
MATHEMATICAL METHODS (CAS)
Written examination 2

Thursday 5 November 2015
 Reading time: 3.00 pm to 3.15 pm (15 minutes)
 Writing time: 3.15 pm to 5.15 pm (2 hours)

QUESTION AND ANSWER BOOK

Structure of book
Section Number of

questions
Number of questions

to be answered
Number of

marks

1 22 22  22
2 5 5  58

 Total 80

• Students are permitted to bring into the examination room: pens, pencils, highlighters, erasers, 
sharpeners, rulers, a protractor, set squares, aids for curve sketching, one bound reference, one 
approved CAS calculator (memory DOES NOT need to be cleared) and, if desired, one scientifi c 
calculator. For approved computer-based CAS, their full functionality may be used.

• Students are NOT permitted to bring into the examination room: blank sheets of paper and/or 
correction fl uid/tape.

Materials supplied
• Question and answer book of 26 pages with a detachable sheet of miscellaneous formulas in the 

centrefold.
• Answer sheet for multiple-choice questions.

Instructions
• Detach the formula sheet from the centre of this book during reading time. 
• Write your student number in the space provided above on this page.
• Check that your name and student number as printed on your answer sheet for multiple-choice 

questions are correct, and sign your name in the space provided to verify this.

• All written responses must be in English.

At the end of the examination
• Place the answer sheet for multiple-choice questions inside the front cover of this book.

Students are NOT permitted to bring mobile phones and/or any other unauthorised electronic 
devices into the examination room.

© VICTORIAN CURRICULUM AND ASSESSMENT AUTHORITY 2015

SUPERVISOR TO ATTACH PROCESSING LABEL HEREVictorian Certifi cate of Education
2015

STUDENT NUMBER

Letter



2015 MATHMETH (CAS) EXAM 2 2

SECTION 1 – continued

Question 1
Let f : R → R,  f (x) = 2sin(3x) – 3.
The period and range of this function are respectively

A.	 period = 
2
3
�
 and range = [–5, –1]

B.	 period = 
2
3
�
 and range = [–2, 2]

C.	 period = 
�
3
 and range = [–1, 5]

D.	 period = 3π and range = [–1, 5]

E.	 period = 3π and range = [–2, 2]

Question 2
The inverse function of  f R f x

x
: ( , ) , ( )− ∞ → =

+
2 1

2
 is

A.	 f –1: R+ → R	 f x
x

− = −1
2

1 2( )

B.	 f –1: R\{0} → R	 f x
x

− = −1
2

1 2( )

C.	 f –1: R+ → R	 f x
x

− = +1
2

1 2( )

D.	 f –1: (–2, ∞) → R	  f –1 (x) = x2 + 2

E.	 f –1: (2, ∞) → R	 f x
x

− =
−

1
2
1

2
( )

SECTION 1

Instructions for Section 1
Answer all questions in pencil on the answer sheet provided for multiple-choice questions. 
Choose the response that is correct for the question.
A correct answer scores 1, an incorrect answer scores 0.
Marks will not be deducted for incorrect answers.
No marks will be given if more than one answer is completed for any question.
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SECTION 1 – continued
TURN OVER

Question 3

y

x
b

c
d

O

The rule for a function with the graph above could be 
A. y = –2(x + b)(x – c)2(x – d)

B. y = 2(x + b)(x – c)2(x – d)

C. y = –2(x – b)(x – c)2(x – d)

D. y = 2(x – b)(x – c)(x – d)

E. y = –2(x – b)(x + c)2(x + d)

Question 4
Consider the tangent to the graph of y = x2 at the point (2, 4).
Which of the following points lies on this tangent?
A. (1, –4)
B. (3, 8)
C. (–2, 6)
D. (1, 8)
E. (4, –4)
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SECTION 1 – continued

Question 5
Part of the graph of y = f (x) is shown below.

y

x
O

The corresponding part of the graph of the inverse function y = f –1(x) is best represented by

y

x

y

x

y

x

y

x

y

x

A. B.

C. D.

E.

