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SECTION 1
Question 1

The smallest positive value of x for which tan4x =1 is

A. T
B. =~
4
c. =X
8
p. =~
16
E. 2

Answer is D
Solution

tan4x =1

Question 2

The graph with the equation y = |x - 2| +4 is reflected in the y-axis and then translated 1 unit
down. The resulting graph has the equation

A, y=—x-2]+3
B.  y=|-x+2[+3
C. y=—x+2]-1
D. y=|x+2[+3
E.  y=[x+2-5

Answer is D

Section 1 — Question 2 — continued
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Solution

Reflecting in the y-axis produces f(—x). Shifting down 1 unit gives f(—x)—1.
Using CAS to simplify gives

[ Edit Action Interactive iX

T O ] T v A Y

Define flari=absla-21+4 |&
done

fo—arr-1
[+2|+2
o

-
mthlabc, cat | 20
[n]g]i]o]<]2]s [2|ay|z]z]+
loa [ In | T 7 [2[9]["[=]

x2 | g% | xd 6| ]|+
T ERIE 2 =]|[+]-
[ 1 [c-aEa]. [e]|ans

TRIG | CALC |oPTH | vAR JERE
Alg Standard Real Fad qm]

Question 3

2

The range of the function f:[-5, 4) > R, f(x)=(x—-3)? is

A, [3,%)
B [-5,4)
C.  [0,4]
D. (0,4
E (0,4]

Answer is C

Solution

Looking at the graph the lowest point is given by the vertex at (3, 0) and the highest point at
2 2

the left endpoint ie. When x = -5, y =(=5-3)3 =(-8)% =4
W Edit Zoom Analysis # IZII

Ewl=

Owz:
Ox3:
O -
Ow5:

Fad Feal ]

sorange is [ 0, 4].

Section 1 — continued
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Question 4

For the system of equations
z=1

y—-x=2

xX+y=5

An equivalent matrix representation is

A.
0 0 1f«x 1
-1 1 0ffy[=|2
1 1 0z 5
B.
0 0 1fx] [1
I -1 Ofy|=]|2
111 0z 5
C.
[0 1 x 1
I -1|y|=|2
11 1]z 5
D.
11 offx| [1]
-1 1 0|y|=
10 0 1]z] [5]
E.
x[0 0 1] [1]
yIi-1 1 0|=
Lz 1 1 0] [5]

Answer is A

Solution

Multiplying the rows and columns in the matrices in alternative A gives the stated equations.

Copyright © Insight Publications 2010
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Question 5

A bag contains 4 white, 3 red and 3 black balls. Two balls are selected without replacement.

The probability that they are both the same colour is

A.

B.

C

D.

E.

Answer is E

2
45
6
25
8
15
1
15
4
15

Solution

Both the same colour means they can be 2 white or 2 red or 2 black balls.

Pr(same colour) = Pr(WW') + Pr(RR) + Pr(BB)
2 24 4
= X— 4 —X—F—X—=—=
10 9 10 9 10 9 90

Copyright © Insight Publications 2010
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Question 6

The function f:B —> R, f(x)= ‘loge(2x5 )‘ will have an inverse function if

1

A.  B=[25,)
B. B-= [2%, o)
C. B-= [—22, %)
D.  B=[0, o)
E. B =(0, )

Answer is B

Solution

For an inverse function to exist the function must be one to one. Look at the graph and

determine the domain so that the function passes the horizontal line test.

W Edit Zoom Analvsis # IZI'
E'b-'1=|1n[2.x5]|
OwZ:-0
Ow3:=0
Ow4:-0
O=3:=0
Owé&z0
O=7-0
-7
-5
Fad Feal ]

Graph is one to one from the x-intercept onwards. To find the x-intercept solve

llog, (2x°) = 0 or log,(2x*) =0.
Using CAS this gives

| W Edit Action Interactive :

Em | e e e .
snlve[ln[Z-x5]=B, x] =

=

4
1
25

-
mth |abc [cat [ 20 ---

EICICEIAEE I%Irlrlzlt 4-|
log | In i 2|9
xE £ 5|6 || =]+
EE 1 z]=][+]-
L |1 [ ifal. e]an=

TRIG | CALC | SPTH '-.-'FIR ERE
Alg Standard Real Fad qm]

1
so suitable domain is [2 °, o)

Copyright © Insight Publications 2010
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Question 7

The function g has the rule g(x)=+/b—ax for a,b>0.The maximal domain of g is

A. ng
b
B. )c>é
a
C x<2
a
D xzé
a
E. xsé
a

Answer is E

Solution

Maximal domain is for b —ax >0
b>ax

x<2

a

Section 1 — continued
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Question 8

The average value of the function y =sin(2x) over the interval [Z, z] is

E.

