The Mathematical Association of Victoria

MATHEMATICAL METHODS (CAS)
SOLUTIONS: Trial Exam 2014

Written Examination 2

SECTION 1
1.c 2D 3.C 4D 5B 6A 7.B 8A 9A 10.E 11E

12.0 13.C 14.C 15.A 16.B 17.E 18.B 19.C 20.D 21.A 22.E

Question 1

2c0s(£)+ 3=0
2

x=4mn=x S?E,nEZ C
£ Edit Action Interactive
ISR s
solve[2-cos[%]+\/§=[], x]
{x=4-7vconstn (1) —5% , x=4+x+constn(2) +5% }

0

Alg Standard Real Rad )
Question 2

Range of y = —Sin(a(x+b)) is [—1,1]
Range of y = —4Sin(a(x+b)) is [—4, 4]
Range of the graph of f(x) = —4Sin(a(x+b))—b is [—4—b,4—b] D
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Question 3
Consider f Z[—JZ’, 2:1] — R, where f(x) = 2than(x - :r) +3.

The horizontal translation in a positive direction of 7 will make no difference to the vertical

asymptotes of the graph of y =27 tan(x) +3.

y=2ntan (x—x)+3 |
y=24an(x)°n+3‘

where the constants 27,3 do not alter asymptotes

y=tan () o
| | X
-3.142,0)
Root
Xc==3. 141593 ‘yc=0 shows

The graph of y = tan(x)from -z to 7

expected asymptotes at x = =

N[N

kY4
For domain [—;z, 2:[] we add the asymptote x = EX

R //{0: Y S
: y-Intercept
Xc=0 i yE=3 . ]’C

. RY/ 4 T
The equations of asymptotes are x = 7,x = iE C

Question 4
y =sin(x)

Then y = sin(x+%)

Then y =sin x+Z +l
2) 2
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. (x mw\ 1
Then y=sm|—+—|+—
(2 2) 2

. X
Using complementary functions this now becomes y = cos (E) + 5

Question 5
2x+2 4
S =2 —
x-1 x-1
Domain R\{l}, Range R\{2} B

1/99
Question 6
The graph of f(x) =log (2| +1) has no asymptotes. A

f1ix)=In{2- |x|+1)

+ 3 + 3 + ¥ 3 ¢ + X-‘
9.87 [1 10.13

484 7
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Question 7
(x-D(x*+ax+b)=0
x =1 1s one solution

~ax~a’ -4b

x = ——— will give another solution if

a’-4b=0, a* =4b

X = 4 is the solution
2
4 =1, a==-2 B
2
Question 8
2

W) =g (f@)=(Va+2) +5=x+7
Dom(k) = Dom(f), [ -2, ) A

Question 9

575 .
g: [—7”,7”} — R, where g(x) = sm|x , is not differentiable at cusp and endpoints.
At x = 157][ ,x=0 A

y=g{(x) | S nf 25257/ 2

| ‘?{5.4’} ......... —

XC==T7.853982 "yc=1
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Question 10

+1 when x < 2.

The tangent line will be above the graph of f'(x) =

Question 11

1
g:R\{—l}—>R,g(x)=m

Using First Principles
(f(“h)—f(X))
h

1 1

= lim x+h+1_x+1
h—0 h

lim
h—0

. [ x+l=-(x+h+1)
= lim
=0l h(x+1)(x+h+1)

_ lim| — -l E
=0\ x“ +xh+2x+h+1
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6

Ax+n)-Ax) 1 1
h B lx+h+1) B (x+1)
{ 1 1 i
L‘om Denom| ; PP
Vi lx+h+1) B lx+1) )

-1

2
X“+h x+2 x+h+1

A Domain of the result mig

ht be larger than the.. 1/32

Question 12

fis the graph of i(x) = (x+1)’(x —1) translated 3 units up.

f(x)=(x+1)’(x-1)+3

Question 13
g-f=-x'+x"+7 —(x2

D

+2x+3) =—x'+x" -2x+4

Solve i(—x“ +x° —2x+4)= 0 for x

dx

Maximum value is —- + 4

25

EEIEENERY

-

4Exam2

k\'4+\' +7- lnc +2: x+_,|| =0,x e
t.dx
2
2
-2“
2
2 2
2 2
(Za caale 2 227
X +r +7 X T +2 x+3) bc— +4
2 4 ™
2/99
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Question 14

4y

iy

10 .
The area above the line y = ? equals the area below the line.