O O

O

O

O
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SECTION 1 – continued
TURN OVER

Question 6
For the polynomial P(x) = x3 – ax2 – 4x + 4, P(3) = 10, the value of a is
A.	 –3
B.	 –1
C.	   1
D.	   3
E.	 10

Question 7
The range of the function f : (–1, 2] → R, f (x) = –x2 + 2x – 3 is
A.	 R
B.	 (–6, –3]
C.	 (–6, –2]
D.	 [–6, –3]
E.	 [–6, –2]

Question 8
The graph of a function f : [–2, p] → R is shown below.

y

x

(p, p)

(–2, 0)
y = f (x)

O

The average value of f over the interval [–2, p] is zero.

The area of the shaded region is 25
8
.

If the graph is a straight line, for 0 ≤ x ≤ p, then the value of p is
A.	 2

B.	 5

C.	 5
4

D.	 5
2

E.	 25
4
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SECTION 1 – continued

Question 9
The graph of the probability density function of a continuous random variable, X, is shown below.

x

y

1
6

2 aO

If a > 2, then E(X) is equal to
A.	 8
B.	 5
C.	 4
D.	 3
E.	 2

Question 10
The binomial random variable, X, has E(X) = 2 and Var X( ) = 4

3
.

Pr(X = 1) is equal to

A.	
1
3

6








B.	
2
3

6








C.	
1
3

2
3

2

× 







D.	 6 1
3

2
3

5

× × 







E.	 6 2
3

1
3

5

× × 






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SECTION 1 – continued
TURN OVER

Question 11

The transformation that maps the graph of y x= +8 13  onto the graph of y x= +3 1  is a

A.	 dilation by a factor of 2 from the y-axis.

B.	 dilation by a factor of 2 from the x-axis.

C.	 dilation by a factor of 1
2
 from the x-axis.

D.	 dilation by a factor of 8 from the y-axis.

E.	 dilation by a factor of 
1
2  from the y-axis.

Question 12
A box contains five red balls and three blue balls. John selects three balls from the box, without replacing 
them.
The probability that at least one of the balls that John selected is red is

A.	
5
7

B.	
5

14

C.	
7
28

D.	
15
56

E.	
55
56
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SECTION 1 – continued

Question 13
The function f  is a probability density function with rule

f x
ae x
ae x

x

( ) =
≤ ≤
< ≤







      
        

       otherwise

0 1
1 2

0

The value of a is
A.	 1

B.	 e

C.	
1
e

D.	
1
2e

E.	
1

2 1e −

Question 14
Consider the following discrete probability distribution for the random variable X.

x 1 2 3 4 5

Pr(X = x) p 2p 3p 4p 5p

The mean of this distribution is
A.	 2

B.	 3

C.	
7
2

D.	
11
3

E.	 4
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SECTION 1 – continued
TURN OVER

Question 15

If g x dx( ) =∫ 20
0

5
 and 2 90

0

5
g x ax dx( ) ,+( ) =∫  then the value of a is

A.	   0
B.	   4
C.	   2
D.	 –3
E.	   1

Question 16
Let f (x) = axm and g(x) = bxn, where a, b, m and n are positive integers. The domain of f = domain of g = R.
If f ′ (x) is an antiderivative of g(x), then which one of the following must be true?

A.	
m
n
 is an integer

B.	
n
m
 is an integer 

C.	 a
b
 is an integer

D.	
b
a  is an integer 

E.	 n – m = 2

Question 17
A graph with rule f (x) = x3 – 3x2 + c, where c is a real number, has three distinct x-intercepts.
The set of all possible values of c is
A.	 R
B.	 R+

C.	 {0, 4}
D.	 (0, 4)
E.	 (– ∞, 4)

Question 18
For which one of the following functions is the equation f x y f x y f x f y( ) ( ) ( ) ( )+ − − = 4  true for  
all x R y R∈ ∈and ?
A.	 f (x) = x2

