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SECTION A — Multiple-choice questions

Instructions for Section A

Answer all questions in pencil on the answer sheet provided for multiple-choice questions.
Choose the response that is correct for the question.

A correct answer scores 1; an incorrect answer scores 0.

Marks will not be deducted for incorrect answers.

No marks will be given if more than one answer is completed for any question.

Unless otherwise indicated, the diagrams in this book are not drawn to scale.

Question 1
X
Letf:R—>R, f(x)=3 —2COS(T).

The period and range of this function are respectively
A. 4and[-2,2]

B. 8and[l, 5]
C. 8rand[l, 5]

D. S8mand[-2,2]

<
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7p)
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1
E. 5 and [—1, 5]

WRITE

DO NOT

SECTION A — continued
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Question 2

The diagram below shows part of the graph of a polynomial function.

y
A

A possible rule for this function is

A, y=(x+2)x-1)(x-3)
B. y=(x+2)>x-1)(x-3)
C. y=@x+2*x-1)B-x
D. y=—(x-2)>%x-13-x)
E. y=—-(x+2)(x—-1)x-3)
Question 3

A discrete random variable has a binomial distribution with a mean of 3.6 and a variance of 1.98

The values of n (the number of independent trials) and p (the probability of success in each trial) are

A. n=4andp=0.9

B. n=5andp=0.72
C. n=6andp=0.6

D. n=8andp=0.45
E. n=12andp=03
Question 4

If 4 and B are events from a sample space such that Pr(4) = 0.6, Pr(B) = 0.3 and Pr(4 U B) = 0.7, then
Pr(4 n B') is equal to

A.

#EOFR

0.12
0.18
0.2
0.3
0.4

SECTION A — continued
TURN OVER
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Question 5

A set of three numbers that could be the solutions of x* + ax* + 16x + 84 = 0 is
A. {3,4,7}

B. {-4,-3,7}

C. {-2,-1,21}

D. {-2,6,7}

E. {2,6,7}

Question 6

The sum of the solutions to the equation V3 sin(2x) = —3cos(2x) for x € [0, 27] is equal to

AL
T3
B. '~
6
c. 1%
3
3
g T
3
Question 7

Six balls numbered from 1 to 6 are placed in a jar. A ball is taken randomly from the jar and its number is
recorded. This ball is returned to the jar, and a second ball is then taken randomly and its number is recorded.
The sum of the two recorded numbers is then calculated.

The probability that the sum of the two recorded numbers is 7, given that the first recorded number is odd,
is equal to

1

A, —
3
B. L
4
c. L
6
p. L
12
E L
9

SECTION A — continued
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Question 8

= f(x) is shown below.

Part of the graph of y

y=/)

END. e

@)

1
-2 -1

-3
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Question 9

A continuous random variable X has a normal distribution with a mean of 40 and a standard deviation of 5.
The continuous random variable Z has the standard normal distribution.

Pr(-2 <Z<1)isequal to

A. Pr(40 <X <55)

Pr(35 <X <50)

Pr(30 < X< 50)

Pr(10 < X <30)

Pr(X> 30) — Pr(X < 45)

#EOFR

Question 10

The range of the function f': (_—1, \/E} >R, f(x)= 2x° —3x+4 is

V2 <
A (4-+2.4+2) »
g ( 2) <
C. (4-+2,4+2] wn
1 -

D. ,

(ﬁ 2 .
E. [4-V2,4+42] =
Question 11 "
The maximal domain of the function g, where g(x) = log (-2x), is
A. R E
B. R
C. R =
D. [0, ) -
E. (—,0] (@)

Z

Question 12

2 . .13 o
The average value of f(x) =x~ — 2x over the interval [1, a] is 3 0
The value of a is
A, 2
B. 3
¢

3
D. 5
g

3

SECTION A — continued




7 2018 MATHMETH EXAM 2 (NHT)

Question 13
The function f has the property /'(2x) = (f(x))* — 2 for all real numbers x.
A possible rule for the function f'(x) is

