
F'y
i
0 sy
a. Show that point P is not on the graph of y =f(x). I mark
UL(!):""%&'TS O'z'ﬁ?. j(CK.):' x=+-;x'f5
= 9 D= 3% 4alxB = ~ll <6 = Nover

j(!) + o '-—J;> Cl,0) s nﬂ’fmkﬁ% 73 f{,() T::;‘S

b. Consider a point Q(a, f(a)) to be a point on the graph of /.

i. Find the slope of the line connecting points P and Q in terms of . | mark

. ooofe _ fwmy

m pe = _f e SO~ S o SN

| — a_ o — |
~ - &M3a+45
= mf&
- = |

ii. Find the slope of the tangent to the graph of f at point 0 in terms of a. 1 mark

SUx) = 2% 43
S Mg = jfﬁﬁ) = 20+t 3

Question 7 — continued
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iii. Let the tangent to the graph of f at x = & pass through point P.

Find the values of a. " 2 marks
A+t 3ats

EM WW: = = 24 ghroke

AT+ 3a + 5 = @“‘r}-)(‘l—f) = 2&2}& ~ 3
A -20-8 =0 , (=g )a+D <0

<T
Ll _ s
o
<T
f iv. Give'the equation of one of the lines passing through point P that is tangent to the graph of f. 1 mark
a=-2 s =K Cl D) +ov
> J/f , % : Iwww} L, 2D oo .
i
SX . _
c¢. Find the value, £, that gives the shortest possible distance between the graph of the function of
; yp=f(x—k)and point B, 2 marks
; 13/ X1 23x +5
o x-r3x+() (z)fE
2

o 2 (et 2) - 1422
o = c B

s 382 4l o Bt

G+ '_E) + & &

cm»rmm tep g z_;q.)af“ﬂ{ €l o)
Need 1o trastsde Y = jcx)nf;o%angwb? it

jc”" oottt disfame - ‘f‘

———————
—-——-'-'-_-_-_

TURN OVEE
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Question 8 (8 marks)
Part of the graph of y = f(x), where f: (0, ®0) — R, f(x) = x log,(x), is shown below.

0 (b, 0)
'Ola, f(a@)

The graph of /' has a minimum at the point Q(a, f {.-:r)), as shown above.

a. Find the coordinates of the point Q. 2 marks
-j"(x)f—‘ I~ [nlX) + x,-fj% = fn(x)-rf
I,w-(_?() zt =] ., X=ng

fetls elelnter) o cheful =
20O ( et @(.L __LD

"T’”‘*‘”"W

Question 8 — continued
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d (5 log, (x)) xlog,(x) _x?

2 " | mark

Using =2xlog,(x) + x, show that xlog, (x) has an antiderivative

J'g-;t(x‘[o?v.fx)) dx = ZJx-!vje&)dz + fx ol x
x‘bﬂaa (x) = ?.Jac- lej&(‘f«)dx -+ .é-x.i

_?l_.x} wer(x_) = Jx . LoBLCx)dx - —clr—x.’.‘
MJT_X IAPT(;L) ax = —2L>LL[”3‘(*-) n -#x;z-r c

When' c=o o andioled V. i Lx ‘..“'(»j; (3.) - 2];% 2

Find the area of the region that is bounded by f, the line x = a and the horizontal axis for x € [a, b],
where b is the x-intercept of f. 6= L b= 2 marks

M:__[ -

Inti)= o

|
2% ) dx
JE: W - ?(_:::.t
: ==L
y () dx
ey
e

(220 4<7],
(5 (&) tmge®) - 4(F)") - ($r1ee - 3)

i

H

N Y T P )
261(1) ‘-I-e"-f-ﬂl?

A
= C{'—q—e} WWW
—_— OLVM

Question 8 — continue
TURN OVEF
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d. Let g R, g(x)=f(x)+kforke R. Srth»& 7«

i. Find the value of k for which y = 2x is a tangent to the graph of g.

lk = e,| A

;_Jf__j'cx)__ =9l =2 (@32 ) wilierin o = Gox

1 mark

@)t l=2 [ > ®lne) k=Y
) =), x=e J¥lelne)+ k=28 k=e
ii. Find all values of & for which the graphs of g and g=! do 16t intersect; 2 marks
%(70 @in () + k =L P
k= x-xla(x) _ Hewae K> |
___LC: KL= [nlx)) | jc,,, Mo 9 8 55"'
et ThiX) = I=ln(x)) . et B twktrse
h'ot = 1 (= la00) + %~ With eoadn oo
= - lntx) —| (1)

= - lafn) = ;
s Oj%r‘tf)g %:h{x)

EEL Wty = pa G- Intd))

::.[ X
M oxs Y, W= oind) = et 5o

Moz 3, W(hA)= -In(%) <o

r\

END OF QUESTION AND ANSWER BOOK