0
D= N = Rl N o A e

Answer is A

Solution

The average value of a function is defined as

LJ‘f(x) dx for a function f(x) xe[a,b]
—a

3
so the average value of this function is _ Isin(Zx) dx . Using CAS this equals

| W Edit Action Interactive :

A I e P | l

kN

3
fsin(?x)dx

mlA

wlA
-
@A

2
n

hd
zv |EEE]
m|a|d|w]] )| |%—|z|y|z|t 4-|

=0 28] II :

o

*

g Eo

2| = 1 HEIOE

o aml f:. ] E ||an=
= | ADY 'v'FIR EHE

Ala Standard Real Rad qm]
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Question 9

If y=5a’—-2b, then x equals

A. %10& (5(y +2b))
B Liog (Xy+26
| 3 8ty
C. v+2b

15a

1
D. —1lo +2b
T g, (y+2b)

1 2
E. —loga(y+ b

3 5

)

Answer is E

Solution

Making x the subject gives

54" =y+2b
5
y+2b

3x =log,

leloga y+2b
3 5

Copyright © Insight Publications 2010
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Question 10

The radius of a sphere is increasing at a rate of 4 mm/min.
When the radius is 5 mm, the rate at which the surface area is increasing, in mm®/min is

A. 160x
B. 32
C. 400z
D. 160
E. 1007
Answer is A
Solution
To solve use the rate equation aS _dr S ith S =4m so B —8p
dt dt dr dr
This gives
as =4 x8r
dt
with r =5 then
d—S =1607x
dt

Question 11

The graph of y = kx — 5 intersects the graph of y = x> —6x at two distinct points for

(k:-25-6<k<2y5+6}

{k k< 2+/5 + 6}
{h:=25-6>k}U{k:k>2J5-6}
ki k> -245-6)

(ki k=-25-6yUlk:k=25+6

/g O Fr 2

Answer is C

Solution

The graphs intersect when
x*—6x=kx—-5

X+ x(=6—-k)+5=0

Section 1 — Question 11 — continued
Copyright © Insight Publications 2010
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for two solutions want A > 0 so

A=b" —4ac
=(—6-k)’—4.15
=36+12k+k’-20
=k’ +12k+16

s0 k?+12k+16>0

using CAS this gives

|  Edit Action Interactive ixi

O ] T e IS |
solvel kE+12 ket 1630, k)

Tke=2+4f5 822045 -6k}
i

1k

bl

mth |abc |cat | 20
[n]efe[of<]o]s [ |x]y|=]z |«
=< =[]z 7e]=]["][=]
“lEL 2 n e ]s5]E =]
an | bn [ en 1] 2]2][+]-
i | . rSlv|§JE‘ . Je][ans
TRIG JCALC | &= | vAR JERE
Ala Standard Real Rad qm]

Question 12

A fair die is tossed 8 times.
The probability of getting a six at least once is

5
A I-(2)
(5
8
B 1)
6
c. 2
6
p. L
6
5
E. 1-(0)
)

Answer is A

Solution

Pr(at least once) =1—Pr(not at all)

=1-Pr(no sixes)
8
6

Copyright © Insight Publications 2010
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Question 13

Which one of the following statements is not true about the function

fiR>R, f(x)=px-95.

A. The graph of f'is continuous everywhere
5
B. "=1=0
A
C. f(x)=0 for all x
D. f'(x)>0forall x>§
E. f'(x)<0 forall x<0

Answer is B

Solution

The graph is not differentiable at the vertex at x = %

Question 14

Let f: R — R be a differentiable function.
The derivative of f(+/sinx) is

A. f'(Vsinx)
veosx f'(+/sin x)

CoS X
C. '(\Wcosx
24/sin x a )

cos X
D. ————— f'(\sinx)
2+/sin x

sin x
E. "(4/sin x
2+/cosx A )

Answer is D

Solution

Using the chain rule, di(f(g(x)) =g'(x) f'(g(x))
X

& psin) = £/ < sin
e x

1
= f'(\/sinx) x cosx
24/sin x

Copyright © Insight Publications 2010
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Question 15

The system of linear simultaneous equations

Sx+ay=0
(2a+1)x+2y=0

where a is a real constant, has infinitely many solutions for
-5
A. ac{—, 2
{ 2 /
-5
B. aeR\{— 2}
2
5
C. ae{—, -2
5.2

D. aeR\{é,—2}
2

E. aeR

Answer is A

Solution

Best to look at the determinant
detA=ad —bc=10—a(a+1)=10-24a" —a.
When det 4 =0, system will have either infinitely many solutions or no solutions.

