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Question 1 (4 marks)

24
a. y=3x"%e"

% =6xe* +3x* x 4¢** (product rule)
X
=6xe*" +12x%*"

(1 mark) — correct first term
(1 mark) — correct second term

sin(x
2x
g'(x)= 2% x cos(x) _22 xsin(x) (quotient rule) (1 mark)
(2x)
2xFx0-2x1 . ( ;zj
| T 2 since cos| — [=0
e z
2% i
[ 2 j and sir(fj =1
2
0-2
_-2
”2
(1 mark)
Question 2 (2 marks)
J‘ ! dx =110ge 2x— 3|
2x-3 2

Note, because we were asked for ‘an’ antiderivative c is not required (because ¢ could, in this
case, equal zero)

(1 mark) — recognition that a logarithm was required
(1 mark) — correct answer
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Question 3 (2 marks)

f:R\{O}—)R,f(x)z%

Toshow, f(f(x))=/(f"(x))
LS = f(f(x))

A

Now find f7'(x).
fl) =2

Lety=

= |lu = |

)

Swap x and y for inverse.

=
Il

<
I
| = |» < |w

(0= .
RS=f(f7(x))

A

=x
=LS
Have shown.

(1 mark)

(1 mark)
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Question 4 (5 marks)

a. log,(3) —2logg(x)+log.(2) =1
logg(3)—logg(x*) +log,(2) =1

log, (ﬁj =1
x

61=x%
6x> =6

xr=1

x==1

but x >0 (for the term —2log,(x) to be defined)

Sox=1.
b 8172)6 =24+x
(23)1—2)( - 24+x
23—6X — 24+x
So 3-6x=4+x
-1=7x
1
X=—=
7
Question 5 (2 marks)
(X 1
sm(gj = —2 x e€[0,67]
x_z 37 ¥ c[0.27]
3 4 4 3
3z Iz
X=—,—
4 4

T

C

(1 mark)

(1 mark)

(1 mark)

(1 mark)

(1 mark)

sin is positive in the 1% and 2™ quadrants

(1 mark) — one correct answer
(1 mark) — second correct answer
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Question 6 (5 marks)

a. Pr(X=0)+Pr(X=1)+Pr(X=2)=0.5
and, Pr(X=3)+Pr(X=4)=0.5.
The median of X is therefore halfway between 2 and 3 so the median of X is 2.5

(1 mark)
b. Method 1 — using intuition and the table.
0.3

Pr(XS2|X>O):ﬁ (1 mark)

_3

8
(1 mark)
Since we’re told X > 0, then we eliminate Pr(.X'=0) which gives us a denominator of

0.8.

We want Pr(X <2), so we want Pr(X =1)and Pr(X =2). Remember that Pr(X =0)

1s eliminated.
So the numerator is 0.2+0.1=0.3.

Method 2 — using the conditional probability formula
<
Pr(X <2| X >0)= LA =20 X>0)
Pr(X >0)
B Pr(X =1)+Pr(X =2)
Pr(X =1)+Pr(X =2)+Pr(X =3)+Pr(X =4)

(from the formula sheet) (1 mark)

B 0.2+0.1
0.2+0.1+0.4+0.1
03
0.8
_3 (1 mark)
8
c. Var(X) = E(X?)-[E(X)]?
=02 x02+1°x02+2>x0.1+3%x0.4+4>x0.1-2> (1 mark)
=02+04+3.6+1.6-4
=1.8
(1 mark)

This formula is not given on the formula sheet. It is easier to use than the one on the
formula sheet so therefore worth remembering.
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Question 7 (4 marks)

a. Since f'is a probability density function,
1
X
_[ a cos(Tjdx =1 (1 mark)
1
1 . .
a —s1n(ﬂj =1 (a 1s a constant) (1 mark)
7/ 2
2 0

a{z sin[zj _2 sin(O)} =1
V4 2)

2a _,
Vs
a=—
2
(1 mark)
b. The mode of X is the value of x for which f(x) is a maximum.
Do a quick sketch.
y
A
T y=rf(x)
2
=Zcof =
fae— T2
r 2 3 4 °F
L S S
2
The maximum value of f(x) is g and it occurs when x =0.
The mode is zero.
(1 mark)
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Question 8 (6 marks)

a. y
A
-3,7) 8
7
\ I\ y= s
\ 5
(WA
3
(D) (2.2)
AN 7 / 2 \ =7
1
6 5 4 3 4 -1 o 1 2 3 4 35 6 7
/ -1
/ 2
/ -3 (1 mark) — correct shape
-4 (1 mark) — correct position
3 including endpoints
-6
b. i f(x):‘4—x2‘+2

