The Mathematical Association of Victoria

MATHEMATICAL METHODS (CAS)

Trial written examination 2
2008

Reading time: 15 minutes
Writing time: 2 hours

NY A016 (538 L IIA P21 1 8 [T

QUESTION AND ANSWER BOOK

Structure of book

Section Number of questions ~ Number of questions Number of marks
to be answered
1 22 22 22
2 4 4 58
Total 80

Students are NOT permitted to bring mobile phones and/or any other
unauthorised electronic devices into the examination room.

These questions have been written and published to assist students in their preparations for the 2008 Mathematical Methods (CAS)
Examination 2. The questions and associated answers and solutions do not necessarily reflect the views of the Victorian Curriculum
and Assessment Authority. The Association gratefully acknowledges the permission of the Authority to reproduce the formula sheet.

This Trial Examination is licensed to the purchasing school or educational organisation with permission for copying within that
school or educational organisation. No part of this publication may be reproduced, transmitted or distributed, in any form or by any
means, outside purchasing schools or educational organisations or by individual purchasers, without permission.

Published by The Mathematical Association of Victoria
“Cliveden”, 61 Blyth Street, Brunswick, 3056
Phone: (03) 9380 2399 Fax: (03) 9389 0399
E-mail: office@mav.vic.edu.au Website: http://www.mav.vic.edu.au



MAV MATHMETH(CAS) EXAM 2/2008 2

This page is blank



3 MAV MATHMETH(CAS) EXAM 2/2008

SECTION 1

Instructions for Section 1

Choose the response that is correct for the question.
A correct answer scores 1, an incorrect answer scores 0.
Marks will not be deducted for incorrect answers.

No marks will be given if more than one answer is completed for any question.

Answer all questions in pencil on the answer sheet provided for multiple-choice questions.

Question 1

4 4
The equation of the cubic function for which the graph passes through the points (0, 1), (1, E) , (-1, ——)

5.,
and (2, g) is
A y=033x"—x*+x+1

B. y=03x"-x"+x+1

C. y=x"-3x"+3x+3

D. 3y=x’-3x"+3x+3
E. y=033x"+x*+x+1
Question 2

3

Part of the graph of y = A(x) is shown above. If @, b and c are real constants and a > 0 which one of the

following could be the rule for 4?

A. h(x)=ax(x—b)(x—c)
B. h(x) =—ax(x+b)(x—c)
C. h(x)=ax2(x+b)(x—c)
D.  h(x)=-ax’(x+b)x—c)
E. h(x)z—axz(x—b)(x—c)

SECTION 1 — continued
TURN OVER
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Question 3

If f{x) = &™ and g(x) = log,|x| then the rule, domain and range of f(g(x)) are respectively
A, flg() =k, R\{0}, R

flg() = |, R0}, R"U {0}

flg))=3x, R, R

flg) =K, R, R

Ag) =1x’|, R", R\{0}

=EOR

Question 4
2

Iff: (—e0, 3] = R where f(x) = (x —3) 3 + 1 thenf " is
3
A. f:R—>R wheref'(x)=(x-1)2 +3
3

B. f':[l,00) >R where f'(x)=(x—-1)2 +3
C. f':[l,e0) = R, where f'(x)=3— (x — 1)3
D. f':(-e0,3] = R, where f(x)=3—(x— 1)3
E. f':R\{3} = R, wheref '(x)= #1

3(x—3)3

Question 5 | 4
The values of a and b for which the matrix equation [a :H:x] = |: ] has a unique solution is
Y

A. aeR\{%}andbeR
1

B. aeR\{E}andb=8

C. aeR\{l}andbeR\{S}
2

D. a=—and beR\{8}

SECTION 1 — continued
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Question 6

h(x) is shown below.

The graph of y

3 -2

4

24

=—h(2x —4) could be

The graph of y

-3

4

=5

-6

TURN OVER

SECTION 1 — continued
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Question 7

The diagram above shows the graph of y = f(x). Which one of the following could be the rule for /?

A.  f(x)=6sin %(x—S))—Z
B.  f(x)=3sin %(x—s)]—z
C. f(x)=3sin —<x+5))—2

D.  f(x)=3sin %(Hz))—s

.|
E. f(x):3s1n g(x—S))—2
Question 8
Consider the function /: R — R, f(x) = cos(x). Which one of the following functional equations is true?
Ao flx) =)
B. () =/(=)
C. fxtm)=-x)
D. fix+m)=/lx)
E. fi¥)=(fx)?

