VVICTURIAN CURRICULUM
AND ASSESSMENT AUTHORITY

Victorian Certificate of Education
2018

Letter

STUDENT NUMBER

MATHEMATICAL METHODS
Written examination 2

Thursday 8 November 2018

Reading time: 3.00 pm to 3.15 pm (15 minutes)
Writing time: 3.15 pm to 5.15 pm (2 hours)

QUESTION AND ANSWER BOOK

Structure of book

Section Number of Number of questions Number of
questions to be answered marks
A 20 20 20
B 5 5 60
Total 80

» Students are permitted to bring into the examination room: pens, pencils, highlighters, erasers,
sharpeners, rulers, a protractor, set squares, aids for curve sketching, one bound reference, one
approved technology (calculator or software) and, if desired, one scientific calculator. Calculator
memory DOES NOT need to be cleared. For approved computer-based CAS, full functionality may
be used.

* Students are NOT permitted to bring into the examination room: blank sheets of paper and/or
correction fluid/tape.

Materials supplied

* Question and answer book of 25 pages

* Formula sheet

* Answer sheet for multiple-choice questions

Instructions

*  Write your student number in the space provided above on this page.

* Check that your name and student number as printed on your answer sheet for multiple-choice
questions are correct, and sign your name in the space provided to verify this.

* Unless otherwise indicated, the diagrams in this book are not drawn to scale.

* All written responses must be in English.

At the end of the examination
* Place the answer sheet for multiple-choice questions inside the front cover of this book.
*  You may keep the formula sheet.

Students are NOT permitted to bring mobile phones and/or any other unauthorised electronic
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SECTION A — Multiple-choice questions

Instructions for Section A

Answer all questions in pencil on the answer sheet provided for multiple-choice questions.
Choose the response that is correct for the question.

A correct answer scores 1; an incorrect answer scores 0.

Marks will not be deducted for incorrect answers.

No marks will be given if more than one answer is completed for any question.

Unless otherwise indicated, the diagrams in this book are not drawn to scale.

Question 1
2mx

Let /:R > R, f(x)=4cos(7)+l.

The period of this function is
A.

#EOFR
DN A W N =

Question 2

The maximal domain of the function f is R\{1}.

A possible rule for f is
2
x° =5
A f(0)=
x—1
x+4
B. f(x)=
x—
2
X" +x+4
c. f=77
x“+1
5-x°
D. f(x)=
I+x

E. f(x)=+x-1

SECTION A — continued



Question 3
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Consider the function f:[a,b) > R, f(x)= l, where a and b are positive real numbers.
X

The range of f is

B [1 l}
) a b
c {1 lj
b a
b (L1
) b a
E. [a,b)
Question 4

The point A(3, 2) lies on the graph of the function f. A transformation maps the graph of f to the graph of g,

where g(x)= % f(x—1). The same transformation maps the point 4 to the point P.

The coordinates of the point P are

A, (2,1)
B. (2,4)
C. 41
D. 4,2
E. (4,4
Question 5

Consider f(x)zx2 +£, x#0,p € R.
X

There is a stationary point on the graph of f when x =-2.
The value of p is

A. -16
B. -8
C.

D. 8

E 16
Question 6

Let f and g be two functions such that f(x) = 2x and g(x +2) =3x + 1.
The function f(g(x)) is
A.

o0

6x—5
6x +1
6x° + 1
6x— 10
6x +2

SECTION A — continued
TURN OVER
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Question 7
Let f:R" >R, f(x)=k log,(x), k € R.
Given that fﬁl(l) = 8, the value of k is

A. 0
sl

) 3
C. 3
D. 8
E. 12
Question 8

12 5 5

If L g(x)dx=5 and jlzg(x) dx =—6, then J‘l g(x)dx is equal to
A, 11
B. -1
C. 1
D. 3
E. 11
Question 9

A tangent to the graph of y = log (2x) has a gradient of 2.
This tangent will cross the y-axis at

A. 0

B. 05

C. -1

D. -1-log,2)

E. -2log/(2)

Question 10

The function f has the property f(x + 1 (x)) =/ (2x) for all non-zero real numbers x.
Which one of the following is a possible rule for the function?