When the graph of f'is translated 2 units in the negative direction of the y-
axis, its rule becomes

y= 4—x2‘+2—2, thatis,y=‘4—x2‘

When this graph is then translated 2 units in the positive direction of the x-

axis, its rule becomes y = ‘4 —(x —2)2‘

When this graph is then dilated from the y-axis by a factor of %, its rule
2

becomes y=|4— -2 |, thatis, h(x):‘4—(2x—2)2‘.

x
b

y
(1 mark) — for y = ‘4 —(x— 2)2‘ A
-3,7) 8
(1 mark) — for A(x)= ‘4 — (2x _ 2)2‘ b -
VSN 1o

1,4)

—
[ —
(o))

ii. Method 1 — drawing a graph \ /

To find the domain, do a quick
sketch of y = f(x) after it has

=h
undergone the two translations S T d 3 (: >
and the dilation to become
y=h(x).
d, =[-0.5,2] (1 mark)

A~
N
6\&#&4&)#@»—_‘“——«——.&
—
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Method 2 — using the rule

f(x)= ‘4 - xz‘ +2 d, =[-32] r, =[2,7] from part a.

After a translation 2 units in the negative direction of the y-axis, we have:
y=4-x| d=[-32] r=[2-2,7-2]=[0,5]

After a translation 2 units in the positive direction of the x-axis, we have:
y=f-(x-2y| d=[-3+22+2]=[-14] r=[0,5]

After a dilation from the y-axis by a factor of %, we have:

~ 2 . o1 B
hx) =[4-(2x-2F | dy =[x xl=l-2.21 5 =[0.3]
So d, = {—%,2} (1 mark)
iii. Using either method in part ii., 7, =[0,5] (1 mark)
Question 9 (4 marks)
d 1
a. d—(l—x)loge(x) =—1xlog,(x)+(1—x)x— (product rule)
X X
——log, (1) + - -
X x
=—log,(x)+x~"'~1
(1 mark)
1
b. The area of the shaded region is given by the integral j —log, (x)dx .

0.5
From part a., we have

i(l —x)log,(x)=—log,(x) +x -1
dx

Rearrange this.
—log,(x) :di(l —x)log,(x) —x '+l
X
Finding the antiderivative of each and every term on both sides of the equation gives:

1 1 1 1
I— log, (x)dx = Ii(l —x)log, (x)dx — Ix"l dx + Ildx (1 mark)
0.5 O.de 0.5

0.5
= [(1 —-x)log, (x)](;'s - [loge|x|](;5 + [x](;s (1 mark)
={0—-(1-0.5)1og,(0.5)} — {log, (1) —log,(0.5)} + {1 -0.5}
=-0.5log,(0.5) +1og,(0.5)+0.5
=0.5l0g,(0.5)+0.5

So area = 0.5(log, (0.5) + 1) square units as required.
(1 mark)

1
Note that log, (1) = 0 and that Idi(l —x)log,(x)dx
x
0.5

1
=[(1-x)log, (x)]; 5
because the antiderivative ‘undoes’ the derivative.
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Question 10 (6 marks)

a.

i. In ACDE, sin(0) = DE
CD

=EsinceAB=DC=pcm

p
So DE = psin(6)
ii. In ACDE, cos(0)= CE
CD

_cE

p
CE = pcos(0)
A = area of rectangle ABCD — area of ACDE

=4><p—%xDE><CE

= 4p—%xpsin(¢9)xpCOS(‘9)

2

A=4p —%sin(ﬁ) cos(6)

% = —%2(005(9) x cos(8) + sin(#) x —sin(9))

:_sz(cosz(e)—sinz(ﬁ))

Min occurs when d—A =0 so
do

5 ’ (cos2(8) —sin?(8)) =0

cos®(0) —sin*(@)=0 since p>0
cos? (0) =sin*(0)
- sin®(6)
cos*(0)
1=tan’(0)
tan(f) = -1

tan(d) =1 or

9="
4

not possiblesince 0< 6 < %

- Vs
From part c., the minimum area occurs when 6= T From part b.,

2
A=4p- %sin(@) cos(6)

2
16=4p— p?sin(%j cos(%}

16_4p_p_2XLXL
2 V2 W2
2
p
16=4p-L_
P 4

(1 mark)
(1 mark)
(1 mark)
(product rule)
(1 mark)
1 (1 mark)
64=16p - p*
pr—16p+64=0
(p—8)°=0
p=8
(1 mark)
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