SECTION 1 — continued
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Question 9
The transformation 7 : R?* — R? that could be used to obtain the graph of y = e 2**) from the graph of
y=e'is
T [z
AT xt_|= 0 |:x:|+|:1]
v]) Lo 1]ly] Lo

v G
% HIS HER
(B HAH

Question 10

e” + be* + 1 =0, where b is real constant, will have no real solutions if
A, {(b:2Zb<2}

{b:2<b<2}

(b:b<2}u{b:b>2}

(b:b<2}uib:b=22}

{b:-2<b<2}only

SR

Question 11

2 >
IfoJ:{x+4x+aﬁxx_0,Whﬂm%bmﬂcmemﬂcmmMM&ﬂwnﬂﬂwﬂHmdﬁ&mmMMem

bx+c forx <0
x=0if
A. a=cand beR
B. a=candb=4only
C. b=4anda,cerR
D. b=2andc=4
E

a=b=c

Question 12
Using the approximation formula, f{(x + /) = hf”(x) + f(x) then the change in f, where f(x) = log,(2x + 1), as x
decreases from 1 to 0.9 is

1

15
B.
15

14
C. log|—

1
D. ——+1log (3
5 g,(3)

A.

1
E. —+log (3
T g,(3)

SECTION 1 — continued
TURN OVER
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Question 13
The equation of the normal to the curve with equation y =x° + 2x at x = 0 is

A. x=0
B. y=0
C. y=2
1
D. =—=X
)

E. y=2

Question 14
2

X
If — =1 and p = 5x + 3y then p will have
y

) 5
A. amaximum value when x = 75

.. 5
B. aminimum value when x = 75

C. amaximum value when x = i—z

) 5
D. amaximum value when x = —g

.. 5
E. aminimum value when x = —g

Question 15

If a particle is moving in a straight line such that its position x cm from a point O at time ¢ seconds is given
by x = +/(1—1¢) for 0 <¢< 1 then its acceleration, a cms 2, where acceleration is the rate of change of
velocity, is given by

A. az—L
2x
1
B. a=-——
4x
23
C. a=-"2
3
_ 1
D. a=- 3
4(1—-x)?
1
E. a——3
4x

Question 16
The average value of the function g : [0, a] — R, g(x) = x> — 4 is 8. The value of a is
A. 4

B. 6
C. 8
D. 10
E. 12

SECTION 1 — continued
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Question 17
The area bounded by the curves y = cos(2x) and y = sin(x) for 0 <x < 1 can be found by evaluating

oy '—,c\‘:{“

A. (sin(x) - cos(2x))dx
st
6
B j(cos(zx)—sin(x))dx
o
27
3
C j(sin(x)—cos(zx))dx
3
27
3
D j(cos(zx)—sin(x))dx
3
sm sz
6 6
E. 2 j (cos(2x) - sin(x) ) dx + J’ (sin(x) - cos(2x)) dx
0 T
3

Question 18
The probability distribution for a continuous random variable, 7, is defined by the probability density

T

k —nm<t<—

function f(¢)= 2
0 otherwise

If k is a real constant, the value of k is

A 2
3
B T
2
c. 2
3
27
D. —
3
E. sin(?)

SECTION 1 — continued
TURN OVER
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Question 19

Suppose that in a particular year the percentage increase in the value of stocks listed on the Australian Stock
Exchange was a normally distributed random variable with a mean of 5% and standard deviation of 10%.
The proportion of stocks that would have decreased in value, in that particular year, is closest to

A. 031
0.5
0.69
0.05
0.1

=oaw

Question 20

In the telephone directory there are eight people with the same initial and surname as that of my friend,
Stewart. I randomly select and dial telephone numbers from the eight listed. If I dial a number once only, the
probability that the third number dialled is Stewart’s number is given by

A. zxéxl
8 8 8
B. zxéxl
8 7 6
C lxlxé
8 7 6

Question 21
The probability distribution of a discrete random variable, X, is shown below.

X 0 1 \/5

2 —_
Pr(X=x) h h 2 h

If 4 is a real constant, the mean of X is

2

A, —
2
B. V2-1
2
C. i
2
D. ﬁ—l
2
g 2
2

SECTION 1 — continued



11 MAV MATHMETH(CAS) EXAM 2/2008

Question 22 07 02 95
A Markov process has transition matrix 7 = [0'3 0'8] and initial state matrix S = [75] , such that the

n'" state is given by S, = T"S,). In the long term, the steady-state matrix will be

60
A. 40
[0.6
B. _0.4]
o]
C. 60
[0.5
D. _o.s}
50
e |

END OF SECTION 1
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SECTION 2

Instructions for Section 2

Answer all questions in the spaces provided.