1
The average value is ?0 C

Question 15
y=log,(x-1)

Area = %(loge(l S)+log,(2)+ loge(2.5))

1/99
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Question 16

ALy
1
y=~f
5
Area A Area C
x
8 »
—0.75n 0570 —0.25n 0.25n T 0.75n n 12z
Area B
-0.5
-1

The graph of f'has been reflected in the x and y axes.
Area A = Area B

Hence }(- f(=x))dx=0 B

J 111> *Unsaved w {m

k » X
r3.14 1,57 3.14

s1%S

Question 17
To find p.

Solve sz +Q.1+0102+p+p2 =1 where p>0

H;(20p2+0. 140. 024+p+p2=1, p)
{-_ﬁ _2}
P="75:P=5 2
gives p=§=0-4
E(X)=1.98
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Var(X) =2.4196

The standard deviation of X is closestto 1.5555 E

1%0. 142x0. 024+3%0. 4+4%0. 42
1.98
0. 1+4%0. 02+9%0. 4+16x0. 42
6. 34
ans—1. 982
2.4196
v2.4196
1.555506348

Question 18
Bi(n, p) = Bi(50, 0.05)
Pr(X <2)=Pr(X <1)=0.2794 B

binomialCDf (0, 1, 50, 0. 05)
0.2794317523

Question 19
[07yw
S, =
0.3 -
[0.55 0.65]

0.45 0.35
NeedS TS

055065] [

0.45 0.35
0.5908
0.4092
0.59081"
S, = C
L14092}&L
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Question 20
P and Q mutually exclusive when Pr(PN Q) =0
Given Pr(PN Q)+ %Pr(P 'NQ)= %
So
0+lPr(P'ﬂ 0)= £l
2 10
3
~Pr(P'NQ) = 5
p P’
Q 0 3 3
5 5
Q Pr(PNQ") Pr(P'N Q") 2
5
_ _ 1
2
Pe(PNQO"Y+Pr(P'NQ") = 3 D
Question 21
N(u,07)
Pr(X >80) = 85 and Pr(X <10)=0.01
1000

Pr(Z >1.37220) = % and Pr(Z <-2.32635)=0.01

. ” ” 8 5
1nvNomnCDf[ R ’ifﬁﬂj’l’o]

1.372203809
invNormCDf (*L”, 0. 01, 1, 0)
-2.326347874

xX-u
o

Solve using z =
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1. 37220:80T‘m

—2.32635=10"7
S m, S

{m=54. 02928175, s=18. 9263

Giving u = 54.029 A

Question 22

. 3
fx) = {|s1n(x)| 7” =x=2r

0 elsewhere

Variance = ;:ff(x)dx - (E(X))2

2

2
Variance =ﬁx2f(x)dx—(f32:xf(x)dx) =0.14159 E
2 2

|sin(x)|, 3%59652’7[
4 f(x)=
0, 3—;I2x22~7r

done

27 2
f x“f(x)dx
3

2

28.05363964

27
ans—([3 X'f(X)dX)z
T

2
0.1415926519
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SECTION 2
Question 1 (10 marks)
a. 1

hm Sm

bm

W +b* =25
h=~25-b", h>0
ﬁ _ -2b _ -b IM
db 2\25-p 25-1
ﬁ =2 m/s
dt
di_dh db "
dt db dt
dh -b
— =——x2
dt \25-p
b=3m
dh -3 -6 3

—_—= X2= =— m/s
dt  J25-9 Jie 2

3
The ladder is moving 5 m/s down the wall. 1A

ii. h=2\/gm,h2=24,b=lm,§=2m/s,t=2s
t
b. i A=f(2loge(t+1))dt
A=2(t+1log, (t+1)-2t+c M
A(0)=c=0
A=2(t+1log, (r+1)-2¢ 1A
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p . v . ) . “ 4
M2 mle+1))ae 2-[e+1) mfe+ 1)) =
solve|: 2: [:I:r+ 1) Infz+1) —r,fl +c= O,CJ =0 c=0
|
2/99
ii. A(30)=152.9 m? correct to one decimal place IM 1A
OR
30
A =f(210ge (t + 1))dt =152.9 m? correct to one decimal place IM 1A
0

M2 mle+1))ae 2-({t+1) e+ 1)) T
solve|:2- i:|:t+ ll lni:t+ 1:|—r:|+c=0,c:l |e=0 c=0
2 (le+1)- Imle+1)-2le=20. 152.907
30 152.907

(2 Inle+1))ds
Jo

| -

&

4/99

iii. Solve 4=2(t+1)log, (¢t +1)-2t=202.907... fort 1M

t =37.0...min
It takes an extra 7 minutes 1A

OR

a

Solvef(2loge (t+1))dt =50 fora 1M

30

t =37.0...min
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It takes an extra 7 minutes 1A

