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Mathematical Methods Exam 2: SOLUTIONS

Solutions to Multiple Choice Questions
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Question 1

flgx)) = % +1. The range is (1,c0).
X

Question 2

dg=dp N dfwhich is (1, 2).

gx) =(x-1D*(x+2)(1-x)
=—(x-D’(x+2)

Question 3

 areflection in the x-axis: f(x) — — f(x)

dilation by a scale factor of 3 from the
x-axis: —f(x) > — 3f(x)

dilation by a scale factor of 2 from the
y-axis =31 (x) — —Sf(%x]
translation 5 units to the left
1 1
=3fl=x|—=>-3f]=(x+5
5> 1(3609)
Question 4

The graph has the shape of the graph with
4

rule y = (ax)® +1 or y = (bx)> + 1, where

a and b are real constants. Whenx =2,y = 2.
4
Thus,y =x*>+ 1 and y = x> +1 are

not possible. y = [f

3
] b
2

Question 5

At points of intersection,

sin(2x)= \/gcos(2x)

sin(2x) _J3
cos(2x)
tan(2x)= NE)
ppo T
3°3
T T
X=——,—
3 6
Question 6
y .
10 :L)Phase shift = ©t/2
9 +
8 / \
7 -
%- Amplitude = 5 /
A
\ / Ml A /
24 Translation = 4
t t t t t t t 1 t t \# t / t +—> X
A | 3w 2m\ s Ly 10 ¢ 2n 3n 4n
j | Period = 4n
_4 4
51
Amplitude =5
Period = 4n
Rule is of the form y = acos(n(x—¢€)) + k
a=5e=" k=4
2
Period = 2_7:9 therefore n = 2_7t =—
n 41
Rule is y =5cos 1 =2 ||+4
2 2
or y=5co0s LA
2 4



Question 7

When graphing product of functions, the key
points occur when either function has the value
of £1 or 0, as illustrated in the diagram below.
Mark these key points.

Then “join the dots”.

y

W | A

-1

Question 8
g(x) =3(e*" " +3)
=3¢200+9

The graph of g has an asymptote at y = 9.
Thus the graph of the inverse of g has an
asymptote at x = 9.
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Question 9

The graph of y = e” has been reflected in both x
and y axes, and then translated up.

Reject option B because it does not show the
translation up. None of the other options
indicate the possibility of a translation parallel
to the x-axis.

Ignoring the magnitude of any dilations
(because there is no scale on the axes), the
transformed graph will be of the form

y =—e "+ k. Since b <0, require
y=-ae™ +k

Question 10

log,(x +2) +log,(x—1)=2
log,((x +2)(x—1)) =2
x+2)x—-1)=4
F¥+x-6=0
x+3)(x-2)=2

x=2onlyasx>1

Question 11

The coordinates of the turning point of
y=2(x—3)°+4 are (3, 4). The tangent is
y=4.

Question 12

S~ f(=2)

The average rate of change = —

SOLUTIONS — continued
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Question 13
The graph of y =log,|x -1 is shown below.

d 1
—log, x—1| =——forxeR\{1}
dx x—1

Question 14

>

y = log (x)

0/1234

The area of the rectangles = log,(2) + log,(3)
=log,(6)

A

24

Question 15

Sketch both curves and find the intersection.

[ |
LAY A

Graph f(x) — g(x)

Flotl Flatz Flak:
M =cos(2Ea+2
wWer=e™ i)
"'-I'l'l = El'l'l 1 _I'l'I c
-"-I.I.I I" e
-"-I.I.I 5 e
-"-I.I.I E e
-"-I.I.I l'.l e

Find [ (/(x) - g(x)dx

JECx = BEEO0EE




Question 16
k

[(og, (x)+1)dx=1

1

[xloge(x) -x+ x]f =1

[xlog. (0] =1
klog,(k)—1x0=1
klog, (k) =1

Question 17

f'has a minimum turning point at x = —1 and
a stationary point of inflection at x = 2.

Question 18

Let X denote the number of children with

blue eyes. X ~ Bi(n =3,p :%J

Pr(X >1)=1-Pr(X =0)

]

Question 19

241

X
10
p(-1)=0.2,p0)=0.1,p(1)=0.2, p(2)=0.5
E(X)=Y xp(x)
=—1x02+0x0.1+1x0.2+2x%0.5
=1

p(x)= , for xe {-1,0,1, 2}

A
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Question 20

The mode is the value of 7 that gives the
maximum value of f(7).

S
A

< t
0
T kL
4 2
: T
By symmetry, this occurs at 7 E

Question 21
T~N(u=96,c*=12%
normalcdfcl1@, g9
295,120
1216725605

Pr(X> 110) = 0.1217
Approximately 12% exceeded the limit. C

Question 22
Pr(SSSM):ixixix§=i A
1271171079 33

SOLUTIONS — continued
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Mathematical Methods Exam 2: SOLUTIONS

Section 2: Extended answers

Question 1

a. For a probability density function,

J v(t)dt=1. Therefore,

~
1
{—ﬁ(ﬁ ~15¢2 +63t—81)dt -1

Showing integral with correct terminals 1M
(dt must be shown to get the mark)

nInti¥1:H:3=9}1

v
b4
(7.00/0.30)
03T
02 T
0T T
0 ’ e
ST SRS S S SR SN S S B
FFac
N N
Haxirmur
4=5.9000980 Y=.206E063
Correct shape and skew 1A
Correct domain and axes intercepts 1A
Correct stationary point 1A
c. From the graph, the mode is 7, as this is the

value of ¢ at which the maximum value
occurs. 1M

(Consequential from part b)

d. u= j:tv(t)dt. Therefore,

- 9

—% | (t(t3 152 +63t—81))dt
33

5
The mean incubation period is 6.6 days. 1A

gnlhtiH*¥1:H:3:9
=

n= 1M

or 6.6

X~ N(5,6%),Z~ N(0,1)
Pr(Z<2z)=0.9
z = 1.28155

_x-p
(&)

