MAV MATHMETH(CAS) EXAM 2/2008 SOLUTIONS 1

The Mathematical Association of Victoria
MATHEMATICAL METHODS (CAS)
2008 Trial written examination 2 — Solutions — Multiple choice

SECTION 1
Solutions

I.D 2E 3A 4C S5A 6B
7.E 8 C O.E 10.B 11.B 12. A
13.D 14E 15.B 16.B 17A 18.C
I9A 20.B 21.B 22.C

Question 1 Answer D

Enter data into the calculator and choose cubic regression.

N%;I Ieﬁ itk (:'I'G iy 'lﬁ;l L8
List2 [1ist3 [listd

listl={0,1, 1,23
HiRiH L1 ] i

The exact answer is required.

1
y=§x3—x2+x+1

3y=x"-3x"+3x+3

Question 2 Answer E
h(x) has factors x, x,(x — b) and (x — ¢).
The coefficient of x* is negative.

Since a > 0, the rule is A(x) = —ax*(x — b)(x — ¢).

Question 3 Answer A

flg(x) = elogdrl = plogvl — | x3|
The domain of f{g(x)) is the same as the domain of g(x) : R\{0}.

The range is R".
Fix] Fiv |Fiv| Far| F5 Fo=
|'|'9ﬂdn’@](ﬂtéhcflk’hdﬂithlNl I

mwr!—rm—
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Question 4
2

f1 (=0, 3] = R where f(x) = (x —3)3 + 1

Lety=(x-3)+1
Inverse swap x and y
2
x=(y-3)3+1
2
(r=3)=x-1
3

¥y —3 =—(x— 1), take the negative square root

3
y=3-(x—1)2
OR ,
Solve x = (y — 3)? + 1 for y on the CAS

i - [ Fy= =
TealajidcbrajCalcDther [Fr3mi0icTiean U

- solue[x=(9—3]2/3+l,g]
y=3-(x-1)""2 and x21P

2= (=3) (2 3041, )
MAIN DEGAUTO FUNC 1730

3

f:[1, %) = R, where f '(x) =3 — (x — 1)2

i - 'y - Fii
ToolsiZeom|TraceifedrarhiMathir awiFent-.

— ]

MAIN FAD AUTD FUNC

Answer C
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Question 5 Answer A

Solve the matrix equation to obtain the result

8—b
['x} — 2a-1
bl I v

OR
Determinant=2a—-1#0 .
Hence there will be a unique solution for a € R\ {5} and be R

PPy 7o [roe  Fe- ] 75 ] Fe-
ToolsjhidcbralCale{0ther [PrImiDClean Up
® rref

1 2 b

Note also that if:

a= 5 and b = 8, there are infinite solutions (the solutions are identical)

1 ) . . . .
a= ) and beR\{8}, there is no solution (the solutions are inconsistent)

Question 6 Answer B
~h(2x —4)=-h(2(x—-2))

The transformation from %(x) to —4(2(x — 2)) involves
A reflection in the x-axis, a dilation by a scale factor of 5 from the y-axis and a translation

2units right.

SOLUTIONS - continued
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Question 7 Answer E

The rule will be of the form f{x) = asin(n(x — €)) + k.

Amplitude = 3, therefore a = 3.
Translation down 2 units, therefore k = 2.
Phase shift, € = 5.

. 2
Perlod:—7r
n
12=2"
n
2r
n=—
12
Vs
n=—
6
y
2_.

12 210 -8 2 4 4 8 1 x
;
=5
g ‘«

o

on
3\t é
£
4 £
<
-5+
Period = 12 64
Question 8 Answer C

cos(x + 1) = —cos(x) (this can be seen from a unit circle or the graph of y = cos(x)).
Hence f(x + 1) = —f(x)
This can be verified using a CAS.