A fx)=1-x

B. f(x)=x-1
C. fx)=x
D. f(x)=

= N

- X

E. f(x)=

l\) ‘

SECTION A — continued
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The graph of y = tan(ax), where ¢ € R", has a vertical asymptote x = 37 and has exactly one

x-intercept in the region (0, 37).

The value of a is

A L
"6
B L
T3
c. L
)
D. 1
E. 2

Question 12

The discrete random variable X has the following probability distribution.

X 0 1 2 3 6
1 9 1 1 3
Pr(X=x) — — — — —
4 20 10 20 20
Let u be the mean of X.
Pr(X<p)is
1
A. <
2
B 1
T4
o
©20
4
D. -
5
7
E. —
10

SECTION A — continued
TURN OVER
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Question 13

In a particular scoring game, there are two boxes of marbles and a player must randomly select one marble
from each box. The first box contains four white marbles and two red marbles. The second box contains two
white marbles and three red marbles. Each white marble scores —2 points and each red marble scores +3
points. The points obtained from the two marbles randomly selected by a player are added together to obtain

a final score.
What is the probability that the final score will equal +1?

2
A 3
1
B.
2
C. 3
2
D. 3
8
E.

Question 14
Two events, A and B, are independent, where Pr(B) = 2Pr(4) and Pr(4 U B) =0.52

Pr(A4) is equal to
A. 0.1
B. 0.2
C. 03
D. 04
E. 05

Question 15
A probability density function, f, is given by

F)= é(Sx—x3) 0<x<2

0 elsewhere

The median, m, of this function satisfies the equation
A —m*+16m*-6=0

B. —m*+4m*—6=0

C. m*-16m*=0

D. m*—16m*>+24=05

E. m*—16m*+24=0

SECTION A — continued



Question 16

2018 MATHMETH EXAM 2

Jamie approximates the area between the x-axis and the graph of y = 2cos(2x) + 3, over the interval {O, %},

using the three rectangles shown below.

4 y=2cos(2x)+3

3_

2_

w [N
N

z
6

Jamie’s approximation as a fraction of the exact area is

5
A. 5
7
B. 5
9
C. 11
11
D. ﬁ
7
B3

Question 17

The turning point of the parabola y = x> —2bx + 1 is closest to the origin when
A. b=0

B. b=-lorb=1

1 1
C. b=——Forb=—
V2 V2
D b:lorb:—l
2
E bzlorbz—l
4 4

SECTION A — continued
TURN OVER
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Question 18

hS]

m

Consider the functions f:RT >R, f(x)=x “ and g:R">R g(x)= XW, where p, g, m and n are positive

integers, and g and % are fractions in simplest form.

If {x:f(x)>g(x)} =(0, 1) and {x : g(x)>f(x)} = (1, o), which of the following must be false?

A.

o0

g>nandp=m

m>pandg=n

pn<qm

f(c)=g'(c) for some ¢ € (0, 1)
f'(d)=g'(d) for some d € (1, x)

Question 19
The graphs f:R—> R, f(x)= cos(%j and g : R > R, g(x) = sin(zx) are shown in the diagram below.

Y
A

b B A
(8]

An integral expression that gives the total area of the shaded regions is

A.

C.

D.

E.

r(sin(nx) - Cos(ﬂjj dx
0 2
2jg[sin(7rx) —cos [%Ddx

1
j03 (cos (%J - sin(nx)J dx — ZE[COS (%j - sin(ﬂx)}dx - Ig[cos (%j - sin(nx)]dx

> X 3 X
2-[ 3 [005(7) - sin(nx)j dx — 2.[5 [cos (7} - sin(nx)) dx

1 >

3

1

J'O{cos [%j - sin(nx)j dx + ZE{sin(nx) —cos (%Ddx + E (cos(%} - sin(nx)) dx

SECTION A — continued
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Question 20

The differentiable function f: R — R is a probability density function. It is known that the median of the
probability density function f isatx=0and f'(0)=4.

The transformation 7': R* — R* maps the graph of f to the graph of g, where g : R — R is a probability
density function with a median at x = 0 and g'(0) =—1.