1
A.
X2 +4
B. cos(x)

C. 2log,(x*+1)

D. &'+e”*

Question 14

<
; The graph of the function f'is obtained from the graph of the function g with rule g(x)= 3cos(x - %] by a
1
< dilation of a factor of 5 from the x-axis, a reflection in the y-axis, a translation of % units in the
(7)) negative x direction and a translation of 4 units in the negative y direction, in that order.
— The rule of f'is
= 3
- A. X)==cos8 —x—zj—4
J(x) 5 ( 3
E B. f(x)= %cos(—x) -4
L 3
C. f(x)=—=cos(x)—4
- 2
- X 7
D. x)=-3cos| ——— |- 4
o S(x) (2 3 j
= E. /(x)=cos| —x+Z|-4
' 2 3
-
CZ> Question 15
2 3 3
If [* f(x)dv=—8 and [ f(x)dr=10, the value of [ f(x)d is
o 3 2 3
D A. 2
B. 2
C. -18
D. 18
E. 0

Question 16

Letf: R*> R, f(x)=—log,(x)and g : R —> R, g(x) =x" + 1.
The domain and range of f'(g(x)) are respectively

A. RandR' U {0}

B. RandR™

C. [l,0)andR" U {0}
D. R andR" U {0}
E. RandR v {0}

SECTION A — continued
TURN OVER
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Question 17
If F(x) is an antiderivative of f(x) and F(4) =—6, then F(8) is equal to
A. f'®)+6
B. -6+f'(4)
C jg d

-, f(x)dx

8

D. L (—6+f(x))dx

8
E. 4+Lﬂmm

Question 18

Consider the graphs of f and g below, which have the same scale. <
L
» o
A <
| y=/x)
| )
y= 2 4 _i_ S I
i > x =
ol
! = Z
rx=1 "
-
If T transforms the graph of f onto the graph of g, then o
[x])y [1 0 -3
- res I :
Lyl L y -
o (TxT) [-1 0[x] [-3 o
B. —) R~ = + -
Ly]l) L0 1|y —4
o (TxTy T1 o7x] [-3 o
C. LI R-, = + o)
ly]) [0 -1y 0
5> (Tx]) [-2 0«
D. 2 5 R, =
Lyl) Lo -~y
> ([x) [-1 0«
E. 2 5 R?, =
Lyl) L0 2]y

SECTION A — continued
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Question 19

A box contains 20000 marbles that are either blue or red. There are more blue marbles than red marbles.
Random samples of 100 marbles are taken from the box. Each random sample is obtained by sampling with
replacement.

If the standard deviation of the sampling distribution for the proportion of blue marbles is 0.03, then the
number of blue marbles in the box is

A. 11000
B. 16000
C. 17000
D. 18000
E. 19000

Question 20

<C Let f'be a one-to-one differentiable function such that /(3) =7, f(7) =8, f'(3) =2 and f'(7) = 3.
L The function g is differentiable and g(x) = f° 71(x) for all x.
o 2'(7) is equal to
< 1
A, —
7)) 2
— B. 2
XL
-
C. %
< 1
= D. -
8
E L
3

L
-
o
=

DO NOT

END OF SECTION A
TURN OVER
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SECTION B

Instructions for Section B

Answer all questions in the spaces provided.

In all questions where a numerical answer is required, an exact value must be given unless otherwise
specified.

In questions where more than one mark is available, appropriate working must be shown.

Unless otherwise indicated, the diagrams in this book are not drawn to scale.

Question 1 (9 marks)
Letf:R—)R,f(x)=x4—4x—8.

a.  Given f(x)=(x—2)x +ax’ + bx + ¢), find a, b and c. 1 mark

b. Find two consecutive integers m and n such that a solution to f(x) = 0 is in the interval (m, n),
where m <n <0. 2 marks

<
L
o
<
7p)
L
-
P

WRITE

DO NOT

SECTION B - Question 1 — continued
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The diagram below shows part of the graph of f'and a straight line drawn through the points (0, —8)
and (2, 0). A second straight line is drawn parallel to the horizontal axis and it touches the graph
of f at the point Q. The two straight lines intersect at the point P.

o |-
x
@) 2 >
-8
P Q

c. i. Find the equation of the line through (0, —8) and (2, 0). 1 mark
ii. State the equation of the line through the points P and Q. 1 mark
iii. State the coordinates of the points P and Q. 2 marks

d
d. A transformation T:R* — R?, T({XD = {x} + {0} is applied to the graph of f.
y y

i. Find the value of d for which P is the image of Q. 1 mark

ii. Let(m', 0)and (#', 0) be the images of (m, 0) and (n, 0) respectively, under the
transformation 7, where m and n are defined in part b.