A decimal approximation will not be accepted if an exact answer is required to a question.
In questions where more than one mark is available, appropriate working must be shown.
Unless otherwise indicated, the diagrams in this book are not drawn to scale.

Question 1

A chocolate manufacturer wants to promote a particular brand of chocolate called Toby by maximising the
amount of chocolate in their new Toby bar. The Toby bar is in the shape of a triangular prism as shown
below, where the triangle has base, b cm and height, # cm and the length of the bar is / cm.

The surface area of the Toby bar is 120 cm? and the triangle is an equilateral triangle, where 3 <5 <9.

240 — 2
a. Show that/= 06—b\/§b

2 marks

SECTION 2 — Question 1
TURN OVER
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b. Hence, show that the volume, ¥ cm’, of the chocolate bar in terms of b is given by
 b(80V3 - b?)
—8 .

%

2 marks

c¢.  Sketch the graph of J against b on the set of axes below. Give the coordinates of the end points and
turning point correct to two decimal places.
4
(cm’)

(cm) b

3 marks

d. Find the dimensions of the chocolate which will give maximum volume.

4 marks

SECTION 2 — continued
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e.  What is the maximum amount of chocolate, in cm?, the manufacturer can put in the bar? Give

. CND
your answer in the form — where C, D, E and F are real constants.
E

1 mark

f.  Find the average value of V.

2 marks
Total 14 marks

SECTION 2 — continued
TURN OVER
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Question 2

Glottochronology is the study of the age of languages.

The number of ancient words retained in a language can be modelled by the function N = Nje ™, t =0,
where N is the number of ancient words retained after 7 thousand years, N, is the initial number of ancient
words and m is a positive real constant.

a. In 2005, Graham, a glottochronology scholar, studied a list of 200 words from an ancient Chinese text
dated 1005 AD. He found that 140 words were still used, 1000 years later, in modern Mandarin

. . 1
Chinese. According to these results, show that m = log, (70)

2 marks

b.  According to this model, what percentage of ancient words, from the 1005 AD text, were still in use in
1600 AD? Give your answer correct to the nearest integer.

2 marks

Graham also studied the divergence of the Italian language from Classical Latin. Again, he used the
function N = Noe’””, t 2 0, to model the new situation.

c¢.  Graham found that 80% of words in a Classical Latin manuscript dated 200 AD were retained in the
language of the Tuscany region of Italy in 700 AD. At this rate of word replacement, how many years
will it take for 75% of words from Classical Latin to be replaced in Tuscan Italian? Answer correct to
the nearest year.

3 marks

SECTION 2 — continued
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As a diversion during tedious monthly staff meetings, Graham kept count of the number of times that a
“jargon” word was used by his new boss, John. He found that the number of times a “jargon” word was
used in a meeting, B,  months after John’s appointment as boss, could be modelled by the function
B(t) = %, t >0, where a and k are positive real constants.
1+3e
d. John used a “jargon” word 15 times in the initial meeting, on the day of his appointment, and 22 times
in the 11th meeting. According to this model, how many months after his appointment will John use a
“jargon” word 40 times in a meeting? (Answer correct to the nearest integer)

3 marks

Graham then studied the divergence of the English language from German. He found that the life of an old
Germanic word in English (that is, the time taken for an old Germanic word to be replaced) is a random
variable, T years, with the probability density function shown below, where k is a real constant.

t

f(t)z ke 20 (>0
0 ,1<0

e.  Write down an equation which when solved will give the value of £ as 0.005.

1 mark

f.  According to this model, what is the expected or mean life of an old Germanic word in the English
language?

2 marks

SECTION 2 — Question 2 — continued
TURN OVER



MAV MATHMETH(CAS) EXAM 2/2008 18

g.  According to this model, what proportion of old Germanic words, have a life greater than 300 years?
Answer correct to three decimal places.

2 marks

h.  According to this model, what is the median life of an old Germanic word in the English language?