The transformation 7 could be given by

2 071- -
X X
(NI
Yy 2__y_
2 071- -
B. T = 0 -1
LY ] i 2__y_
I (2 0
X
e. [ 1]
LY 5 Yy

N\ N\ N\ N\
1
=
|
N— N— N— N—
I

END OF SECTION A
TURN OVER
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SECTION B

Instructions for Section B

Answer all questions in the spaces provided.

In all questions where a numerical answer is required, an exact value must be given unless otherwise
specified.

In questions where more than one mark is available, appropriate working must be shown.
Unless otherwise indicated, the diagrams in this book are not drawn to scale.

Question 1 (13 marks)
Consider the quartic /: R —> R, f(x)= 3x* +4x° — 12x% and part of the graph of y = f'(x) below.

y
A
y=f)
» x
ol N/
M

a. Find the coordinates of the point M, at which the minimum value of the function f occurs. 1 mark
b.  State the values of & € R for which the graph of y = f(x) + b has no x-intercepts. 1 mark

SECTION B - Question 1 — continued
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1.
Part of the tangent, /, to y = f(x) at x = -3 is shown below.

y
A !
y=5)

» x

c.  Find the equation of the tangent /.

1 mark
. 1 .
d. The tangent / intersects y = f(x) at x = -3 and at two other points.
State the x-values of the two other points of intersection. Express your answers in the form
a+b .
, where a, b and ¢ are integers. 2 marks
c
e. Find the total area of the regions bounded by the tangent / and y = f'(x). Express your answer
a
in the form » where a, b and c are positive integers. 2 marks
c

SECTION B - Question 1 — continued
TURN OVER
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Letp: R—)R,p(x)=3x4-i-4x3 +6(a—2)x2— 12ax +d®,a € R.

f.

State the value of a for which f(x) = p(x) for all x. 1 mark
Find all solutions to p'(x) = 0, in terms of a where appropriate. 1 mark

i. Find the values of a for which p has only one stationary point. 1 mark
ii. Find the minimum value of p when a = 2. 1 mark

iii. If p has only one stationary point, find the values of a for which p(x) = 0 has no
solutions. 2 marks

SECTION B - continued
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CONTINUES OVER PAGE

SECTION B - continued
TURN OVER
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Question 2 (10 marks)
A drug, X, comes in 500 milligram (mg) tablets.

The amount, b, of drug X in the bloodstream, in milligrams, ¢ hours after one tablet is consumed is
given by the function

b(t)zﬂg)[e(é)_e(?;ﬂ

a. Find the time, in hours, it takes for drug X to reach a maximum amount in the bloodstream
after one tablet is consumed. Express your answer in the form a log (c), where a, ¢ € R. 2 marks

The graph of y = b(¢) is shown below for 0 <7< 6.

y
s004
400
amount of 300 P ~
pd ~—
drug X (mg) ~—
——
200
A v = b(t)
/
100
/
/
0 1 2 3 4 5 6
time (hours)
b. Find the average rate of change of the amount of drug X in the bloodstream, in milligrams per
hour, over the interval [2, 6]. Give your answer correct to one decimal place. 2 marks

SECTION B - Question 2 — continued
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Find the average amount of drug X in the bloodstream, in milligrams, during the first six hours
after one tablet is consumed. Give your answer correct to the nearest milligram. 2 marks

Six hours after one 500 milligram tablet of drug X is consumed (Tablet 1), a second identical
tablet is consumed (Tablet 2). The amount of drug X in the bloodstream from each tablet
consumed independently is shown in the graph below.

y
A
500
400
300 s 1=
amount of d > 4 R
drug X (mg) / SO / N
/ > . / ~
200 7 7
/ I~
/ N
/ / T~<
100 1 1 . =3 _
// Tablet 1 /, Tablet 2 I e
i I
> ¢
0 1 2 3 4 5 6 7 8 9 10 11 12
time (hours)
i.  On the graph above, sketch the total amount of drug X in the bloodstream during the first
12 hours after Tablet 1 is consumed. 2 marks
ii. Find the maximum amount of drug X in the bloodstream in the first 12 hours and the time
at which this maximum occurs. Give your answers correct to two decimal places. 2 marks

SECTION B - continued
TURN OVER
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Question 3 (11 marks)

A horizontal bridge positioned 5 m above level ground is 110 m in length. The bridge also touches
the top of three arches. Each arch begins and ends at ground level. The arches are 5 m apart at the
base, as shown in the diagram below.