Find the values of m' and n’'. 1 mark

SECTION B - continued
TURN OVER
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Question 2 (18 marks)

Rebecca’s Robotics manufactures three types of components for robots: sensors, motors and
controllers. The manufacturing processes for each type of component are independent.

It is known that 8% of all of the sensors manufactured are defective.
a. Arandom sample of five sensors is selected.
Find, correct to four decimal places, the probability that

i. exactly two of these selected sensors are defective 2 marks

ii. exactly two of these selected sensors are defective, given that at most two sensors in the
sample are defective. 2 marks

b. Arandom sample of 50 sensors is selected and it is found that the proportion of defective
sensors in this sample is 0.08

<
L
o
<
7p)
L
-
P

Determine an approximate 90% confidence interval for the proportion of defective sensors,
correct to four decimal places. 2 marks

WRITE

A hole is drilled into each motor. The depth of the hole is normally distributed with a mean of
20 mm and a standard deviation of 0.3 mm.

c¢.  What is the probability that, for a randomly selected motor, the depth of the hole is greater
than 20.6 mm? Give your answer correct to four decimal places. 1 mark

DO NOT

SECTION B - Question 2 — continued
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The depth of the hole drilled into a motor must be within 0.5 mm of the mean, otherwise the motor
is defective.

d. What is the probability that a motor is defective, correct to four decimal places? 2 marks

e. Rebecca delivers an order for five sensors and five motors.

What is the probability that the order contains exactly two defective components? Give your
answer correct to three decimal places. 3 marks

<
L
o
<
7p]
L
=
P

f.  Aknob is attached to each controller. The height of a knob is normally distributed with a mean
of 30 mm. If the knob on a controller has a height greater than 30.4 mm or less than 29.6 mm,
then the controller is defective.

Rebecca wants to ensure that less than 2% of all controllers manufactured are defective.

What is the maximum standard deviation of the height of a knob, in millimetres, that can be
attached to a controller so that less than 2% of controllers are defective? Give your answer
correct to two decimal places. 2 marks

WRITE

DO NOT

SECTION B - Question 2 — continued
TURN OVER
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The weight, w, in grams, of controllers is modelled by the following probability density function.

3 (330 — w)* (w—290) 290 < w<330
C(w) =1 640000
0 elsewhere
g. Determine the mean weight, in grams, of the controllers. 2 marks

h. Determine the probability that a randomly selected controller weighs less than the mean
weight of the controllers. Give your answer correct to four decimal places. 2 marks

<
L
o
<
7p)
L
-
P

WRITE

DO NOT

SECTION B - continued
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CONTINUES OVER PAGE

<
L
o
<
7p]
L
=
P

WRITE

DO NOT

SECTION B - continued
TURN OVER
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Question 3 (13 marks)

The front of a building has a length of 80 m and a height of 20 m. On the front of the building is a
glass panel that lies between two boundary curves, as shown by the shaded region in the diagram
below.

The boundary curves of the region are defined over the interval [0, 80] with the rules

5. (x
=—sin| — |+15
N=3 [mj

where x is the horizontal distance, in metres, and y is the vertical distance, in metres, measured
relative to an origin, O, at the bottom left corner of the front of the building.

y
A
0
a. Find the total area of the glass panel, in square metres, correct to two decimal places. 2 marks
Let D be the vertical distance between the upper and lower boundary curves.
b. Find the minimum value of D, in metres, and the value(s) of x where this minimum occurs. 3 marks

SECTION B - Question 3 — continued
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DO NOT
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c¢.  What is the average value of D, in metres, correct to two decimal places?

2 marks

The boundary curves over the interval [0, 80] are generalised to
[ x
c(x)=asin| — |+15
e
2 . X
¢ (x)=a"sin| — [+10
crmsnf2)

where a € R”.
d. The boundary curves do not intersect for a € (0, p).

Find the maximal value of p.

3 marks

e.  Find the value of a for which the area of the glass panel is a maximum. Also state the
maximum area, in square metres, correct to two decimal places.