B.	 f (x) = |2x|

C.	 f (x) = ex

D.	 f (x) = x3

E.	 f (x) = x
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SECTION 1 – continued

Question 19

If f x t
x

( ) = +( )∫ 2

0
4  dt, then f ′ (–2) is equal to

A.	     2

B.	   − 2

C.	   2 2
D.	 −2 2
E.	   4 2

Question 20
If f (x –1) = x2 – 2x + 3, then f (x) is equal to
A.	 x2 – 2
B.	 x2 + 2
C.	 x2 – 2x + 2
D.	 x2 – 2x + 4
E.	 x2 – 4x + 6

Question 21
The graphs of y = mx + c and y = ax2 will have no points of intersection for all values of m, c and a such that
A.	 a > 0 and c > 0

B.	 a > 0 and c < 0

C.	 a > 0 and c > −
m
a

2

4

D.	 a < 0 and c > −
m
a

2

4

E.	 m > 0 and c > 0
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END OF SECTION 1
TURN OVER

Question 22
The graphs of the functions with rules f (x) and g(x) are shown below.

y

x

y = g(x)
y

x

y = f (x)

O
O

Which one of the following best represents the graph of the function with rule g(–f (x))?

y

x

y

x

A. B.

C. D.
y

x

y

x

E.
y

x

O

O

O

O

O
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SECTION 2 – Question 1 – continued

Question 1 (9 marks)

Let f R R f x x x: ( ) .→ = −( ) −( ), 1
5

2 52  The point P 1 4
5

,





 is on the graph of f, as shown below.

The tangent at P cuts the y-axis at S and the x-axis at Q.

y

x

4

S

QO

P 1 4
5

,







a.	 Write down the derivative f ′ (x) of f (x). 1 mark

SECTION 2

Instructions for Section 2
Answer all questions in the spaces provided.
In all questions where a numerical answer is required, an exact value must be given unless otherwise 
specified.
In questions where more than one mark is available, appropriate working must be shown.
Unless otherwise indicated, the diagrams in this book are not drawn to scale.
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SECTION 2 – Question 1 – continued
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b.	 i.	 Find the equation of the tangent to the graph of f at the point P 1 4
5

, .





 1 mark

	 ii.	 Find the coordinates of points Q and S. 2 marks

c.	 Find the distance PS and express it in the form b
c
, where b and c are positive integers. 2 marks
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SECTION 2 – continued

y

x

4

S

QO

P 1 4
5

,

d. Find the area of the shaded region in the graph above. 3 marks
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CONTINUES OVER PAGE
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SECTION 2 – Question 2 – continued

Question 2 (14 marks)
A city is located on a river that runs through a gorge.
The gorge is 80 m across, 40 m high on one side and 30 m high on the other side.
A bridge is to be built that crosses the river and the gorge.
A diagram for the design of the bridge is shown below.

y

X (–40, 40) E

F Y (40, 30)

A
–40

B
40

x

60
Q N

M
P

θ O

The main frame of the bridge has the shape of a parabola. The parabolic frame is modelled by 

y x= −60 3
80

2  and is connected to concrete pads at B (40, 0) and A(– 40, 0).

The road across the gorge is modelled by a cubic polynomial function.

a.	 Find the angle, θ, between the tangent to the parabolic frame and the horizontal at the point 
A(– 40, 0) to the nearest degree. 2 marks
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SECTION 2 – Question 2 – continued
TURN OVER

The road from X to Y across the gorge has gradient zero at X (– 40, 40) and at Y (40, 30), and has 

equation y x x= − +
3

25600
3
16

35.

b.	 Find the maximum downwards slope of the road. Give your answer in the form −mn  where m and n are positive integers. 2 marks

Two vertical supporting columns, MN and PQ, connect the road with the parabolic frame.
The supporting column, MN, is at the point where the vertical distance between the road and the 
parabolic frame is a maximum.

c.	 Find the coordinates (u, v) of the point M, stating your answers correct to two decimal places. 3 marks

The second supporting column, PQ, has its lowest point at P (–u, w).