Fi={ F2r |[Fi=| Fir | FE [
ToolslaldebraCale|Other |Fr3mi0}dcan U

mlefine f{x)=cos(x) Done
fix+ 1) = (%) Lirue
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Question 9 Answer E

Let x” and y’ be the images of x and y, respectively, under 7. The transformation of
y=¢e"toy=e?*"involves:

x=-2(x"+1)andy=y’

X'+ 1=—x

x'=—x—1landy =y

Question 10 Answer B
e +bet+1=0

Lete'=p

pr+bp+1=0

A < 0 for no real solutions

b*—4=0

Hence {b: 2<b<2}

Also there is no solution at b =2 as
e +2e"+1=("+17>=0
e #-1

Thus {b: 2<b<2}

Question 11 Answer B
fx)= x*+4x+a forx>0
bx+c forx <0

For f(x) to be differentiable at x = 0, f{xx) has to be continuous at x = 0.
X +4x+a=bx+c

Henceatx=0,a=c

Also lim f”(x)= lim f(x)

2x + 4 _Z)Ob o

Atx=0b=4

Question 12 Answer A

S+ =hf"(x)+ f(x)
S+ )= f(x) = hf"(x)

=—0.1%
2x+1
z—O.lx%:—i
3 15

SOLUTIONS - continued
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Question 13
y=x +2x

d
Y st r2=2atx=0.
dx

The equation of the normal is

y o

reietenfiracdredrosnianlorsulrent:: |

—

PMRIN RAD BUTD FUNC

Question 14

2
X

_:1’ :x2
y y

Substitute y = x* into p
p=5x+3y=>5x+3x

d—p=5+6x=00rx:—i=—§
dx 2a 6
5
xX=——
6

Mirdmug
xet =, 83333 yct -2.0833
FRIN FRD ROT FUNC

Answer D

Answer E
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Question 15 Answer B
x=+/(1-1)
dt 2(1-1)
dv 1
a=—=———-
dt 2
4(1—1)?
PR
4x’

e osifotieemSmalcian] |

'1|l-t]]|t=l—x2 and x =0
-1

4 -xg
FCAT =L, Ly, =12
HMAIN RAD AUTE FUNC 1730 |
Question 16 Answer B

b

1
average value = J g(x)dx
b—a-

Apply the formula to this case
1 a
8= x* —4)dx
B
Solving for a gives the result
a=6

Reject the negative solution because the domain of g requires that a > 0.

oot bev alcarelother v omin|cidar us|

= Oefine g(x)-—xz— 4 Done
l5alue[%-fgg(x)dx=8,3]
a= -6 or a=6

|Note= Doradgin of FesuTt may be lar Jer

[ Fi—l Fir |F3-| rh-l F& | Fé= | '1
Taels|AldcbrajCalcjlther|Primidiciean Up

= Define g(X)=>=2 -4 Done|

. 1:-6]; atydx 2
Bawi{gludy,x,0,6)
MM RAD AUTOD FUNC FEk)

SOLUTIONS - continued
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Question 17

vy = sin(x) is the top curve and y = cos(2x) is the bottom curve.

sin(%) = cos(%) and sin(%r) = cos(s?ﬂ)

Area = (sin(x) — cos(2x))dx

ESE '—.o‘g‘

1= - E] ) - ]
ot 13 antrqngdnraﬂﬂh Iﬂeng-: I

T
~__~

HAN RAD EXACT FENC

Question 18

For a probability density function, _[ f (t)dt =1.

—oo

/a

2
Solve J (k)dt =1 for k using CAS

k=—
3

i * | Flix -] Fo~
IT"h A13abral Ea;h: Ilhcah’)nrﬂlz'lwn I:Ir] I

n

L solue“?ﬂ kdt. =1, k]

OR
/2

0+ J-kdtzl

[l ]77=1

[Ek—(—nk)]:l

3

2

s

Answer A

Answer C
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Question 19 Answer A
Let X be the percentage increase in the value of stocks.

X~Nu=5,06"=10%

Stocks decrease in value if X < 0.

Pr(X<0)=0.31

Fiv| Fix[Fod Fas] Fie] Fhv [F7
Tos Northal CoF...

1if car =zoms3SIzzer | B2

Low ¥al ==
ue Yal =
i3

listi(ll]=

MAIN DEGAUTO FUNC 1’8

Question 20 Answer B

This is a problem of selection without replacement. Let S denote dialling Stewart’s phone number.

7 6 1
Pr(S,S",S) ==X~ x—
8776

Note from this pattern that the probability that the first, second, third, ..., eighth number

. . 1 .
dialled is Stewart’s number, is 3 each time.

