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VCE Mathematical Methods (CAS) Units 3 & 4 Trial Examination 2 Suggested Solutions

SECTION 1

Question 1 B

A matrix representation is {2 P H = Fq} .
3qlyl [2p

A unique solution exists if det( 2 F’D =0
39

.2q-3p=0
29
p+* 3
Question 2 B

A function having the property f(—x) = —f(x) iscalled an odd function. An odd function is symmetrical
through the origin.
Clearly f(x) = X issymmetrical about the y-axis, asis f(x) = cos(x) and f(x) = Ioge(xz).

In each case, f(—x) =f(X).
Thefunction f(x) = €* issuchthat f(—x) =€ = —€".

Clearly, f(x) = )-2( is such that f(—x) = 2 = —i = _f(x).

In addition, it should be noted that the graph of f(x) = 3 is symmetrical through the origin.

Question 3 D

f(x)=|ogel—)—2(‘ is defined if ‘1—5 >0.

Graphing y:‘1—)-2(,x¢0

clearly, y>0when x € R\{2}

2

.'.‘1—— >0
X

if x e R\{0, 2}

2

Alternatively, we know that ‘1—)( > 0 for any allowable value of x, since 5 is not defined when x =0,

we must exclude x = 0. Also, ‘1—)—2(‘ =0 when 1—§:O,giving X=2,sowemust exclude x=2.

Hencedomain D = R\{0, 2} .
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Question 4 B
Using a CAS calculator to solve (ﬁ%tan()—;) +1=0, x) , gives

‘= (G@né_ D

X:(6n;1’76

o
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wid wiI
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|

I

)

>

Bl
|

Another possible result is x = 2z constn(1) —% :

Question 5 D
Consider I:
f(x) =4x and f(y) = 4y
f(2x + 2y) = 4(2x + 2y)
=2(4x) + 2(4y)
= 2f(x) + 2f(y)
Consider I1:

f(x) = gand f(y) = g

f(2x+2y) = %Y

=2(3) +d(})
= 2f(x) + 2f(y)
Consider I11:

2 2
f(x) = XE and f(y) = \é

2
f(2x+2y) = (2x+2y) +22

_ 43¢ + 8xy + 4y
2
2 2

A(£) D) 30

# 2f(x) + 2f(y)
.. Answer isD.
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Question 6 A
Pr(X>14)

- pr(z> 14;16 wherezz)—(—gy-

=Pr(z>-1.5) NB: o°=4
=Pr(Z<15) —o=2
Question 7 E

Given h(x) = f(x) x g(x), then by the product rule h’(x) = f(x) x g'(x) + g(xX)f'(x).
But we are given h'(x) =f(x) x g'(X), thus f(x) x g’(x) + g(x)f'(x) =f(x) x g'(X) .
For this to occur, g(x)f'(x) =0. But we know g(x) > 0, so we must have f'(x) =0.

Thismeans f(x) must be a constant. We know f(0) =1 soclearly f(x)=1.

Question 8 C
I gY—_l' = — 1' = —
Given - X’ theny jxdx loge/X +c.

The average rate of change on the interval [1, 4] is determined by Y@ —yd) 4: 1 1
_ (=10ge(4) + ) —(=10ge(1) + ©)
3

: _Ioge4

3
_ 2loge2

3
Question 9 B
2 2

Using CAS to differentiate f(x) = 2™ , gives f'(x) = 16xe™ .
Solving f'(x) =3 on CASgives x=0.168.

Question 10 B

Now Var(X) = E(X?) — (E(X))? giving Var(X) = 250 — 15° = 25.,
Thus oy = /25=5

The 95% interval isfrom 15—-2x5t015+2x 5, i.e. from 5to 25.
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Question 11 C
In order to find the median we need the value of k.

0

Asfisaprobability density function we know that J- -l%dx =1.

X
50

Using CASto solve for k gives k =5000.

m
The median, m, is found from solving J. —-dx=05.
X
50

Using CASto solve for mgives k=70.7. Thusmis closest to 71 hours.

Question 12 D
_3
f(x)=x 2
Dilation of factor 4, parallel to the x-axis is the same as a dilation of factor 4 from the y-axis.
_3
~.transformation is f ( )—() =( )—() ’

4) "\ 3
3
(3"
3 3
=8(x) 2 as (%) ‘-8

=8( f(x)) i.e. afactor 8 from the x-axis.