(1112 8 *ExtendedA..MAV <

(2 Infr+1))ds
Jo

solvel 2 {{#+1)- In{#+1)-£)=202.9072,¢]

£=37.0619
((fa | a=37.0619
solve| 12 Inl#+1))de=50,a
1) 20 !
—— |
i =
3/6

Question 2 (17 marks)

y(m)

30—+ —
] —
0.1/ AN

/V
10_ \\ / (1000,15)

/
& = = | i = X(m)
200 400 600 800 1000
-10+
-20+
304

a. 1. aisamplitudesoa=15 1A
ii. cisvertical translation soc =15 1A

i, period =1000 = 2%

S

giving 1000 = 2b

b =500. 1M
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b. y=15+15sinﬂ 1A
500

c. i py(600)=15 +15sin(6?ﬂ)

Depth of the lake 600 metres from the café is 6.18 metres (or 618 centimetres) 1A

ii.  Solve y =6.18322 for the domain 0 <x <1000

Depth of water found at x = 600 and x = 900 to nearest metre. 1A

Compete when y =5

d. i. Solve y=5 1M

) _ ., X |
define f(x)—15+15mn(gﬁﬂj ,

done
solve (f (x)=5|0=x<1000, x)
{x=616. 1397636, x=883. 860 >
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Depth of water suitable for xE[O, 616] U [884, IOOO] to the nearest metre 1A

ii. Length of race, to nearest metre, before it is interrupted by shallow water is 616 metres. 1A

f(x) =sin(x)—1for O<sx=<2m

anY
x

JT
e. zero depth at (E,O) 1A

Stand in water when y >-0.5 1M

tad

p=—1/2 v=—1/2
y=g(x) =g (x)
(0.5236,-0.5) \ / 2.618,-0.5)
Intersegtion Intersegtion
Kc=0.5235988 yc=— ¥c=2.6179939 yC=—

IENEGS

M= T =

f. Tourists can walk at distance from the café, to nearest centimetre, for x€(0.52,2.62) 1A

o(x) = —lOsm(;O) 10for 0 = x <1000
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define g(x)=—10sin(%)—10

done

g (x)

| Lo

y-Intercept
=0 yc=—10

g. Straight line, between x = 750and x =875 .
YN _ =W
X=X X,—X
o, Y=1(50) _ ¥(875)-y(750)

x=750 875-750

Using the equation of a straight line

wher

y—g(750) _g(875)—g(750) H

x-750 ~  875-750
{ =—(x—750)-(—\/§+2)}
y 25 ||
- — 1M

The equation of the line that represents the slide is,:

expand[y=—(x-750)o(—ﬁ+2],
25

V2ex 2ex |

V=95 55 —-30+V2+60

=g (x)
v=(2)"(1/2)+x{25-2-x/25-30-(2;
X

) Intersection
Xc=750 yc=0
Ein
% graph of the water slide
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Simplified equation of water slide y = — 2_xS (2 - \/E ) - 30\/5 +60 1A

. JTX . JTX
h. Transf =15+15sin| — | to the i h g(x)=-10sin|{ — |-10
ransform y (500) o the image graph g(x) (500)

2
Step 1: Dilate from the x-axis by a factor of § units 1A

Step 2: Reflect in the x-axis 1A

Question 3 (16 marks)

Rowing Ergo (R), Cycle (C), Step (S).

60 staff members, all take part in at least one class.
Pr(R)=0.25

Pr (C)=0.55

Pr(S)=0.75

R, C and S are independent.

a. i Independent .. Pr(RNS) = Pr(R)xPr(S)
Pr(RNS)=0.25x0.75 = 0.1875 or % 1A

Pr(RNS)
Pr(S)

Pr(R|S)=%=O.25 or% 1A

ii. Pr(R|S)=

b. i. P(RNSNCY=025x0.75x045 1M

PRNSNCY)=0.084375 or 322_70 1A
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iil. Venn diagram.

C 0.55x60

0
S 0.75x60
1M
From Venn diagram we get2+3 +2 + 8 +28 —x + x + 35-x = 60
x=18

10 Staff members take C only 1A

60 staff members

If a staff member takes Step there is a probability of 20% of them taking Step the next day.
If a staff member takes Cycle there is a probability 35% of them taking Step Class the next
day.

No R classes are offered.

On Monday 15 take Cycle Class.