SOLUTIONS - continued
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Question 21

2 p(x)=1
ha k41 h=1
2

ol
2

h= % (Reject negative solution as 2€[0,1]))

p=xp(x)

o) ()

12
B 2

1
—+
2
V2
2

-h2+E-[1/z-h)|h=-'|§-

24l (20w 12=hi | h=l':."2>.f2
GLI] TEGRITT FUNGE i/ %

I’ﬁ-]‘ Fix ]‘FE-HH-E 3 ‘E Tor ‘I ]
Tostzf1debea|CalaDther [Frami0jiTean Us
“TZ 12

h=—3= or h=3

-h2+ﬁ-t1/2uh)|h=£§~

£
- 172

10

Answer B
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Question 22 Answer C

Method 1
Consider, say, the 100" state.

40
S — TIOOS —
100 0 [60}

[.? .2]
<3 .8
40

€0,

RRD AUTED FUNC /98

Method 2

The cardinal number of elements in this case is 100. The steady state matrix will therefore be of
100 — x

X

been reached, T X [IOO B x] = |:100 B x].

X X

the form |: ] When the steady-state has

Solving the matrix equation for x gives the result x = 60, 100 —x = 40

IT:-;isl!\'P;Elim!gfl'c;n:;;rlhssnlﬂ-
.[.? .2]"t— [.? .2]
.3 .8 .3 .8
[IEIB*-X] [1!3!3“}:]
= 35
4 *

®zolyelt-s=2,) % = Bl

Method 3

If Method 2 above is applied to a general
l-a b

. b:| and the steady state matrix is written as the proportions
a —

transition matrix, 7' :|:

1—x o
, the solution is
X

. a 0.3 B
a+b 03+0.2

0.4
As a proportion, the steady-state matrix is [0 6:|' However, there are 100 elements.

40
Using the cardinal numbers, the steady-state matrix is |:6O .
rn—«i’_r'zv—rn_eTWIT]’Tm
Tools|fil3¢br afCale|Dther|FrEmib|Clean U
. l L a4 o J * t‘
a 1-b
[l -a b
a 1-hbl

Meplvelt-s=s5,%) x=—

SOLUTIONS - continued
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The Mathematical Association of Victoria
MATHEMATICAL METHODS (CAS)
2008 Trial written examination 2: Solutions — Extended Answer Questions

SECTION 2
Question 1

2
a. Solve i* + (é) = p* for h

2
po V3

2 [1M]
SA = area of the 2 triangles + 3 rectangles
bh + 31b =120
2
\/gzb + 31b =120 [1M]
240 — :
/= O—\Eb’ 3<h<9
6b B
[TE:;x{lﬂ;E;ru]{#clnfr:rlrr;wuﬁhglrl |
h =-~§- or h= i
lsolve[-ﬁg?i+3-l-b= 120}
- {b2-3 - 240)
BT,

b. V' = area of the triangle x length [1M]
240 —+/3b
_b 3 240-3 -
2 2 6b

,3<b <9 asrequired

7 Fiv_ Fe= F=| Fh4= T -
lTo012n'l!ebNitukEl&tth!mﬂiChonlll-i i

_ bB0V3 - 1)
8

C. [Y4
(6.80, 78.48)

60 (9, 64.76)

40 (3,48.59)

-1 0 1 2 3 4 5 6 7 8§ 9 10 11

Correct shape [1A]
Correct turning point (6.80, 78.48) [1A]
Correct end points with closed circles (3, 48.59) and (9, 64.76) [1A]
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d. The maximum occurs at the turning point not an end point.

dv 3’
>z 10\/§ =
db 8
3b’
Solve 10/3 — o =0forb [1M]
4
b= £ as req [1A]

i3
hz?b:Z\/gi/gcm [1A]

_ 2
;240 V30?45 . A]
6b 3

34

b [bZ-a0-
e sone] | 2 o208

-4.[E.x374 .
b=wi-'[§?§mm.opb=~t£}

solveCd(be(b"2-80%0(3))/ .,
MAlN BEGAETD FUNC 30

T [ T G 3

, (6213 - 240) pe B
e Ll vz

——

b - b’
e. V= (80\/3 ) _ 80\3/5 cm’ [1A]
T::;: nl!fl:u Crozl'c t;;r h';:-nm C'l!ﬂ‘l:l.ll'
[ 3| o] _|...-| I
b (b?-80-13),, 4.5
" ) |b= 3174
80-[5.3174
L
9 2
f. Average value = ! J b(80\/§ ) db [1IM]
9-3+7 8
_ 15(16f—9) . 1A]

SOLUTIONS - continued
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Question 2

a. N(t) =200e™
Solve for m, N(1) = 140
140 =200 e™

7
m = —log, 10

10 .
m = log, =] as required.