Question 13 A

Let X represent the number of medium-size jumpersin the box of 20 jumpers. Then X follows a binomial
distribution with n=20and p = 0.6.

We require Pr(X > 17) = Pr(X = 18) + Pr(X = 19) + Pr(X = 20)
Applying the binomial probability formula gives.
Pr(X > 17) = *°C4(0.6)'%(0.4)* + *°C4(0.6)°(0.4) + (0.6)°
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Question 14 D
The graph of f(x):

YA

\
<

2 2

(f'(x) does not exist at x = = 2)

2
00 = {x —2 x € R\(=2, 2)
4—x X e (=2 2)

(x) = 2x  xe R\[-2,2] as{-2, 2} must be removed.
l=2x xe(=2,2)

Note: CASgives f'(x) = Zsignum(x2 —4), which can be interpreted as above.

Question 15 A

Given y = log, f( 3 , itisuseful to simplify before differentiating.

Applying appropriate log laws:
1

R N L e R R
08, 5 =100 755) = 3l0ad 175) =3100u(100)

1 —_1‘ gY:_l' . u&
Now with y = 2Ioge(f(x)) we have a2 T

Alternatively, with direct use of CAS:

(f(X))
dx
dX Jf(j)) S 2f(x)
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Question 16 D

f(x) hastherange [—4, o), ..dom fis [—4, )

. only C or D ispossible.

range of f=domf= (—o0, =2]

. Theinverse function f ™ must have values less than —2.

.. Theanswer isD.
OR

Rule for inverseis given by x=y’ +dy

x+4=y2+4y+4

(y+2)°=x+4
y+2=+/x-4
y=—2—-.Jx—-4 as y<-=2
Y
/@ )
| P
61
41
21 7
d t > X
-8 -6 ;2//2 2 4 6 8
// -1
-6 1
s -8

Question 17 E
PriiX=x)=kx! = k(0! + 11 +2I + 31 +41) =1

Thus34k= 1= k= —=

34
The probability function is given by:
X 0 1 2 3 4
_ 1 1 2 6 24
PrX=x1 3 34 4 4 34

We now require Pr(0, 0) + Pr(1, 1) + Pr(2, 2) + Pr(3, 3) + Pr(4, 4). As each value of X isindependent, the
required probability is:

() (3 +(3)+(3) (3 -

Copyright © 2010 Neap TEVMMUS4EX2_SS_2010.FM 7



VCE Mathematical Methods (CAS) Units 3 & 4 Trial Examination 2 Suggested Solutions

Question 18 E

The average value of afunction f with rule f(x) = cos(x) for the interval [-2, 4] is defined as

4

1 R 4

4_(_2).‘- cos(x)dx = 6[sm(x)]_2
-2

= 2(sin(4) - sin(-2))

_ sind + sin2

5 as sin(-2) =-sin(2)

Question 19 C

f ()—2() isadilation of factor 2 from the y-axis.

So the asymptote at x = -1 becomes x = -2, similarly (2, 0) becomes (4, 0).
X
Then ‘ f(%)

Question 20 C

reflects section of f ( g) from x =0 to x = 2 about the x-axis.

ezx(x2 + l)A/x2 - 1Ioge(x2) = 0 issolved by applying the Null Factor Law.
~e¥=0o0rX*+1=0or yx*~1=0 or logy(x*) =0.
Now € >0 foral x, x*+1>1 foral x.

IX2=1=0if x=+1, and log(xX*) =0 if X’ =1 = x=+1.

Thus two different real solutions.
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Question 21 C
Using knowledge of repeated factors, the graph of g(x) is:

yl\

.. From the graph, aternative C isthe only possibility for g'(x) > 0.

org’'(xX)=2(x—=4)(1-x) + (x—4)2(—1) =0
=(X—4)[2—-2x—(x—4)] =0 for stationary points
=(x—=4)(6-3x)=0
x=4or x=2 which confirms g’(x) > 0 for x € (2, 4).

