The Mathematical Association of Victoria

Trial Examination 2018

MATHEMATICAL METHODS

Trial Written Examination 2 - SOLUTIONS

SECTION A: Multiple Choice

Question Answer Question Answer
1 D 11 B
2 A 12 E
3 E 13 B
4 C 14 D
5 C 15 B
6 E 16 D
7 C 17 C
8 E 18 A
9 D 19 A
10 A 20 B
Question 1 Answer D

f:R—>R, f(x)=-2sin(3x)+1

Amplitude = 2
. 2r
eriod = —
P 3
Question 2 Answer A
f(x)= ! > +2
1-x)
o areflection in the x-axis
1
=2
=Ty
o adilation of a factor of 2 from the y-axis.
1 4
X)=— -2=- -2
g(x) 2%

)
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Question 3 Answer E

1
1—x?

9(x) =

g is an even function, hence g(x) = g(—Xx).

OR

1 1
9(-x) = -

(=x)? T1-x? 909

£ Edit Action Interactive
‘i ] e [f:ﬁ]]ﬁmplji‘y v I%L v

define g(x)=

1
1-x2
done
judge(g(xy)=g(x)xg(¥)
Undefined
judge (g (x+y)=g(x)xg(¥y)
Undefined
judge(g(x)=—g(—x)
FALSE
judge(g(xy)=g(x)+g(¥)
Undefined
judge(g(x)=g(—-x)
TRUE

Question 4 Answer C

h:(=2,7] > R,h(x) =2x* —4x+7

h(x)=2(x-1)?+5
The minimum value of h is at the turning point and the maximum occurs when x = 7.
The range is [5,77].
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A 83.5 ‘Ey

fl(x)={2-x2—4- X47,-2<x<7

& Edit Zoom Analysis ¢

S EEBREEEE

define h(x)=2x2-4x+7 |-2<aHﬂ
done
h(7)
77
0
v
- 9(7,77)
(-2,23) Q-
T R - T .
—4—9—?“1?9&5579

L %]
Rad Real T
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Question 5 Answer C

1 2
g(x) = Toay and f(x)=(x)3

For g( f(x)), test that the range f — domain g
Giving [0,00) ¢ R\{—%}

The domain of g( f(x)) is the same as the domain of f which is R.

Theruleis g( f(x))= L .

1+3x°
g(f(x)):R—>R,whereg(f(x))= 1 .
1+3x3
Question 6 Answer E

25in(2x)+1: 0,xe [0,7[]

sin(2x):—%

2X=7z+£,27z—Z
6 6

7 1lx
2X=—,—
6 6
o Tr 11z
Giving X=——,—
12 12

2
Product = 77 z
12

solve(2- sin(2- x)+ 1=0,x)|OS.xSJt
7o 117
X=—— orx=
12 12
7 1l-m 77- n2
12 12 144
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Question 7 Answer C

(k+1)x* —2kx—(k-1)=0

A=(-2k)" -4(k+1)x(-(k-1))
A=4K% +4(k* -1)

A=8k* -4

Real roots when A >0

Giving 8k*—4>0

(=22

£ Edit Action Interactive
51| o |13 sive 585 | v [ 44| v

|solve(8-k2-420, k)

Question 8 Answer E

X -10|| x 1
T = +

y 0 4|y -2
Gives the equations
—X+1=x, 4dy-2=Y'
Rearrange to get
—X+1=x, x=1-X
y'+2

4

In the equation y = 2\/;

yre 12 =2yJ1-X'
Giving y'=8v1-x"-2

4y-2=y,y=
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Question 9 Answer D

f (x) = 2sin(3x)+2cos(3x)

Average rate of change for X € {—% 7Z'i|

£ Edit Action Interactive

53| b [iiasime [ [ o 4]+

o |« J¢
\define f(x)=2sin(3x)+2cos(3x)
done

f(n)—f('z—“)

=R
?E—(T)
-8
3en
Question 10 Answer A
f(x)=vm-x?
f'(x)= 1 X —2X
2dm—x?
—X

“Jm—¢

Tangent has gradient of 3 when x =-2

Solve
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& Edit Action Interactive