Let x be the horizontal distance, in metres, from the left side of the bridge and let y be the height, in
metres, above ground level.

y

A
6 -
5 bridge
4 -
3 -
2 -

Arch 1 Arch 2 Arch 3
1 -
T T T T T T T T T T T T T T T T T T T T T T > X
0 10 20 30 40 50 60 70 80 90 100 110

Arch 1 can be modelled by the function 74, : [5,35]— R, Iy(x) =5 sin((x ;g)ﬂ j
Arch 2 can be modelled by the function %, : [40,70] —> R, h,(x) = 5sin(%}

Arch 3 can be modelled by the function 7 : [a,105] — R, hy(x) = SSin((x ;g)ﬂ ]

a. State the value of a, where a € R. 1 mark

b.  Describe the transformation that maps the graph of y = /,(x) to y = /,(x). 1 mark

SECTION B - Question 3 — continued
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The area above ground level between the arches and the bridge is filled with stone. The stone is
represented by the shaded regions shown in the diagram below.

c.  Find the total area of the shaded regions, correct to the nearest square metre. 3 marks

SECTION B - Question 3 — continued
TURN OVER
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A second bridge has a height of 5 m above the ground at its left-most point and is inclined at a
constant angle of elevation of 97[—0 radians, as shown in the diagram below. The second bridge

also has three arches below it, which are identical to the arches below the first bridge, and spans a
horizontal distance of 110 m.

Let x be the horizontal distance, in metres, from the left side of the second bridge and let y be the
height, in metres, above ground level.

second
bridge

110

d. State the gradient of the second bridge, correct to three decimal places. 1 mark

P is a point on Arch 5. The tangent to Arch 5 at point P has the same gradient as the second bridge.

e.  Find the coordinates of P, correct to two decimal places. 2 marks

SECTION B - Question 3 — continued
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A supporting rod connects a point O on the second bridge to point P on Arch 5. The rod
follows a straight line and runs perpendicular to the second bridge, as shown in the diagram
on page 18.

Find the distance PQ, in metres, correct to two decimal places. 3 marks

SECTION B - continued
TURN OVER
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Question 4 (16 marks)

Doctors are studying the resting heart rate of adults in two neighbouring towns: Mathsland and
Statsville. Resting heart rate is measured in beats per minute (bpm).

The resting heart rate of adults in Mathsland is known to be normally distributed with a mean of
68 bpm and a standard deviation of 8 bpm.

a. Find the probability that a randomly selected Mathsland adult has a resting heart rate between
60 bpm and 90 bpm. Give your answer correct to three decimal places. 1 mark

The doctors consider a person to have a slow heart rate if the person’s resting heart rate is less than
60 bpm. The probability that a randomly chosen Mathsland adult has a slow heart rate is 0.1587

It is known that 29% of Mathsland adults play sport regularly.
It is also known that 9% of Mathsland adults play sport regularly and have a slow heart rate.

Let S be the event that a randomly selected Mathsland adult plays sport regularly and let H be the
event that a randomly selected Mathsland adult has a slow heart rate.

b. i. Find Pr(H|S), correct to three decimal places. 1 mark

ii. Are the events H and S independent? Justify your answer. 1 mark

SECTION B - Question 4 — continued
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i. Find the probability that a random sample of 16 Mathsland adults will contain exactly
one person with a slow heart rate. Give your answer correct to three decimal places. 2 marks

ii. For random samples of 16 Mathsland adults, P is the random variable that represents the
proportion of people who have a slow heart rate.

Find the probability that Pis greater than 10%, correct to three decimal places. 2 marks

iii. For random samples of n Mathsland adults, f’n is the random variable that represents the
proportion of people who have a slow heart rate.

Find the least value of n for which Pr(ﬁn > lj >0.99 2 marks
n

SECTION B - Question 4 — continued
TURN OVER
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The doctors took a large random sample of adults from the population of Statsville and calculated
an approximate 95% confidence interval for the proportion of Statsville adults who have a slow
heart rate. The confidence interval they obtained was (0.102, 0.145).

d. i. Determine the sample proportion used in the calculation of this confidence interval.

ii. Explain why this confidence interval suggests that the proportion of adults with a slow
heart rate in Statsville could be different from the proportion in Mathsland.