Let
10-2a*’-a=0
2¢°+a—-10=0
a:_—5,2
2
Check—

a= R gives 2x — y =0 (one line) .. infinite solutions

and a =2 gives 5x+2y =0 (one line) .. infinite solutions

Section 1 — continued
Copyright © Insight Publications 2010



Question 16

The transformation 7:R* > R*, T ([

equation y = x”to the curve with the equation

2
A = 5(x+2) _q
9
B. :—S(x—2)2+7
3
2
C. = S5(x+2) +7
3
2
D. =—5(x 2) +7
9
2
E. y:¥+7

Answer is D

Solution

Expanding the matrix gives

x'=3x+2
V' ==-5y+7

-2 -7
:>x Y

substitute into y = x” to get

y=17 :(x—ij
-5 3
2
S0 y:—_s(x9_2) +7

Copyright © Insight Publications 2010

=x and =
5 y

2
} + [7} maps the curve with the

Section 1 — continued



15

Question 17

The graph of y =x’ —bx for b€ R* has turning points at x=3 and x=-3.
The function y = x* —bx| is an increasing function for

A. xX€eR

B. xe{x:-3<x<3}

C. xefx:=Jb<x<-3}Ufx:0<x<3}U{x:x2b}
D. xe{x:xé—3}u{x:0£x£3}u{x:x2\/3}

E. xe{x:— b3x£—3}u{x:x2\/z}

Answer is C
Solution

Given that the turning points are at x=3 and x=-3
I found dy/dx and given that dy/dx =0 when x=3 found that b=27 (similarly for x=-3) so I
actually graphed the exact function required

Consider the cubic graph y = ‘x3 - bx‘ sketched as an example with b =4

Factorising ‘x3 - bx‘ gives ‘x3 —bx‘ = ‘x(x2 - b)‘ = ‘x(x ~Jb )(x+ Jb) ‘ . This means there are x-
intercepts at x =0, x = \/Z, x=—b

The graph is increasing (has a positive gradient) from the intercept at A ((—\/Z ,0) to the
turning point at B (x = —3), from the origin to the turning point at C (x = 3 )and then from the
intercept at D (\/3 ,0) onwards.
Alternatively—

dy

The value of b can be calculated. For y = x’ —bx , = 3x?—b and fi_y =0,at x=3 so
x x

3x*=b=0
33 -b=0
27-b=0
b=27

With this knowledge the graph of y = ‘xS - 27x‘ can be sketched on the calculator and the
values for where the curve is increasing can be determined as above.

Section 1 — continued
Copyright © Insight Publications 2010



Question 18

The graph of y = f(x) is shown

The graph of an antiderivative of /' could be

A. B.
C. D
E.

Answer is E

Solution

The graph of the antiderivative would be a graph whose gradient, as you move left to right, is

a positive constant, then loses some of its steepness to a smaller positive value, then increases
steepness again to another positive value.

Section 1 — continued
Copyright © Insight Publications 2010



Question 19

Phil likes to drink both coffee and tea. He drinks one cup of either each day and likes to
switch from day to day. If he drinks coffee one day he drinks coffee the next with a
probability of 0.65. If he drinks tea one day he drinks coffee the next with a probability of 0.3.

The transition matrix T representing the situation is

A.

B.

[0.65 0.7
10.35 0.3}
[0.35 0.3
1 0.65 0.7}
[0.65 0.3
| 0.35 0.7}
[0.65 0.35
| 03 0.7}

[0.65
| 03

Answer is C

Solution

Let C be the probability he drinks coffee, and T be the probability he drinks tea.

The information presented gives Pr(C |C)=0.65 and Pr(C|T)=0.3.

So

c|c C|T 0.65 0.3
becomes )
T C T|T

The columns need to add to one so the missing values become [

T|C T|T

Question 20

Let f:R—>R, f(x)=e"+e".
Then [ £ ()] =

A. fQu)

B f@?)

C f(2u)+2

D. 2f(u)

E fQu)-2

Answer is C

Solution

[f(u)]2 = (e" +e_")2 =e® 42e"e e =M e 42

= fQu)+2

Copyright © Insight Publications 2010
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Question 21

The random variable X has a normal distribution with a mean of 20 and a standard deviation
of 0.5.

If the random variable Z has the standard normal distribution, then the probability that X is
greater than 21.5 is

A.  1-Pr(Z>3)
1-Pr(Z < -3)
Pr(Z <3)
Pr(Z<-3)
Pr(-3<Z <3)

SR

Answer is D

Solution
X ~N(u=20,0=0.5) Pr(X >21.5) convert to standard normal gives
21.5-20

Pr(Z > T) = Pr(Z > 3). Using symmetry this is equivalent to Pr(Z < -3).

Section 1 — continued
Copyright © Insight Publications 2010
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Question 22

The probability density function for a continuous random variable X is given by

|1—x| for 0<x<2
S(x)= ,
0 otherwise
The expected value E(X) is
A. 1
B. .
2
c. 1
6
p. L
4
E. 0
Answer is A
Solution

Graph of the distribution gives

The distribution is symmetrical about x =1, therefore E(x)=1

Copyright © Insight Publications 2010
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SECTION 2

Question 1

Let f:[O,w)—)R,f(x):eg—Z.

a. i. State the range of /.

Solution
range is [—1, )

note—need to look at the domain of function.

Mark Allocation

e | mark for answer

1 mark

ii. Explain why ', the inverse function of £, exists.