1] b Jfaasime]r [+ [+ |
define f(x)=v m—xz
done

solve (diff (f(x),x,1,-2)=3,m)

n=401
-9
Question 11 Answer B
g(x) =_—22+1
(2x-3)
-2

Solve ———+1=Xx

(2x-3)

Intersection g and g is 11
2'2

& Edit Action Interactive

%1 | v |1 sime S [ v [ 44| ¥l
-2

—+

(2x-3) 2

‘define g(x)= 1

solve(g(x)=x, x)

Question 12 Answer E
h(x) = log, (kx* +2)

The derivative of g(h(x))

= derivative of g(h(x)) x derivative of h(x)

2kx
) g (h(x))

Question 13 Answer B

The area enclosed by the graphs of fand g
1
:j; (g(x)— f(x))dx

= [a(F (09— g(x))dx

3
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Question 14 Answer D

2
1+ X

1 1 3 47

Let y=f(x)=

2

o8 EN
HHHHHD <
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f)ﬁ; >
L M R T

Area: apFro=x4$ 1.808 )

Area: 'exact’ = 2,214 Right

a=0andb =2 RESET

Question 15 Answer B

Areaof acircle is A= zr?

In the first quadrant there is % ofacircleand r = 2.

1
So the total area is Z>< x4,

Rearrange X +(y— 2)2 = 4 to make x the subject

x:1/4—(y—2)2) , x> 0 in the first quadrant.
d
%X%XEX4:£1/4—(y—2)2)dy

Question 16 Answer D

n = 300, the number of successes is 265

(0.840, 0.926)

zInte 1-Prop z Interval

Successes, X: | 265 |
n: l 300 :l
C Levet:| 0.9g] 3

|§H |Cancel|
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zInterval_lRmp 265,300,0.98: stat.resuits ﬁ
"Title"  "1-Prop z Interval"

"CLower" 0.840216

"CUpper" 0.92645

"p" 0.883333

"ME" 0.043117

"n'" 300.
Question 17 Answer C

Pr(A)=0.6 and Pr(AnB)=0.1
For independent events Pr(A)xPr(B)=Pr(ANB)

0.6xPr(B)=0.1

1
Pr(B) =—
(B) 5
Pr(AnB)=--1_1
5 10 2
then Pr(A'm B’):E—lzl
6 2 3
A A’
5 (1 |1 |1
10 15 6
& (1 |1 |5
2 3 6
s 2|
5 5

Or using a Venn diagram

Pr(AmB)=%, pr(BmA'):%, Pr(AmB')=%, Pr(A'AB')=

© The Mathematical Association of Victoria, 2018
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W =

Question 18 Answer A

X ~Bi(n,0.2)
Pr(X>1)>0.8
1-(Pr(X =0)+Pr(X =1))>0.8

Pr(X =0)+Pr(X =1)<0.2

n
0.8" +(1]0.2x0.8“1 <0.2
n=14

§1.4 1.5 ] 1.6 | SeMEEMe g

A solve((o.s)" +n-0.2- (0.8)" _1=0.2,n)

n=-3.64533 orn=12.9373

{ ,m‘|‘ b AV Solutions =
solve(n-p=20 and \/rr-p- El—pi =4,mp)

1
n=100 and p=;
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Question 19 Answer A
X ~N (,u,crz)

0.6% of giraffes have a gestation period greater
than 155 days
Pr(X > 155) =0.006

and 2.3% of giraffes have a gestation period less than 110 days
Pr(X < 110) =0.023

Solve 227# _ 2512 and 21074 _ 1995, for 4 and &

o o

u=130and o =10

invNorm(0.994,0,1) 2.51214

invNorm(0.022,0,1) -1.99539

5-a 110-a
=2.5121443283176 and

»

solve

@=129.921 and 5=9.98328

Question 20 Answer B
i X 0<x<2
34

f(x)= %xz 2<x<4

0 elsewhere

sd(X )= [szx f(x)—[IXX f(x)J J: ”587565
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—.x, 0=x=2
Define]‘(x)= 3’4
— . x%,2<xs4
68
4 . 5 0.893266
(rﬁ-](x))d.\--( J (x-f(\—))dx)
0 0
J5765 0.893266

oc

L

[EEEREE’ AvMCcEx.018  RaD o]l <]
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SECTION B

Question 1
f :R—>R, f(x)=18x" -36x*

a. (0, 0) 1A

b. Solve f(x)=0

2 2
(0,0), [% 0] : (—% OJ 1A any two correct 2A all correct
c. f'(x)=36x-144x° 1A
Solve f'(x)=0

1 1
Turning points (0,0), (E%} (_E%j 1A

d. Sketch a graph of the derivative function with equation f’(x)=36x—144x°. The maximum
occurs at the turning point.