Checking with CAS
robiafindasrol aclotye e Swnlcrean ]|

" Define n(t)=200-¢ "%
Dore|

= salueln(l) =140, M)

M= -1n(7-1@

solveintlr=140,m2

n(0.595) 100

b. percentage = X
P €500 ©
~log, 109560595
—100xe (%)
=81%

Fir| Fiv [F3=| Fi=r | FE Fiiv
IToolsElitbr%-‘.a1c|ﬂthar|l‘r$mﬂ|l:lmn HDI I

" 4i=200¢ " Y n=-1n(710)
Dorne

- L 80,8785

14

[1M]

[1M]

[1M]

[1A]
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¢. N(1) = 100e™
To find m, solve N(1)=80
1

80=100e 2"

5
m= 2loge(z) [1M]

Fi=] F2+ [F«| Fu=| FE Fi+
Tools|aldebralCalc|Other|Frimi0iClean Usr

*Define n(t)=100-¢ MY
Done

B solueln(l 20 =80,m)
m=2-1ln5-4)

solveinil 22=80,mn)
FMAIN KA AUTO FUMNC 2/99

To find when 75% of words are replaced,

25= 100e721°g5(1] a
_ log, (2)

— L 1M
log (5) i
‘\ 4

t=3.106
It will take 3106 years for 75% replacement. [1A]

Fis= Fa= |Fi+| Fa4= F&+
[IT«:'I;nlsezhrat:!cllltherg.;swnltk:n I.Il'i |

Done|

t

®soluelnit) =25, 1)
L= In(2)

T 1n(5-4)
mspluelnit) =25, L)
t = 3. 10628

soluadn(t)=25,L)

TIRIN AUT0  FUNC 3798

SOLUTIONS - continued
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d. To find a, B(0) = 15
4 __15
1+ 3¢°
a=15x4 [1M]
B(11)=22
60
—kx11 —

1+ 3e
Solve for k

1o (19)_ 1, (33
k=-—log,| = |=—log | > M
I 0ge(33) 0 Oge(w) M

+3_e'k-t
Done

s k)
_ _~in(19-33)

Solve for ¢, B(t) =40
t=35.70
The buzz word count achieved at 36 months. [1A]

resindetrof st e ool o us]

®solvelb(t) =40, t)
1. = 35,7005

solyedh(ti=40,t>
KaD AUTD FUMC 1/89

e. For a probability density function,
J f (x)dx =1

Solve for &, J.kef 200gf =1
k=0.005, as'required [1M]

Fi=| F F F -
[ hg'ls Msfbfra a=1* Ill;‘:r Irrﬁfall‘l C1!F¢‘n U

of -t
. a[k-ezaa]dt 200- K
®zaluel200-k=1,k)
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f.u= Jx f (x)dx for a probability density function

—oo

u=0.005 j [ze'z(w)dz [1M]
0

=200
The mean 200 years. [1A]

i nd ol el e solcrdavue]
-t

= Define f(t)=.005 ¢ 290
Dorne

-l;(t-f‘(t.)]dt. 200,

JSCbkf (b, 4,0,
s R I

EAD #UTO

g. Pr(T>300) = 0.005 [ e *d [1M]
Pr(T>300)=0.223 [1A]

Fie| Fi= [Fi=| Fla= | FE Fé=
Toelsjf13sbrajCale|dther|FrImidjClsan e

-t
®Define f(t)=.005 ¢ 200
Dorne
o
Im flbyat 22313

h. To find the median, m, solve

m t

0.005f e *dx = 1 [1M]
) 2
m =200log,(2) [1A]

Fiv| Fir [Fi~] Fa=r| FE [
|It-o1s|rﬂsm’uItdlclutherlPrSmlu!ClunIIDI I
-1

= Define F(t)=.005 ¢ 200

Done|
= 501*;9”3 fitidt =172, n}
= 2008 1n{2)

Llve S ofchy, b, 0, mr=1-2,m)
HAIN KAD AUTE FUNC 2/88

SOLUTIONS - continued
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Question 3

a. X ~Nu=712, 6> =20°)
Pr(X < 700) = 0.274

7
-

00 712

i1
Merrmal CdF. .

dif e 2274253 4
Low val =
e Yal =700
® =7iE
L e
Cinterz0k__ o Y,
list2lil=
HMAIN Kb BUTO FUNC e’ 8

b. X ~Nu=712, 6> =20%)

Area=04 /

m 712
Pr(X>m)=0.6
Pr(X<m)=04
m =706.9

60% of cartons exceed 706.9 grams.