Solution

1 mark

The inverse function exists because the original function is one-to-one

Mark allocation

e 1 mark for answer

Copyright © Insight Publications 2010
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iii. Find the rule for /' and state the domain.
2 marks

Solution
domain of f~'=range of f=[~1, o)

to find equation swap x and y.
Yy
x=e3-2
y
x+2=¢e?

m&@+m=§

y=3log,(x+2)
or using CAS

[ Edit Action Interactive &

T o e T i I EY

[ = ] -
solvel y=e = -2, x
{ =3 ].I'IE w2 j}

N & Solve
Z5aolve numetically

| Equation:  [TaRwTEIEA |

\ariable: Y

n}

i <
mthlabc, cat | 20 mthlal:n: cat | 20

3 1 8 I P | Y P P E

[HEEH RN EEREEE
x® | €= | xt [ 45]6|[=]= x® | &% [xt 4|58
EREEN BEBEERE EEEN NEE R
HENE A L |1 [ el e]|an=
TRIG | CALC JoPTH | vAR JERE|| || TRIG | CALE JoPTH ] YAR JEXE
Alg Decimal  Feal Rad qm] Alg Decimal FReal Rad qm]

lag | Im T

Mark allocation

e 1 mark for equation
e 1 mark for domain

SECTION 2 — Question 1 — continued
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iv. The graph of y = f(x) is shown below. On the same axes sketch the graph of

y = f'(x). Label any asymptote with its equation and any endpoint or
intercept with its exact coordinates. Label the point of intersection between the

two graphs as a coordinate correct to 2 decimal places.
2 marks

— T x

y=2

Solution

.38, 6.38)

) ‘- f 3In2)

Mark allocation

e 1 mark for shape
e 1 mark for all labels correct
Tip
o (CAS can help here—use the graph screen, enter the original equation of f(x) and
select draw inverse

W Edit Zoom Analysis # IZII
BT ES T

Text x
Evwl= = [—1]
Noraal €9 -2|x20
Irverse Owz:=Q
Circle Ow3=0
Vertical Owd:z0
Haorizontal Ow5:=0
Ow&:=0

va

=7 =7
-3 -3
E w=E SR | wal |E
Fad Feal ] Fad Feal [i]

SECTION 2 — Question 1 — continued
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X

b. Let g:[0,©) > R, g(x)= x*(e —b).

i. It is found that when x =1, g(x) =—-3 and when x =2, g(x) =-9. Find the
exact values of ¢ and b.
3 marks

Solution

1
for x=1,y=-3 —-3=e“-b
2

when x=2,y=-9 -9= 4(e; -b)
then solve simultaneously

using CAS this gives

|  Edit Action Interactive ixi

e [l drfAA] [
{ el’ 8 p=—3 m

4xe2/ @ dxp=—9

_ ) ﬂ,b;g
{a -z B 2}

20

alb|cldeli ARRELD
Flag|nk|i]|F ==
k|I|m|Rr|lo g: x:
2 |lg|Fr |5 |

] B e 213+ -
i I |3 | = |3 . |E||an=s
[CALC | ACY JoPTH] & JERE

Ala Standard Feal Fad gmn]

1 9
SO X=—7—, y=—

2
1 —
Oge(z)

Mark allocation

¢ | method mark for writing equations with values of x and y
¢ | method mark for using simultaneous equations
e 1 answer mark for correct answers

SECTION 2 — Question 1 — continued
Copyright © Insight Publications 2010
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il. For a=3 and b=2, g(x)= xz(eg —2). Find the least value of &, correct to 4

decimal places, such that g :[k, ©) > R, g(x)=x’(e’ —2) is a one to one

function.
2 marks

Solution

Need to look at the graph to determine where the graph is one to one.

W Edit Zoom Analysis # IZII W Edit Zoom Analysis # IZII

x

Ewl= Ewl= =
=2, [e 3z

Owz: Ow2:-Qg
[mNicH Ow3:0
Owd: Ov4:-0
Ows: OwsS:-n0
Owé: Ow&:=0

-7 T -7
Fin
3 xc=1.43588 Ye=—H. 736121

E Wiz e xS 3020 |E

Fad Feal ] Fad Feal [i]

The graph has a minimum turning point at approximately x =1.4358 so it will be one-to-one
from this point on.

so k=1.4358

Mark allocation

¢ 1 mark for finding turning point
e 1 mark for answer

X

c. For the function ¢: R — R, q(x)=(x" —bx+ 6)e5 the derivative is

R +x(6—b3)+6—3b)e

stationary points for all values of 5.

. Show that the graph of y = ¢(x) will have 2

3 marks

SECTION 2 — Question 1 — continued
Copyright © Insight Publications 2010
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Solution

For stationary points ¢'(x) =0 so x” +x(6 —b)+ (6 -3b)=0.
For 2 solutions A >0 so find A.

a=1,b=6-b, c=6-3b
A =b*—4dac

=(6-b)* —4(6—-3b)
=36-12b+b> —24+12b
=b"+12

b* +12 >0 for all values of b, so A >0 for all values of b, so 2 solutions (2 stationary
points) for all values of 5.