Every year at Mathsland Secondary College, students hike to the top of a hill that rises behind the
school.

The time taken by a randomly selected student to reach the top of the hill has the probability
density function M with the rule

M(r)= i(LJZ _(;70)3 2
=150\50) € 120

0 t<0

where # is given in minutes.

e. Find the expected time, in minutes, for a randomly selected student from Mathsland

Secondary College to reach the top of the hill. Give your answer correct to one decimal place.

Students who take less than 15 minutes to get to the top of the hill are categorised as ‘elite’.

f.  Find the probability that a randomly selected student from Mathsland Secondary College is
categorised as elite. Give your answer correct to four decimal places.

1 mark

1 mark

2 marks

1 mark

SECTION B - Question 4 — continued
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The Year 12 students at Mathsland Secondary College make up % of the total number of

students at the school. Of the Year 12 students at Mathsland Secondary College, 5% are
categorised as elite.

Find the probability that a randomly selected non-Year 12 student at Mathsland Secondary
College is categorised as elite. Give your answer correct to four decimal places. 2 marks

SECTION B - continued
TURN OVER
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Question 5 (10 marks)
Consider functions of the form

2
f:R—)R,f(x):w

a

and

h:R—)R,h(x):9—xz
2a

where « is a positive real number.

a. Find the coordinates of the local maximum of f in terms of a.

2 marks

b. Find the x-values of all of the points of intersection between the graphs of f and 4, in terms of

a where appropriate.

1 mark

c.  Determine the total area of the regions bounded by the graphs of y = f'(x) and y = A(x). 2 marks

SECTION B - Question 5 — continued
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: : 2 81x* (a— : o
Consider the function g: [O, ?a} —>R, g(x)= %, where a is a positive real number.
a
2 2
d. Evaluate =2 x g(—aj. 1 mark
3 3
e.  Find the area bounded by the graph of g‘l, the x-axis and the line x = g[z?aj. 2 marks
f.  Find the value of a for which the graphs of g and gﬁ1 have the same endpoints. 1 mark
g. Find the area enclosed by the graphs of g and gﬁ1 when they have the same endpoints. 1 mark

END OF QUESTION AND ANSWER BOOK
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Mathematical Methods formulas

Mensuration
area of a trapezium %(a +b)h volume of a pyramid %Ah
4

curved §urface area 2rh volume of a sphere PP
of a cylinder 3

. _ | R
volume of a cylinder nr’h area of a triangle Ebc sin(4)

1 >

volume of a cone gnr h

Calculus
i(x”):nx”_l x"dszx"+1+c, n#-1
dx R n+1

(ax+b)"dx = ! (ax+b)" 1 ve,nz—1
a(n+1)

1
e™dx == e +c¢

= |~

j (log, (X)) =

X

%dx=loge(x)+c, x>0

i(sin (ax))=a cos(ax)

sin (ax)dx = —% cos(ax)+c

di(cos (ax))=—a sin(ax)

cos (ax)dx = %sin (ax)+c

d a 2
—(tan(ax))=——=——=a sec” (ax)
dx ( ) cos? (ax)
Jdu_dv
product rule i(uv) =u a + v@ quotient rule i(ﬁj —_dx _ dv
dx dx dx dx\ v V2
hain rul dy dydu
chain rule =
dx du dx
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Probability
Pr(4)=1-Pr(4") Pr(A U B) = Pr(A) + Pr(B) — Pr(4 N B)
Pr(ANB)
Pr(4|B) = ——————=
Pr(B)
mean 1=E(X) variance var(X) = 62 = E((X — p)?) = E(X?) — 12
Probability distribution Mean Variance
discrete Pr(X =x) = p(x) =2 xp(x) o2=Y (x— p)? p(x)
b 0 o
continuous Pria< X <b)= I f(x)dx u= I x f(x)dx o’ = I (x— /,L)2 f(x)dx
Sample proportions
A X A
P=— mean E(P)=p
n
. - approximate ) 5(1-75) . 51— 3
stan.da.rd sd(P) = pa=p) confidence p-z —p( p): ptz —p( p)
deviation n ) n n
interval

END OF FORMULA SHEET
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