Solving f"(x)=36—-432x* =0 for points of inflexion gives x = i% .
From the graph given, gradient at its maximum at X = 5 1A

e. Line joining A(—k,g(—k)) and B(k,g(k)) where
g(k) =18Kk? —36k*, g(—k) =18k —36Kk*
Gradient :M:O

k—(-K)

Equation of the straight line
y—g(k)=0(x—k)

y=9(k)

y =18k* —36k* 1A
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& Edit Action Interactive
] o [fasme o [T T~ T

define g(a)=18x2-36a%

done

solve {y—g(k )=

g =g(-k)
280 (x-k), v

{y=—36-k%+18-k2}

O
g | DO

Alg Standard Real Rad

f.i. Area when k :%

1

Area = ZJ%(%— g(x)) dx

= E sg units 1A
5
(-0.5,2.25) ¥ (0.5,2.25)
2 L
1 L
L Il 'l x 1
-1 0 1 -
_1 -
—2r Lower=—0. 5
_al .fd)(=—1 .2
(B %

Graph showing intersection of y :% and g(x), then showing enclosed Area = g =12

define h(k)=-36-k4+18:k2
done
1
h(2)|
9
4
1
2¢9
2[ 9 _g(x) dx
7]
6
5
0 v
Alg Standard Real Rad ' @m
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.. 1
f.ii. Areawhen kK = —
J2
1

2

5
Area =2j (9(x)—0)dx

62

=—— s( units 1A
5

X

f

" Upper=0. 7071
Jdx=1.69705628, Ml=1369705627

EJ3E
672

Graph showing y =0 and g(x), then showing enclosed Area r ~1.697

£ Edit Action Interactive
%%IJ‘U'HEKHI-‘H‘“PP;"‘? '[H* ']E
define h(k)=-36-k*+18.k2
done
1
h(ﬁ)
0
1
V2
zf (g(x)-0)dx
0
6-V2
5
1 1
f.iii. Enclosed areawhen — <k < —
2 J2

Let equation of line h(k) =18k* —36k"*
Solve h(k) = g(x) to find points of intersection of graph of g(x) and straight line.
—2(2k* 1)

Points of intersection at X =1k, X = if 1M
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define h(k)=18k2-36k%

done
solve(h(k)=g(x),x)

I“ 4_2.(2.1;2—1) x J—z-(zékz—l) .x=—k.x=k}I
. (v

Alg Standard  Real Rad T

The area we are looking at is represented by the general case shown below.

]

[ (9()=h(k))dx

£ Edit Action Interactive

] & Jra s ]« ] - TR

y=2.(2:k2-1) &
2
2 f h(k)—-g(a)dx
0

5
2.[9-J§-(—2ok2+1)2 (36-k4—1s-k2)-J—z-(z-kz—lH.
10

2
@ L) 4
£ Edit Action Interactive
B b [ 2] simep | T2y | v | A} '_:
K i » ]
2] g(x)—h(k)dx
v-2-(2-k2-1)
Q 2 (
5
2
- 5 - - — - 2
~2.| 38K 9-v2: 2K #1071 (36kd-18:k2) 4.0 .
1 10
A'(k) =0 gives k =0, iE, 5
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& Edit Action Interactive
7 (<2k241) 2 (36-k4-18.k2) >
define A(k)=2-lgﬁ( 2:k +1) © _ (36:k%-18:k2)
doﬁel
4 =
solve[dk(A(k)) n.k]
-0 pel 1ol V10
{k-ﬁ,k-—2,k-2,k- 5 }
b
Alg Standard Real Rad
. .1 1 ..
Within domain = < k < ——, minimum area occurs at
2 J2
10
k=—- 1A

Or to visualise the answer trace value as below.