Mark allocation

¢ | method mark for knowing to find A
e | mark for finding A
e 1 mark for conclusion »*>+12 >0
Total 14 marks

SECTION 2 — continued
Copyright © Insight Publications 2010
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Question 2

The graph of y = (x+4)’(a—x) for a e (-4, 10] is shown below.

(-4,0) l‘ 0) x

a. Find ﬂ )
dx
1 mark

Solution

use CAS or otherwise

|  Edit Action Interactive ixi

] T ] e amdnd |

kN

%[(xﬂjz-(a—x)] =

—FexZ4Zeae k-G x+Ee a-16
K

b
mth |abc [cat [ 20

alblc|d[e AEHELL
Ffle|[k[i|F B
k|I|mnr|lo g:x:
2|lg|F|5 |

] e e 2| 2|[+]-
%lxyzla.E an=s

[ TRIG JEALC JorTH] & JEHE

Ala Standard Feal Rad qm]

SO d—y:—3x2 +2ax—16x+8a—16
dx

Mark allocation

e | mark for answer

SECTION 2 — Question 2 — continued
Copyright © Insight Publications 2010
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b. Find the coordinates of the turning points.
2 marks

Solution

let P =0 gives
d

X

] e ] e i

1k

Ll (ara)2. (5]

—3rx 2420 x-160 x+E 316
snl'u'e[—S-x2+2-a-x—16-x+=’

{x=—4, x=£—i

3 3
o L
bl
mth |abc [cat | 20
al&lcdelii| ][z
k|I|mnr|lo FE5e ==
2|lg|F|5 |

e e N FEIEE
%Ixyzla.e ans
[ TRIG JEALC JorTH] & JEHE

Ala Standard Feal Rad qm]

so x=-4 and xzﬂ

substitute in to find y values

| H
] T ] e o L EX Emfﬂ@ﬂﬂ-
L JCIRRC I I [2-_a+ ]2_[E+i ]
3 23
2

s
k]
2
E,,E] .[E
3 3

(x+4)2- (a—x)|x=—d

(x+4)2-(a—lex=2'Ta—% simplify([ S+
[2'a+E]z.[i+i] 4-Ea+4j3

3 3 ERE =7 |

| ||0 -

mth [abc [cat | 20 mth |abc [cat | 20
e o[ [« |mEE L =z«
AEAAR HEH EE B HEE EE
el n] - el=le == 1= [2]n] - Hal5]e]l=]=
an | br [ en BElL]2]2+]-1 an | bn | en BIL[Z2]2]]+]-
+1 +2 rSlvéjE’l « |E||ans +1 +2 rSlu|§JE‘ - |E]|ans
TRIG JoALC | & | vAr JE<E]|| TRIG JoAc ] & | vAr JEXE
Ala Standard Feal Rad fm] Ala Standard Feal Rad dm

2a-4 4(a+4)

so the coordinates (—4, 0) and ( ,
3 27

)

Mark allocation

¢ | mark for finding x values
¢ | mark for finding y values

SECTION 2 — Question 2 — continued
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c. Find the value of a such that the maximum turning point at 4 lies on the y-axis. State
the coordinates of the maximum turning point.
2 marks

Solution

need x=0 so 2a—4 =0 therefore a =2
coordinates of point are (0, 32)

Mark allocation

e | mark for a=2
e | mark for coordinates

d. For y = f(x), find the exact value of a such that the equation f(x) =35 has exactly

two solutions.
2 marks
Solution

Want the turning point to lie on line y =5 so the y-coordinate of the turning point needs to
equal 5.

4(a+ 4)3 _s
27
therefore
4(a+4) =135
135
+4) =—=
(a+4) 2

Mark allocation

3
e 1 mark for equating Hatd) =5

e 1 mark for a:13/%—4

SECTION 2 — Question 2 — continued
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Write a definite integral that gives the area bounded by the graph and the x-
axis.

1 mark
Solution
j(x +4)*(a—x)dx
-4

Mark allocation

e | mark for answer

ii. Find the value of a, correct to 3 decimal places, such that the area bounded by
the graph and the x-axis equals 128 sq units.

2 marks
Solution

j(x+ 4)*(a—x)dx =128

use CAS to solve

T O ] T v A Y

a

snlve[ j\ Cx+a02 o (2= dde = b
-4

{a=-10. 2603232232, a=2. 260
|

£

bl
20
nlafifo| 2], [3|a|s]|z]e ]
CECNIEE] MEEEE
Lm0 | 5 [ﬁ.:.] (4[5 ]e]lx]=
B0 | S =— H1|z]z]|[+]-
%Ddl.uﬂ ,:-“El NEEE
" | ADV JOFTH] VAR JEXE

Ala Standard Feal Fad gmn]

so a=2.260

Mark allocation

1 mark for setting integral equal to 128

e 1 mark for answer—note must be 3 decimal places

SECTION 2 — Question 2 — continued
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f. Let T be a positive real number. Find the value of a such that the equation
f(x) =T has exactly two solutions for the largest value of T .