AT R N A

Inuerie Mormal

Ei InuErse =705.8932 i_
AF & =4
B =Fiz
- =20
L Enter=0K a
L

T
list2ill=
FRIN RAD AOTO FUNC B

¢. Pr(X <695|.X <700)

_ Pr(X <695 U X <700)
~ Pr(Xx <700)

Pr(X <695)
Pr(X <700)
Pr(X < 695| X < 700) = 0.721
|‘r§5s mEEmIcFazfélnEﬁ' ;r[PrFﬂ?n |nEc1cr.:‘n' us—m
s tistat.normcdf =, 700, 7ik
. 274253

. tizstat.normodf( -+, 695, 7,

. 2742530645697
. F2E73

Ldf (%, 699,712, 200 7ans (1)
HMAIN RAD #UTO FUNC 2798

[1M]

[1A]

[1M]

[1A]

[1M]

[1A]



d. Let Y be the number of underweight cartons.

19
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Y~ Bi(8, 0.274) [1M]
(The probability of a carton being underweight was found in part a. to be 0.274)
Pr(Y>3)=0.383 [1A]
Tos'
e. The transition matrix is as follows:
Large | Medium
today today
Large
Tomorrow 0.45 0.75
Medium
Tomorrow 0.55 0.25
The probability that Jamie orders medium-sized today and large-sized tomorrow is 0.75. [1A]
f. i. Pr(L,L,M)=0.75 x 0.45 x 0.55
Pr (L,L,M) = 0.1856 [1A]
ii. The n" state is givenby S =T7" xS,
0|« L
This Tuesday, S, = a;rg.e
1 [« Medium
Next Tuesday, S, =T x S,
0.5770
s, = (1M
0.4230
The probability of large-sized is 0.5770. [1A]

I F!.V! Fa= FB‘V| F4~ | FE | Fi~ E
Teo15|A13cbraltate|Dther [Fr 3miDiClean Ur|
1 7]
200 W23 D08 W25
3]s N
1 1
7 577849
"thos [.422951

ﬁm RAD ALTO FUNL 738

SOLUTIONS - continued
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Question 4

a. 2sin(x)cos(x) = 1

Using CAS

v 2O [1A]
X = W where neZ [1A]
ot et o] )

®eolue( 2 sinlx) cos(x) = 1/p " solve(2Z- sin(x)-cos(x) = 17}

: : 5)- 12-@n2 +1):
x=(12e.nl::+5]:: P IR 1+)n

or x=£’

lvelZ¥sinCorcos =12 |solve(ZsinGo¥cos =172
momue i:rnufl corsm;:( 1730 [MHIN Feb wUTE FUNE 1730

OR

2sin(x)cos(x) = %
in(2x) = -
sin(2x) = 5

s

X=...

2

T
12

T b4
X=—+nm or x=——+nmw, where neZ
12 12
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b.i. A dilation of a factor of 3 from the x-axis [1A]
and a translation of % units to the left. [1A]

(The order does not matter.)

ii.

(=

0 O.le 0.2x 0.3x 0.4\ 0.5x 0.6x 0.7x 0.8x 09x x

Correct shape [1A]

Correct coordinates for the x-intercepts
5 11
2% o0l and | —Z,0 [1A]
12 12

Correct end points with closed circles

(o, 3) and (ﬂ 3) [1A]
2 2

Correct turning points

(5, 3) and (2—” - 3) [1A]
6 3

SOLUTIONS - continued
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2cos(2x) if sin(2x) =0 [2A]

c.i. p(x)= {_2 cos(2x) if sin(2x) <0

ii. Y

P
X

0 0.0x 00r N3x 04x 0.5¢ 06r 07x dgr 09x +
) )4
2

Correct graph for p [1A]
Correct graph for p” [1A]

3

: Vi1

x-intercepts of p"t =
44

[1A]

Open circles

a3
j‘
a3
4

[1M]

iii. (sin(2x) -2 cos(2x))dx

[1A]

n
-Ji ($in(2-x) - 2-cos(2 )

3
32

Sleini2x)r=2cos(2x), %, 04, ..
1/30

MAIN EAD AUTOD FUNC

END OF SOLUTIONS