2 marks
Total 17 Marks

SECTION 2 — continued
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Working space

SECTION 2 — continued
TURN OVER



MAV MATHMETH(CAS) EXAM 2/2008 20

Question 3

The Yolks On You Company markets its large-sized eggs in cartons labelled 700 g. However, quality
controllers have found that the total mass of eggs in each of the cartons, X grams, is a normally distributed
random variable with a mean of 712 grams and a standard deviation of 20 grams.

a. In what proportion of cartons, correct to three decimal places, do the eggs have a total mass of less
than 700grams?

2 marks

b.  60% of cartons contain eggs with a total mass greater than m. What is the value of m, in grams, correct
to one decimal place?

2 marks

Cartons that are found to contain less than 700 grams of eggs are classified as underweight and are
relabelled as medium-sized.

¢.  What is the probability that a carton of eggs that is relabelled as medium-sized contain less than
695 grams of eggs? Answer correct to three decimal places.

2 marks

SECTION 2 — continued
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From the thousands of cartons that are labelled as large-sized on a particular day, a quality controller weighs
the contents of 8 cartons in turn.

d. What is the probability, correct to three decimal places, that at least three cartons will be classified as
underweight?

2 marks

Celebrity chef, Jamie Oliveloaf, buys his eggs daily from Yolks On You for his restaurant in Thyme Square.
Each day Jamie orders medium-sized or large-sized eggs. The transition matrix for the probabilities of Jamie
0.45 0.75}

0.55 0.25
e.  The probability that Jamie orders large-sized eggs today and medium-sized eggs tomorrow is 0.55.
What is the probability that Jamie orders medium-sized today and large-sized tomorrow?

ordering medium-sized or large-sized eggs is [

1 mark

f.  Jamie orders medium-sized eggs on Tuesday.

i.  What is the probability, correct to four decimal places, that he will order large-sized eggs on
Wednesday and Thursday and medium-sized eggs on Friday of that week?

ii.  What is the probability, correct to four decimal places, that he will order large-sized eggs on
Tuesday of the following week?

1 + 2 =3 marks
Total 12 marks

SECTION 2 — continued
TURN OVER
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Question 4

. . . 1
a. Find the general solution to 2sin(x)cos(x) = >

2 marks

b. i.  State the transformations of the graph of g(x) = sin(2x) to get the graph of 4 (x) = 3sin(2(x + %))

2 marks

ii.  Sketch the graph of /: [0, ®] — R, where f(x) = 3sin(2(x +%)] on the set of axes below, clearly

labelling intercepts and turning points with their coordinates.
A

4 marks

SECTION 2 — continued
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i.  Write down the derivative of p(x) = |sin(2x)| as a hybrid function.

2 marks
ii.  Sketch the graphs of p and p” for xe (0, 1) on the set of axes below.
A
>
3 marks
. . T T
iii. Find the area bounded by p, p” and the lines x = 1 and x = >
2 marks

Total 15 marks

END OF QUESTION AND ANSWER BOOK
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Mathematical Methods and Mathematical Methods CAS

Mensuration
area of a trapezium: —(a+b)h
curved surface area of a cylinder: 277k

volume of a cylinder: 7r*h

volume of a cone: —nr’h

Calculus

di(xn ) _ nxn—l
x

d ax ax

E(e ) =ae

d 1
E(loge (X)) - ;
i(sin(ax)) =a cos(ax)

i(cos(arx)) =—q sin(ax)
dx

Formulas

1
volume of a pyramid: gAh
volume of a sphere: §7T r

area of a triangle:

Jx”a’szx"Jrl +e,n#-1
n+l
'feaxdx _1 e +c
a
1
J;dleoge|x|+c

Jsin(ax)dx = —%cos(ax) +c

Jcos(ax)dx = %sin(ax) +c

d 2
—(tan(ax))= =a sec” (ax)
dx ( ) cos? (ax)
du dv
d dv  du d(u) "o Y
product rule:  —(uv)=u—+v— quotient rule: —| = |= —F——&
dx dx  dx dx\ v v
chain rule: & _dydu approximation:  f(x+h)= f(x)+hf’(x)
dx du dx
Probability
Pr(4) = 1 — Pr(4") Pr(4 U B) = Pr(4) + Pr(B) — Pr(4 N B)
o g _FTANE)
mean: 1 =EWX) variance: var(X) = 0 = E(X — 1)*) = B(X?) —
probability distribution mean variance
discrete Pr(X =x) = p(x) =3 x p(x) o?=Y (x—u)* p(x)
. b o 2 _ (= 2
continuous Pr(a < X<b)= Ja f(x)dx u= J._wx f(x)dx o= .Lo (x—p)” f(x)dx