2 marks
Solution
An investigation of graphs on the graphing screen for different values of a reveals that as a
increases the position of the turning point moves to the right and up

so 2 solutions for maximum T will occur when a is greatest, ie a =10.

Mark allocation

e 2 marks for answer supported by valid reasoning.

Total 12 marks

Question 3

Part of the graph of the function y = sin x(sin x — cos x), with tangent lines drawn at 4 and B,
is shown below.

a. State the period of the function.
1 mark

Solution
period is 7«

Mark allocation

e 1 mark for correct answer

SECTION 2 — Question 3 — continued
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b. State the coordinates of the points marked as 4 and B. Give exact values.
2 marks

Solution
s hY/4
A(—,0) B(—,0
( 1 ) B( 1 )
Mark allocation

e 1 mark for A
e 1 mark for B

SECTION 2 — Question 3 — continued
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c. Find the exact minimum distance between the tangent lines.

3 marks
Solution

using CAS the tangent lines at A and B are

|  Edit Action Interactive ixi

] T ] e amdnd |

Al ) Csinx1-cosix] ). x, %J =

.
4

tanLine[ zink =)= Csinlx-cosik

L 5n
4

b

mth |abc [cat [ 20
nfgfifo] |2, [2]als|z|c]
AEEE

I

sin simt [ 4]5]8][x]=
CoOs c05'1||123+—
tan | tan-t @ E|[an=

= |CALC JoPTH] wAR |ERE
Alg Standard Real Fad qm]

minimum distance is the perpendicular distance between the two tangent lines, ie length of
normal line at B to a point on the tangent at A.

the normal curve at Bis y =—x+ 577[ ( can be found again using CAS)

. .3 .
and the tangent at A intersects the normal at A at the point (Tﬁ, %) (found using intersect on

CAS)

SECTION 2 — Question 3 — continued
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so the minimum distance is the distance between (37”, %) and B(ST”, 0)

distance =

5S¢t 37, &« )
\/( )+(5—0)

4 4
T2, T2
(5) +(2)

5

Mark allocation

e | mark for finding both tangent lines
e | mark for normal line
e | mark for answer

SECTION 2 — Question 3 — continued
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Renovations at the State Library include the positioning of a wallpaper frieze, or border
pattern, at the top of the walls in the great hall.

The pattern for the frieze is described by the rule f(x) = |sin x(sinx —cos x)| with all

measurements in metres.

d. Sketch the graph of y = f(x) for x €[0, 10]. Label x-intercepts as exact values.

y

2 marks
Solution

B
Nja +
ES

>

[N

~

S

N

»|

Mark allocation
e 1 mark for shape

e 1 mark for x-intercepts labelled

e. State the general equation that gives the exact values of the x-coordinates of the
turning points.

2 marks

Solution

i(sin x(sin x — cos x))
dx

= sin(2x) — cos(2x)
Absolute value is not required to find x coordinates.

SECTION 2 — Question 3 — continued
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Let Z—y =0 and solve using CAS
X

solvel sin 2« = 1—cos( 2- = )=8k
{x= - c,cunzstnli 1] +%

-
mthlabc, cat | 20

[2]s [3[xe|=|x ]|+
a|[~[=

@ e

sin sint [ 4]5]8][x]=
CoOs c05'1||123+—
tan | tan-t @ E|[an=

= |CALC JoPTH] wAR |ERE
Alg Standard Real Fad qm]

so the general solution is x = % + % ,neJ orequivalently x = [4’1 — 3)72', neJ
Mark allocation
e 1 mark for setting P =0
dx
e 1 mark for answer
f. Find the exact values of the x-coordinates of the turning points in the section of

wallpaper from 15m to 20m.

2 marks
Solution

solve the derivative equal to zero over the domain 15 < x <20

[ Edit Action Interactive iX

T O ] e v A Y

= — |

3
solvel sin 2 x 1-cas( 2= x =8k
_meconstnl) @
= z "3
solvel sin 2« = 1-cos( 2- = )=8k
dl-m 451 LELR
Ty Ty YT

had
mth |abc [cat [ 20
[nlefifo]c]a], [3|arly]=|x ]|+
AR HEEEE
Tel]<n]-e]=]e]=]=
an | b | en BlL2]E][+]-
+1 +2 rSlvéjE’l « |E||ans
TRIG JeALC | & | vAR |EHE
Ala Standard Feal Rad fm]

x

Az A5z 497
8 8 8

Mark allocation

SO x

e | mark for setting derivative equal to zero over the domain
e | mark for answers

SECTION 2 — Question 3 — continued
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For decorative purposes it is desirable to paint under the arches of the wallpaper frieze.
Mathematically this is described as the area between the graph and the x-axis. One section of

. . 257w
wallpaper measures nearly 20m and is cut at the x-intercept at x = ——.