3 marks

SECTION B - continued

TURN OVER
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Question 4 (20 marks)
Let f: (0, ) = R, f(x) = x —x log,(x). Part of the graph of fis shown below.

Y
A

<
L
o
a. Find the values of x for which <
i -1<f'(x)< —% 2 marks 7))
X
-
Z
|
ii. 5 <f'x)<1 1 mark

L
-
o
=

DO NOT

SECTION B - Question 4 — continued
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iii.

ii.
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Find the equation of the tangent to the graph of f at the point (a, f'(a)) in the form
y=mx+c. 1 mark

Find the coordinates of the point of intersection of the tangent to the graph of fatx=a

1
and the tangent to the graph of f'at x =—. 2 marks
a

Hence, find the coordinates of the point of intersection of the tangents to the graph of f at

1 . .
x=eand x=—. Express each coordinate in terms of e. 1 mark
e

For a value of b > e, the tangent to f at the point (b, (b)) and the tangent to f at the point
(2, £(2)) intersect the x-axis at the same point.

Find the value of 5. 2 marks

If the tangent to f at the point (p, f(p)), where 1 < p < e, and the tangent to f at the
point (g, £ (q)), where ¢ > e, intersect on the x-axis, show that p? = ¢”. 2 marks

SECTION B - Question 4 — continued
TURN OVER
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1
d. Find the equation of the tangent to the graph of f at the point where x = e2. 1 mark

e. Part of the graph of f, with the tangent to the graph at P where x = e%, is shown below.
E is the point corresponding to the x-axis intercept of this tangent.
F is the point on this tangent where y = 1.
G is the point corresponding to the local maximum of the graph of f.
H is the point (1, 0).
Q is the point (e, 0).

p <

P(e*, f(e?))

i. Find the coordinates of the points £ and F. 2 marks
ii. Find the area of the quadrilateral EFGH. 2 marks
iii. Find the area of the triangle OGH. 1 mark

SECTION B - Question 4 — continued
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Find an approximation for the area of the shaded region by calculating the average of the
areas found in part e.ii. and part e.iii. 1 mark

Find the error of the approximation obtained in part e.iv. as a percentage of the actual
area. Give your answer correct to two decimal places. 2 marks

END OF QUESTION AND ANSWER BOOK
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Mathematical Methods formulas

Mensuration
area of a trapezium %(a +b)h volume of a pyramid %Ah
4
curved §urface area 2rh volume of a sphere PP
of a cylinder 3
. _ | R
volume of a cylinder nr’h area of a triangle Ebc sin(4)
1 >
volume of a cone gnr h
Calculus
i(x”):nxn_l x”dszx"+l+c, n#-1
dx . n+l1

(ax +b)" dx = !
a(n+1

(ax+b)" ' ve,nz—1

1
e“dx = = e +c¢

==

j (log, (x)) =

X

%dleoge(x)Jrc, x>0

i(sin (ax))=a cos(ax)

sin (ax)dx = —% cos(ax)+c

%(cos (ax))=—a sin(ax)

cos (ax)dx = %sin (ax)+c

d a 2
—(tan(ax))=——=——=a sec” (ax)
dx ( ) cos’ (ax)
du_dv
product rule i(uv) L quotient rule i(ﬁj = M
dx dx dx dx\ v v
hain rul dy dy du
chain rule — =
dx du dx
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Probability
Pr(4)=1-Pr(4") Pr(A U B) = Pr(A) + Pr(B) — Pr(4 N B)
Pr(ANB)
Pr(4|B) = ——————=
Pr(B)
mean 1=E(X) variance var(X) = 62 = E((X — p)?) = E(X?) — 12
Probability distribution Mean Variance
discrete Pr(X =x) = p(x) =2 xp(x) o2=Y (x— p)? p(x)
b 0 o
continuous Pr(a< X <b)= I f(xX)dx | p= _[ x f(x)dx o’ = J' (x—p)? f(x)dx
Sample proportions
A~ X A
P=— mean E(P)=p
n
. - approximate ) 5(1-5) . 51— 5
standard sd(Py = [PA=P) confidence | | poz|PUZP) 5 [P(-F)
deviation n ) n n
interval

END OF FORMULA SHEET
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