02 035
T =
[0.8 0.65
45
° |15

© The Mathematical Association of Victoria, 2014
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¢. i Cycle class on Tuesday using S, = TIS0

[0.2 0.35]A1[45
15

0.8 0.65

[14.25]
45.75

02 035
0.8 0.65

45 14.25
= M
15 45.75
46 staff take Cycle class on Tuesday 1A

ii. Step class on Friday using S, = T4SO

[0.2 0.35]A4[45
0.8 0.65 15

[18.27440625
41.72559375

| ]

18 staff take Step class on Friday 1A

iii. Cycle and Step using S, =775,

[0.2 0.35]A10[45
0.8 0.65 15

[18.26086972
41.73913028

18 staff take Step class and 42 take Cycle class long term  2A

10 Mathematics staff members. Independent events
Pr(C)=0.2

Pr(S)=0.6

d. Pr(SNSNCNCNC)=0.6>x0.2°

Pr(SNSNCNCNC)=0.00288 or

© The Mathematical Association of Victoria, 2014
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e. Bi(n, p)=Bi(10,0.6) 1M

binomialCDf (7, 10, 10, 0. 6) \
0.3822806016\

Pr(X >6)=Pr(X =7)=0.3823 1A

f. Now Pr(C)=0.3

Bi(n, p) = Bi(n,0.3)

Pr(X =2)>0.65

Let Pr(X =2)=0.65

1-[Pr(X =0)+Pr(X =1)]=0.65

S Pr(X =0)+Pr(X =1)=0.35 1M

n 0qnp0+n 1qn—lpl =O35

Where q=0.7,p=0.3.

"C,0.7"0.3° + "C,0.7"'0.3' = 0.35

Giving

0.7" +nx0.7""x0.3' =0.35.  Solve for n.
£ Edit Action Interactive

IEEsSe. @

solve(0. 70+n-0. 70 1.0, 3=0. 35, n)
{n=—1.921856387, n=6. 755715828}

(-
g (B O

Alg Standard Real Rad

We need 7 Science staff members. 1A
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Question 4 (15 marks)

a. A=-1

Expand —(x-B)*+C = —x* +4Bx’ —6B°x* +4B°x-B*+C 1M
Equate coefficients

4B =8, B=2
-B*+C=-15,-16+C=-15, C=1
f(x)==(x=-2)*+1 1A
‘m| 1.3 ‘) *ExtendedA. . MAV — {T’lﬂ
i . 4 % @
expandt;[,x—b,] +c.,|
-.\'4+4~ b _1'3—6- b2-x2+4- b3-x—b4+c
™
1/99
b. f(1)=—(1—2)4+1=0 1M
Could use the turning point (2, 1)
Solve f(x)=—(x-2)"+1=0 forx,x=3, b=3 1A
i ) 3 ‘_ _
solvel‘.-llx—zJ 4, 1=0,x_,| E=1arx=d
|
1/99

c. i[l, 3] 1A
i (1, 3) 1A
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d. c=2 1A

e. gisnot differentiable at x = 3 and therefore is not differentiable for all values of x. 1A

, iy
f. i k=5[(f(x))dx 1M

1A

1/99
i f( fx)-k)dx =2 f(k - f(x))dx
m 1
4
Solve f(x)= 3 for x 1M
m=1.3313 and n = 2.6687 correct to four decimal places 1A

‘EEBEEEE)’ ‘ExtendedA MAV < il <

1"3. . 4 @
1 { i b \ -
—- |t.-|.x—2,| 4, 1_,|dx 5
2
= J1

I g
solve| lx-2] 4, 1=—x

| 5

x=1.33126 or x=2.66874

|

2/99
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g f:[L3] =R fi(x)=—x"+8x" +ax’ +bx +d
Find aand b in terms of d .
Solve f,(1)=0and f (3)=0 foraand b

a=ﬂandb=—4(d_9) 1M
Solvei —x4+8x3+d_57x2—4(d_9)x+d =0 forx 1M
dx 3 3
12 +6d +90
x=2 orx=#

\V6d +90

For three solutions 64 +90>0, d >-15 and T<l, d<-9asl<x<3

-15<d <-9 1A

ro - ‘ @
Defineﬁ,x,.|=-x4+8- x3+a- x2 +b- x+d Done
solvelfjf 1)=0 and /1':3_11=0,a,b:]
d-57 -4 {d-9)
a= and p=—"—
2 2

lal 2 d-57 o -4 (d-9)
solve| d_l xti8 x4 N L
ol |

{6 [a+15) -12] L

bl g

i‘- (d+15) +12

rx=2 w4
/8

or x=
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