Question 22 C

The graphs do not necessarily intersect. Consider an example being f(x) =—e* and g(x) =€ *. However,
the graphs could intersect. Consider asimple example like f(x) = 2x and g(x) = x. If the graphs happen to
intersect once, they cannot intersect again because f(x) grows faster than g(x) .
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SECTION 2
Question 1
a. f'(x)>0
P , .
f (x)————3—0forstaI|onary point M1
2J0x 3
X
x=4 using CAS.
.. Strictly increasing x > 4, soincreasing on (4, «). Al

Alternative solution:

12
fr(x)=—-%< M1
2./x 32
X
_1
==55(x=4)

2x°

3
f'(x)>0ifx>4,sincex2>0forall x>0.

On aCAS, define f(x) and solve the equation ( %(( f(x) >0, x)) , which gives x> 4 directly. Al

b. Absolute minimum at x=4.

f(4)=-1

.. Absolute minimum of f(x) is—1. Al
¢ Tangentat x=16, f'(16)= 3—32 Al

Now f(16)=0.

Equation of the tangent: y—0 = 3—32(x —-16)

3

3,3 Al
2

Y=3

Copyright © 2010 Neap TEVMMUS4EX2_SS_2010.FM 10
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O—""" . .

ot 2 4 6 8 10 12 14 16 18 20

Section x € [1, 16]
Section x € (0,1] U [16, «©)
Correct points (4, 1), (1, 0), (16, 0)

4 4 x=5, forxe (0,1] U[16, =)

5-=_./x, forxe(1,16)
JX
12 ;
— —=, forx e (0,1) U (16, )
2/ 3
g'(x) = *
Z_—-l-, for x e (1, 16)
2 2.x
X

NB: g'(x) doesnot existat x=1 or x=16.

16

16
f. Area:j —f(x)dx or j f(x)dx
1

1

Al

Al
Al

Al

Al

Al

Al

Al
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i_[z_g,‘ Al

h.  g(h(x) = | fhoo)l =| f0F) =

XZ
= |2 -1 —5‘
x|
=X -5l +4 M1
X
The smallest value of | f(h(x))| is zero.
Thisoccursif \xz\ —5|x|+4=0 Al
Using CASx=+1,+4
Question 2
a. i The amplitude of the function N(t) =68 + ksin(at) isk. Thus 62 =68 + k, giving k=6,
but k>0 so k=6. Al
ii.  Given N(22) =62, we have 62 = 68 + 6sin(22a).
i.e. sin(22a) =-1 M1
Thus, 22a = 37” +2n7, nez Al

But a> 0 and aminimum first occurs at the 22 minute mark.

:>22a=377r i.een=0

3n

a===
4
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b. From observation of the graph of N(t) = 68 + 63 n(iﬁt) on CAS,

N A

80__

i

201

T — e S = |
5 10 15 20 25 30 35

we can see that the maximum value of N occursat t = 232 and the minimum value occurs
at=22. M1
Thus the traffic flow isincreasing for 0<t < 2—32 and 22 <t < 35. Al

35

C. To find the total number of cars passing through the intersection, we compute j N(t)dt.

35 0
Using CAS we get j 68 + 69n(3zzt) dt = 2398.22. M1
0
Thus 2398 cars. Al
15
d. Theaveragevalueover theinterval 5<t <15 isgiven by FI—SJ‘ N(t)dt. M1
15 5
% 68 + GSn(?ZD dt =72.1 cars per minute. Al
5
e i. The average rate of change of traffic flow isbetween t=5and t = 15. Al

I Gt NG )5
o+ 2)-col3-15) &
Yool ) e )
o3 o ) i s

i, N 1155_'5\| 5) = _0569=-0.6 cars per minute per minute. Al
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Question 3

a

Let Xg represent the volume in litres of wine contained in a standard bottle.
Then Xg~ N (u =0.760, 0 = 0.008) .
Pr(Xg< 0.750) using CAS gives 0.1056498... = 0.1056, correct to 4 decimal places. Al

i. Let X, represent the volumein litres of wine contained in alarge bottle.

We have Pr(X, > 1.023) = 0.08 and Pr(X, <0.994) = 0.04.

Using Z= 22=# gives Pr(2> 1'023‘ ):0.08. M1
o

Thus 1'025 —= = invnorm(0.92) = 1.4051.

u +1.40510 = 1.023 (equation 1) Al

similarly Pr(Z < 0'99;“ )=004.