It is decided to approximate the area under the curve using triangles formed by drawing
tangents to the curve at the x-intercepts.

g. Find the intersection points of the tangent lines forming the triangles for the first two
arches. State coordinates as exact values.

2 marks

Solution

Use CAS to find the equations of the tangents to the curve y =sinx(sinx —cosx) at

V4 )
x=0,x :Z’ x = 7 and reflect across x-axis as necessary.

atx=0, y=x
atx—£ ——x+£and —x—£
49y 4 y

atx=mw,y=—x+nm

First arch: the tangent lines intersect when y = x intersects with y =—-x+—

SECTION 2 — Question 3 — continued
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| W Edit Action Interactive : | W Edit Action Interactive

Pzl [aPdv]AA> l Eﬁm A l
= - Ty o ™
{ :;—x+m’4 x {x=§ ’ y=%} |§|

ol -
20 mth [abc [cat | 20 |EIEIE]
E IEI [o]<]2]s I%*Irlrlzlttl EIEIBDHEE I**Iﬁlrlzlt *|
-|r|_||?89 = -|r|_||?ag =
= s 1|2 o | |2 ol 1]
[] {}{-HEDUE‘ E ||an=s [] {}{-Hﬂu“la . |ellan=s

CALC | ACY | OPTH | VAR |EXE CALC | ACDY |2PTH | VAR |EXE
Ala Standard Feal Fad gmn] Ala Standard Feal Fad gm]

o V4
Second arch: the tangent lines intersect when y = x — I meets y=—x+ 7

2

so the points of intersection are at (%,%) and [5?7[ %{)

Mark allocation

e | mark for finding tangent lines
e | mark for both coordinates

h. Find, by how much the triangle method underestimates the true area under the curve
for 2fTﬂm of wallpaper frieze. Answer correct to 2 decimal places.

3 marks
Solution

In %m of the wallpaper frieze there are 6 large and 7 small triangles

Approximate area using triangles

3z 3«7 T T
=6(0.5x —><— +7(0.5x —x—
( 1 ) +7( 1 8)

_ 6172
64

SECTION 2 — Question 3 — continued
Copyright © Insight Publications 2010



38

| W Edit Action Interactive :

R I e P | l

|  Edit Action Interactive (i

] T ] e amdad HIEY |

B3, SHIIL 4RI T
27.n”

FEAgts PEYS T4

enZ FuopZ
2?_n+?_n

Fen?

[
27-n?  7-n?
=z B
El-m?
g4 ||
0 kd

b
[mth [abc [cat | 20 EEIE]

mth | abe |cat | 20 |EEE]

|H|9|*|°°|<|3'|s|%*|1|1’|f|t 4'| |H|9|*|°’|<|>|s|*‘|-*|-V|2|t:|
S [Jm [T P S [ i

HEEE == HAEE
x hg.l]||l|| =il =] €™ syt Im (e
“{}{-HEnUB e |[ans|| (O] £33 E0E: £ |[an=

CALC | ACY JoPTH] wAR |ERE

CALC | ARy JoPTH] wAR |EXE

Ala Standard Feal Fad gmn]

Ala Standard Feal Fad gm]

257

4
The true area using calculus is found by evaluating I |sin x(sin x — cos x)| dx . This can be

found using CAS.

20ns4

lsincxrcsinxy —cosx

168.3126599

2
El-m
1@, 8195899 £
fl.xe Aceioze ¥

mth |abc [cat | 20 EEIE
HEIRCEER |$~|x|y|z|t 4-|
1]

=in sin-1 | | 4 5 6 H|+
cos | cost 1] 2]5][+]-
tan tan-1 L| 5] ans

= JcALc JorTH '-.-'FIR EXE
Ala Decirnal  Feal Rad fm]

So the difference in the areas is 1.41 m?

I
EHH!F&'J%H-H-

oI
18. 8195899—?

—61-n? 4551576
& 476703

£1-m<
&4
1.412723285

18.3196593-

D -
mth |a|:u:, cat | 20 |EIEIE]
HEIE |)|,|$~|x|y|z|t 4-|

B BE
=in sin-1 ||4 =1 6 |+
cos | cost 1] 2]5][+]-
tan tan-1 UEI ans

= JcALc JorTH '-.-'FIR EXE

Ala Decimal Feal Rad gm]

Mark allocation

0

e | mark for finding exact areas of the triangles
e | mark for finding true area

e | mark for answer
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Question 4