d.	 Find, correct to two decimal places, the value of w and the lengths of the supporting columns 
MN and PQ. 3 marks
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SECTION 2 – continued

For the opening of the bridge, a banner is erected on the bridge, as shown by the shaded region in 
the diagram below.

y

60

E

F

x
40–40 O

e. Find the x-coordinates, correct to two decimal places, of E and F, the points at which
the road meets the parabolic frame of the bridge. 3 marks

f. Find the area of the banner (shaded region), giving your answer to the nearest square metre. 1 mark
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SECTION 2 – Question 3 – continued
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Question 3 (11 marks)
Mani is a fruit grower. After his oranges have been picked, they are sorted by a machine, according 
to size. Oranges classified as medium are sold to fruit shops and the remainder are made into 
orange juice.
The distribution of the diameter, in centimetres, of medium oranges is modelled by a continuous 
random variable, X, with probability density function

f x x x x( ) = −( ) −( ) ≤ ≤





3
4

6 8 6 8

0

2

otherwise

a.	 i.	 Find the probability that a randomly selected medium orange has a diameter  
greater than 7 cm. 2 marks

	 ii.	 Mani randomly selects three medium oranges.

	 	 Find the probability that exactly one of the oranges has a diameter greater than 7 cm.

		  Express the answer in the form a
b
, where a and b are positive integers. 2 marks

b.	 Find the mean diameter of medium oranges, in centimetres. 1 mark
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SECTION 2 – continued

For oranges classifi ed as large, the quantity of juice obtained from each orange is a normally 
distributed random variable with a mean of 74 mL and a standard deviation of 9 mL.

c. What is the probability, correct to three decimal places, that a randomly selected large orange 
produces less than 85 mL of juice, given that it produces more than 74 mL of juice? 2 marks

Mani also grows lemons, which are sold to a food factory. When a truckload of lemons arrives at 
the food factory, the manager randomly selects and weighs four lemons from the load. If one or 
more of these lemons is underweight, the load is rejected. Otherwise it is accepted.
It is known that 3% of Mani’s lemons are underweight.

d. i. Find the probability that a particular load of lemons will be rejected. Express the 
answer correct to four decimal places. 2 marks

 ii. Suppose that instead of selecting only four lemons, n lemons are selected at random 
from a particular load.

  Find the smallest integer value of n such that the probability of at least one lemon 
being underweight exceeds 0.5 2 marks
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SECTION 2 – Question 4 – continued
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Question 4 (9 marks)
An electronics company is designing a new logo, based initially on the graphs of the functions

f x x g x x x( ) sin( ) ( ) sin( ), .= = ≤ ≤2 1
2

2 0 2and for π

These graphs are shown in the diagram below, in which the measurements in the x and y directions 
are in metres.

y

x
3
2
��

2
� �2O

2

–2

The logo is to be painted onto a large sign, with the area enclosed by the graphs of the two 
functions (shaded in the diagram) to be painted red.

a.	 The total area of the shaded regions, in square metres, can be calculated as a x dxsin( ) .
0

π

∫
	 What is the value of a? 1 mark
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SECTION 2 – Question 4 – continued

The electronics company considers changing the circular functions used in the design of the logo.

Its next attempt uses the graphs of the functions f (x) = 2sin(x) and h x x( ) sin( ),= 1
3

3  for 0 ≤ x ≤ 2π.

b.	 On the axes below, the graph of y = f (x) has been drawn.

	 On the same axes, draw the graph of y = h(x). 2 marks

2

− 1
3

1
3

O

2

1

–1

–2

x

y

� �

c.	 State a sequence of two transformations that maps the graph of y = f (x) to the graph of  
y = h(x). 2 marks
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SECTION 2 – continued
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The electronics company now considers using the graphs of the functions k(x) = msin(x) and 

q x
n

nx( ) sin( ),= 1  where m and n are positive integers with m ≥ 2 and 0 ≤ x ≤ 2π.

d.	 i.	 Find the area enclosed by the graphs of y = k(x) and y = q(x) in terms of m and n 
if n is even.