Thus 2994 =4 — jynorm(0.04) = —1.7507 .
o
4 —1.75070 = 0.994 (equation 2) Al

ii. Using CASto solve equations 1 and 2 (Question 3bi.) givesu =1.010 and 0 =0.009. A1l
Define the random variable Y as the number of bottles in the box which contain less than 0.750 litres.

Then Y ~ Bi (n =10, p=0.1056). M1
We require Pr(Y > 3). Using CAS gives Pr(Y>3) =0.126. Al
S L L S
. S[0.75 0.65 o' L|0.35 025 Al
L10.25 0.35 S|0.65 0.75

ii.  Theestimated percentage of standard and large bottles sold after afurther three weeksis given
by S; where S; = T3 x S - Theinitial percentage of bottles of standard and large size is

described by S, .
40
Thus S, = M1
r 3
5,=|0.75 065 |40
0.25 035 |60
_[0.7225 0.7215 [40
0.2775 0.2785| | 60
_[72.19 L
27.81

Equivalent calculation possibleif T given in aternative form in Question 3d i.

Therefore at the end of week 3 it is estimated that 72.2% of sales are for the standard bottles
and 27.8% are for the large bottles. Al

Copyright © 2010 Neap TEVMMUS4EX2_SS_2010.FM 14



VCE Mathematical Methods (CAS) Units 3 & 4 Trial Examination 2 Suggested Solutions

iii.  Thelong term isrepresented by the steady state probability. Aswe have the transition

matrix T = |0-7> 0.65 , M1
0.25 0.35

the steady state probability required = ————— = = = = asrequired. Al
ProbabIity requIred = o5 v 065 90 18 & oW

Alternative solution:

Letthesteadystatebe{ p }
p

1-—
Then 1075065 | p |_| P | M1
0.250.35[|1-p 1-p
Multiplying out gives 0.75p + 0.65(1 — p) = p and another equivalent equation;
i i = §§ = 1-3 —pn= _5_ i
solving gives p = 90 18 andhence 1-p 18 asrequired. Al

e We have from Question 3 a. that the probability that a standard bottle isless than 750 mL is 0.1057.

Let X, represent the volumein litres of wine contained in alarge bottle.
Then X, ~N (« = 1.010, 0 = 0.009) .
Pr(X, < 1.000) using CAS gives 0.1333. Al

Consider 100 bottles of each size;

The expected number of standard bottles for which the final glassis short is 10.56. Similarly for 100
large bottles, the expected number for which the final glassis short is 13.33.

Standard bottle: Out of 600 glasses, lgb%ﬁ =0.0176 isthe expected proportion of wasted glasses.

Large bottle: Out of 800 glasses, 1333 _ 0.0166 isthe expected proportion of wasted glasses.

800
.. Thereis agreater proportion of wasted wine from standard bottles. Al

Question 4

a  f(5)=0.2(5)°-1.8(5)"+3(5) + 12.6
=76 Al

f/(x) = 0.6x° —3.6x + 3
f/(5)=0.6(5)°-3.6(5)+3=0 M1
. Stationary pointat X =5.

4 :_1'4} -, thereisalocal minimum at x = 5. Al
£1(6)=3
b. f(6)=9 Al
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C. The equation of a parabolawith aturning point a (7, 10) isy = a(x— 7)2 +10. M1
It isalso required to pass through (6, 9):

9=a(6-7)°+10

na=-1 Al
y=—(x=7)*+10
=—x°+ 14x—39 Al
d.  limf'(x)=0.6(6)°-3.6(6)+3=3 M1
X—6
lim f'(x) =—2(6) + 14 =2 M1
X—>6"

~As lim f'(x) = lim f'(x), the derivative does not exist at x = 6. .. Functionisnot smooth. Al

X— 6 X— 6

e A cubic isrequired of theform y=a(x— h)3 + k, which possesses a point of inflection at (7, 10)
and passes through (6, 9).

~y=a(x—7)>+10 M1
9=a(6-7)°+10=a=1

~y=(x=7)%+10 Al
dy _ 2

=3(x—7

dx (x=7)

lim f'(x) =3(6-7)°=3

X—>6

SAs lim f/(x) = lim f/(X), thefunctionissmoothat x=6. Al

X—>6 Xx—>6"
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