—-

" 122(9-

|

3::1,r3'l(12-.\'3—5J 12- (2 x2-)-

x
12

-]'F
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A(x) I%Sxﬂ%

36+x9 9.v2-(-2.x2+1) ™

-2

5 10
0
“Yt0.6325,0.9107)
(B &
Rad Real m @)
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Question 2
10 ﬂ't

a. ja —cos(—j+l dt=1 1A
5 2

£ Edit Action Interactive

'3 | b [ sime | o w [ 41| v ]

define g(x)=a(—cos(%)+l)

done

10
solve{fo g(x)dx=1, a]

b. shape 1A, drawing along the axis 1A , correct coordinates 1A
y

03 Z

(2, 0.2)

| (6, 0.2) (10, 0.2) |

<
(§5]
|

LI L B N N BN N N B L I L L B P~

T N t
4 — 3
PO Y T I T

A | e
. T(0, 4, 0) -
_2 0"(0 0) ) 4{ 6 p (8,0 ldm 0)
| 1 @ |
01+ | | |
10
C.i. mean :ij't —cos(ﬂj+l dt 1M
104 2
= 42 +5 hours 1A
57

© The Mathematical Association of Victoria, 2018
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- D SN .4
define g(x)—m( cos ( 2 )+1)
done
10
f xg(x)dx
0
4
+5
5-7:2
c.ii. Median, m, solve ij —cos(lt]+l dt=0.5 1M
10 2
m =5.5 hours 1A

define g(x)=i%j(—cos(1§£)+l)

done
m
solve[f g(x)dx=0.5]0sms10, m
0

{m=5. 470516209}

D
Alg Standard Real Rad (]
3
d. Pr(TSG)=E 1A
6
fa(x)dx
0
3
5
0
Alg Standard Real Rad n
Pr(3<T <6
e. Pr(T >3|T <6) = T <T <6) 1M
Pr(T <6)
=0.3939 1A

© The Mathematical Association of Victoria, 2018
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6
] g(x)dx
i B
6
] g(x)dx
0
0.3938967046
Alg Standard Real Rad an
f. (0.4)° =0.064 OR — 1A
125
g X~ Bi(5,0.4)
Pr(X =5
Pr(X =5|X >3)= (X =5) 1M
Pr(X :3)+Pr(X :4)+Pr(X :5)
0.4°
=5 3n 2 . 5 4n Al 5 M
C,0.4°0.6° +°C,0.4°0.6" +0.4
1 1A
31
h. Standard deviation of P = p(-p) where p =0.55,n =400
n
B /0.55(1—0.55)
400
=0.0249 1A

‘/0. 55(1-0.5%5)
400

0.02487468593

I. ﬂ>< 400 = 240
100

X ~ Bi(400, 0.55)
Pr(X >240)=Pr(X > 241) 1M
=0.0194 1A

j- Y ~N(0.55, (0.02487...)%)
Pr(Y >0.6)=0.022 1A
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binomialCDf (241, 400, 400, 0. 55)

0.01935532016
normCDf (0.6, 1, 0.02487, 0. 55)

0.02219156088
0

Alg Standard Real Rad (@

Question 3
a. Shape 1A
Asymptote x = 0 and axial intercept (0.30, 0.00) 1A

L
||'|:—|‘I_I_l% =

\

A

|
|
|
|
|
|
|
|
.;h

(%]

2

o

h' R Ry Ry RN R

}

L\
ot

_\;

(4ex n 9) -3
2
(0.46, 0.46) and (2.77, 2.77) 1A

b. f(x)= 1A

Everything else correct 1A

© The Mathematical Association of Victoria, 2018
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=HNH0 B G
-_.I_.LillllllllllLll_bu.