	 	 Give your answer in the form am b
n

+ 2 , where a and b are integers.
2 marks

	 ii.	 Find the area enclosed by the graphs of y = k(x) and y = q(x) in terms of m and n 
if n is odd.

	 	 Give your answer in the form am b
n

+ 2 , where a and b are integers.
2 marks
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SECTION 2 – Question 5 – continued

Question 5 (15 marks)

a.	 Let S t e e
t t

( ) ,= +
−

2 83
2
3  where 0 ≤ t ≤ 5.

	 i.	 Find S(0) and S(5). 1 mark

	 ii.	 The minimum value of S occurs when t = loge(c).

		  State the value of c and the minimum value of S. 2 marks

	 iii.	 On the axes below, sketch the graph of S against t for 0 ≤ t ≤ 5. Label the end points 
and the minimum point with their coordinates. 2 marks

S

t

10

8

6

4

2

O 1 2 3 4 5
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SECTION 2 – Question 5 – continued
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	 iv.	 Find the value of the average rate of change of the function S over the interval  
[0, loge(c)]. 2 marks

Let V : [0, 5] → R, V t de d e
t t

( ) ,= + −( )
−

3
2
310  where d is a real number and d ∈ ( , ).0 10

b.	 If the minimum value of the function occurs when t = loge (9), find the value of d. 2 marks

c.	 i.	 Find the set of possible values of d such that the minimum value of the function occurs 
when t = 0. 2 marks

	 ii.	 Find the set of possible values of d such that the minimum value of the function occurs 
when t = 5. 2 marks
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END OF QUESTION AND ANSWER BOOK

d.	 If the function V has a local minimum (a, m), where 0 ≤ a ≤ 5, it can be shown that 

m k d d= −( )
2

10
2
3

1
3 .

	 Find the value of k. 2 marks
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END OF FORMULA SHEET

Mathematical Methods (CAS)
Formulas

Mensuration

area of a trapezium:	 1
2
a b h+( ) 	 volume of a pyramid:	

1
3
Ah

curved surface area of a cylinder:	 2π  rh	 volume of a sphere:	
4
3

3π r

volume of a cylinder:	 π r 2h	 area of a triangle:	
1
2
bc Asin

volume of a cone: 1
3

2π r h

Calculus
d
dx

x nxn n( ) = −1

  
x dx

n
x c nn n=

+
+ ≠ −+∫ 1

1
11 ,

d
dx
e aeax ax( ) =   

e dx a e cax ax= +∫ 1

d
dx

x xelog ( )( ) = 1   
1
x dx x ce= +∫ log

d
dx

ax a axsin( ) cos( )( ) =    
sin( ) cos( )ax dx a ax c= − +∫ 1

d
dx

ax a axcos( )( ) −=  sin( )   
cos( ) sin( )ax dx a ax c= +∫ 1

d
dx

ax a
ax

a axtan( )
( )

( ) ==
cos

 sec ( )2
2 	

product rule:  d
dx
uv u dv

dx
v du
dx

( ) = + 	 quotient rule: 
d
dx

u
v

v du
dx

u dv
dx

v






 =

−

2

chain rule:  dy
dx

dy
du
du
dx

= 	 approximation:  f x h f x h f x+( ) ≈ ( ) + ′( )

Probability
Pr(A) = 1 – Pr(A′)	 Pr(A ∪ B) = Pr(A) + Pr(B) – Pr(A ∩ B)

Pr(A|B) = 
Pr

Pr
A B
B
∩( )
( ) 	 transition matrices:    Sn = Tn × S0

mean:    µ = E(X) variance:    var(X) = σ 2 = E((X – µ)2) = E(X 2) – µ2

Probability distribution Mean Variance

discrete Pr(X = x) = p(x) µ = ∑ x p(x) σ 2 = ∑ (x – µ)2 p(x)

continuous Pr( ) ( )a X b f x dx
a

b
< < = ∫ µ =

−∞

∞

∫ x f x dx( ) σ µ2 2= −
−∞

∞

∫ ( ) ( )x f x dx
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