A spinner is made up of four coloured sections and labelled with the numbers 1,2,3,4. The
probability of the marker landing on any one section is described by the probability
distribution table below-

n 1 2 3 4
Pr(N=n) | 2%%-1 2k k k-1
14 14 14 14
a. Show that k = 2.
1 mark
Solution
The sum of the probabilities needs to equal 1
SO
2k —1+2k+k+k-1=14
2k +4k-16=0
k=-4, k=2
so k=2, as probabilities >0
or alternatively could substitute k=2 and show the probs sum to 1.
Mark allocation
e | mark for summing the probabilities to 1 leading to correct solution
The spinner is spun twice.
b. Find the probability that the product of the numbers is an even number.
2 marks
Solution

easier to look at the Pr(even)=1-Pr(odd)
Pr(even) =1—Pr(odd)
=1-[(LD)+(L,3)+3,1)+(3,3)]
115
196

Mark allocation

e 1 mark for Pr(even)=1-Pr(odd) or collecting the even cases
e 1| mark for answer

SECTION 2 — Question 4 — continued
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The spinner is spun 6 times and the number the marker lands on is noted.

c. Find the probability that the marker lands on number 3 more than 2 times, correct to
3 decimal places.
2 marks

Solution

Let Y be the number of times the number 3 turns up

Y~Bi(n=6,p=%)
Using CAS

Pr(Y > 2) = 0.042

[ Edit Action Interactive iX

T O ] L A Y

£

binnmialEDf[S, 1=71-1 % ]

B.A4162323132
binnmialEDf[S, Eaby %]
B.84162331321

had

mthlabc, cat | 20
nlafifo| 2], [3|a|s]|z]e ]
BE

56 ][x]=
2[3|+]-
tan | tan-t [f{@[. [e|lans
= |CALC JoPTH] wAR |ERE

Ala Standard Feal Fad gmn]

Mark allocation

e 1 mark for defining the binomial distribution
e 1 mark for answer

d. What is the fewest number of spins required in order to be 80% sure of getting a 3 at
least twice?
3 marks

Solution
Y ~ Bi(n = unknown, p = %)

Pr(Y >2)=1-[Pr(y =0)+ Pr(y =1)]
0.8 =1-binomial CDf (1,n,1/7)
n=20

spinner needs to be spun 20 times

Mark allocation

e 1 mark for setting up equation involving binomial with n trials and 0.8
e 1 mark for constructing Pr(Y 22)=1-[Pr(y =0)+ Pr(y =1)]
e 1 mark for answer

SECTION 2 — Question 4 — continued
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The spinner is used for a game.

The spinner is spun twice and if the two numbers spun are identical then the player wins.
The game costs $2 to play and the player receives $5 back if they win and nothing if they
lose.

e. Determine the player’s expected profit.
2 marks

Solution
need to construct a pdf table

Pr(same number) = (1,1) + (2,2) + (3,3) + (4,4) = %

Let P = profit made
so the table is

p -2 3
Pr(P=p) 9 5
14 14

so E(P)= I—j =—0.21 so expect to lose 21 cents.

Mark allocation

e 1 mark for finding probability of getting 2 numbers the same
e 1 mark for correct answer

SECTION 2 — Question 4 — continued
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The time (in minutes) spent playing the game by a particular player can be described by the
random variable X, with a probability density function given by,

kx(b—x*) 0<x<10
S(x)= ,
0, otherwise
. 16
f. If the mean is ?, find the value of £ and b.

Solution

Using the information given

10
jkx(b—xz)dx =1
0

10
.[xxkx(b—xz) dx =%

0

solving simultaneously using CAS gives

I
Eﬂmfﬁl%ﬂ-ﬂ-

ka(b—x"?)dx =1
a
16

\JA R 2ih—a"20da =1

J A D—a"Ida =1
5]

16
fk.r"?(b—x’?)dx =
a

_ _ 1
{b— 1688, k= _ZSEIEI } b

[mth [abc [cat | 20 ---
a

be e EB |;~4-| alble|d c|>| |¢~1-|

fle|lh t' F = Fla|k|i (o =

k|I|m|nr|la 1= k|I|mn =(s ==

ii‘r 5| r == £1|F 5 ST=IE=
ol | I | W o |

* Ia F3 ans * Ix MFd « |E|[lan=

[CALE FID'-.-' |OF'TN ExE|| [cALc | Aoy JorTH] &= JEXE

Ala Standard Feal Rad qm]

Ala Standard Feal Fad gm]

Mark allocation

e | mark for setting up the first equation
e | mark for setting up the second equation
e | mark for both b and k correct

Copyright © Insight Publications 2010
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Find the exact value of the mode.
2 marks

Solution

the mode is the x-value of the turning point for the function.

using CAS this gives

[ Edit Action Interactive i
Eﬂ!(T!EEﬂEE!!IIII!IIIIﬁI

3.x2-100) |z
2566

O =
20 |23

[n IEI o< [], |5 |xlylz|z] *I

IFI_I“ A G
x. 109-"||.|||1 3 g f:
{) {}{-HE:E“E‘ Ellan=

CALC | ACY | OPTH | VAR |EXE
Ala Standard Feal Fad gmn]

1043

3

Mark allocation

e 1 mark for setting derivative equal to zero
e 1 mark for correct answer.

Total 15 marks

END OF SOLUTIONS BOOK
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