-' |E || » MMAV2018EA <

Define j(x)=ln (x+3) +ln(x) Done
solve(f(y)=xay)

J4- e’ +9 -3 <
y=—————and 4- e¥+9 -320
2

#(0.457,0.457)

4

c. Translation of —K units to the right. 1A

(4" +9)-3
ddXxX)=x—-+———-"— 1A
2
e. Solve d'(xX)=0 orgraphd 1M

Maximum (1.72..., 0.421...)

k=-0.421 1A

© The Mathematical Association of Victoria, 2018
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" |m \| » MMAV2018EA <

Done ||
[ oo -3
Define a'(x)=x—%
(= 3
JAAN solve(i(af&))=ox) x=1.72376
dx
d(1.72376) 0.420982

Check with the graph
rao {1 B9

f31(x)=x,,

( 1-72’ 1-72/)/

label

1 %3(;:] = 0.421 ) Kk
-16""'/H1""""'10

f. Dilation by a factor of a from the y-axis. 1A

g. Solve f,'(x)=1 forx.

X_\/9a2+4—3a+2
2

1A
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Define _;“2(;()=1n (£+3)+1n (f) Done

solve(i(fz&))ﬂ,r]
A |

2 { 2
;a4 43 a—2) Pa+4 -3 a+2

or x=
2 2

h. Solve f,(x)=x and X =

a=1.395...

= 1.40 correct to two decimal places 1A

EERE

oLV V£

> MVIAV2018EA <
=LA

Al | o 22
(a4 +3a-2 Qa”+4 -3-a+2
- or x=
2 2

19 a2 +4 =3+ a+2
A solve (x)=x and x= a
2

a=1.29546 and x=1.2266

Check with the graph.

.I m||| P MAV2018EA —

© The Mathematical Association of Victoria, 2018
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Question 4
a. period is 4 1A
range is [1, 3] 1A

1.3 \| » *MAVEam2 MC —

b. Solve d(t) =1.7 fort.

47 —(4.340...-1.942...)
dr

1M

=0.80918...=0.809 correct to three decimal places 1A

solve(d(x)=1.7,x)|0<x<4- n
x=1.942663 or x=4.340522

T

4- n—(4.340522-1.942663) 0.8091844
4- 71

18(x)={d(x),0<x<4 7

NIAVAV
i \/ £9(x)=1.7

_1 -P-Is: L e e e e B L S S e S e S - 1.5

-11

c. d'(t) —icos(t)cos t —sin(t)sin l) 1A
' 2 2 2

t=2.03,4.25,8.31, 10.54 1A
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(4.2518,0.87841) (8.3145,0.87841)

TP N
(3.0314,0.87841) (10535}-0.87841)
I cos(x)- cos|=
- 2 X
--fll](x)= —sin(x)- sin(— ,0<x=<4
2} 2 2

A solve(d ( (d(x))) 0x]|0<x<4 =

x=2.03135 or x=4.251835 or x=6.283185"

&solve( ( (d‘(x)))=0,x 0<x<4+ 70

I x=8.314536 or x=10.53502 or x=12.56¢"

d. 8= tan‘l(zs)
2

~85.4° 1A
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25x10

e. Total Volume= (1+3) mé 1M
=500 m® 1A
&rdv
f. Solve j(d—) dt =500 for a. 1M
ot
a=250.71 min 1A
I1.45 1.46 [ 1.47 RNV TR LR o X
'a
solve r(t) dx=500,a
J 0

a=-5- (f5- (J2 +125) -25) or a=s- ({5 (J2
solve( ar(x) dx=500,a')

JO

a@=-0.70512 or @=250.71

g. 1x25x10 =250 m? out
Hence depth 2 m 1A

dv
h. Vpumped = J.(EJ dt

=2t+

+C, substitute (0, 0)

2
2t+«/§

Hence c:—i:—ﬁ 1M

2

Vv 1H

remaining

2 2
=500—-|2t+ ———-——
( 2t++/2 \/Ej

1 250.705... 2
Average value=——— I (500—(2t+— 1H

2
——_ | dt
250.705... 3 2t +/2 JED

= 250.69 m? correct to two decimal places 1A
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11.46]1.47 [ 1.45 LI P EITEES rao {71 F3

_f?(x) dx L_'_z
& o x+J2_ )

2 =2
solve| ————+2- x+c=0,c |[x=0 ¢ J?
2-x+J2_
250.705

1 o
—— 500- +2- x——>
250.705 ( xh2

0

2 ==J2
solve|———+2- x+¢=0,c|jx=0 J?
2-x+J2_
250.705

1 .

——= 500- +2 x——>
250.705 ( xH2

0
250.6858

END OF SOLUTIONS
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