1M

6.25-5

1.28155 =

c =0.98

invHormy .
z
i
T

CE. 230
.3
||

The standard deviation is 0.98 hours 1A

Let Y be the number of patients for whom
the response time to the drug is more than
6 hours 15 minutes.
Y ~ Bi(10,0.1)

10

Pr(r22)=3"C,(0.9)"(0.1)""

n=2

=0.264
I-binomcdfclE. o1
« 2EIE1859T

1M

1A




g. Y~ Bi(k0.1)

Consider the case where there is 95% chance.
Pr(Y>1)=0.95
1 -Pr(Y=0)=0.95

1M
1-0.9=095
0.9=0.05
k=28.43 (using numerical solve/ solver)
Eolwel 9 K- B85, K
’ 28. 43315881

Round up because k € Z" and the probability
must be at least 95%.

The least value of k is 29 patients. 1A

Alternative 1 to using numerical solve/
solver.

0.9 =0.05
log,(0.9") = log, (0.05)
klog, (0.9) = loge(0.0S)
log, (0.05)
f=—2\ "/
log, (0.9)

Int.B822~1nt, 92
22.43315881

= 28.43

However, this involves more steps and still
requires the use of a calculator.

Alternative 2: graphical approach.

Flotl Flakz Flots
“NM1E. 9 H-. @5

=Mez=l

wME=

~hy=

~Ne=

~HE= 2eF

wNE= REEAuzziER 4=
09k—-0.05=0
k=2843

27
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Wed Thu Fri 1M
0-8 F
F
0-8 03 s
F
0-8 02 03 F
B <
0-7
P B
0-8 F
: 0-3
B
07 03

0-7

oo}
o] e

Pr(FFFB) = 0.8 x 0.2 = 0.128
Pr(FFBB) = 0.8 x 0.2 x 0.7 = 0.112
Pr(FBFB)=0.2 x 0.3 x 0.2 = 0.012

Pr(FBBB) = 0.2 x 0.7 = 0.098 1M
0.128 + 0.112 + 0.012 + 0.098 = 0.35

The probability of Fluaway on Tuesday

and Blugone on Friday is 0.35. 1A

SOLUTIONS — continued
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Question 2

4

a. f(x)=A(x?-5)
2 =4(0-75)

a=2
5

b. endpoints (—5.00,1.42) and (5.00,1.42)

1M

1A

turning point (0,—2.00) and correct shape 1A
x-intercepts (—3.24,0) and (3.24,0)

(-5.00,1.42)

\(3.24,0)

y

(5.00,1.42)

y=Jx)
(3.24,0/ A

4

2 1 0 1 2 4
2

(0,-2.00)

c. Max depth =2+ 1.42

=342 m

3y

2 5} —
. _ < 3 _
d. i. A=-2x s Io (x 3S)olx

— 52
7
gx3 —5x]
7
0

oo

= 7.643 m? correct to

3 decimal places

ii. =10004
=7643 m*

1A

1A

1M

1M

1M

1A

1A

28

ii.

V'=10004

= 1000(% base X height)

3

= 2000x 5%
— 6687.40 m®

av._dn av
dt dt  dh
av dv

— =—0.02Xx—
dt dh

V= 10001bh
2

Using similar triangles:
1 3
2" st

h 2
3
4
1, st
2 2

3
V =500x54h?
3
ﬂ:1000x54h
dh

3
d—V= —0.02x1000x 54
dt

3

= 20x5“hm’h

The rate at which water is decreasing

3

is 20 x 54 h m3/h

1M

1A

1A

1M

1A

1A



Question 3

a.

12=4xB> ..()
48=A4xB* ..(2)
Divide (2) by (1)
4 =R
B=2asB>0 1A
12
A=—=3 1A
4
OR use ExpReg on the calculator.
Fir| Fi- F_31 Flu- ESvl Far F?1 |
Tools|Floks|Lisk{Calc|Diskr|Tesks|Inks
listl [list2 [1ist3 |listd
z iz || ——-
4 4
Tistzl3]=
HMAIN KAD AUTO FUHC ]
[ Fivl Fex [F:
Tools|Fleks|Li
1i=t1 [14] 1#1-Uar Stats.
FTleded Lats,
= HuadEeg..
E:Buhigggg... — g
HuartReq..
FinReg, tats.
FMAIN FAD AUTO FUHC |
e R R R R R 44
1i ExpFRed... a
_1 BEL g —
20, =3 =
4 | =z
-1 ¥z =1.
¥ =1
Tistzl3]=
AN READ AUTO FUMWC '8
o 1 .
Dilation by a factor of 3 from the y-axis:
y=3x 2% 1A

Translation of 2 units parallel to the x-axis:

Yy =3%207 =3 2(3(x_%))

Translation of 1 unit parallel to the y-axis:

3x-4 (3()(%))
2,(x)=3x2%"M 11=3x2 +1 1A

Range (1, o) 1A

29

c. 1.

ii.

iii.
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g4(x) =3 x 20D 1
Lety =3 x 22D _1

Inverse: Swap x and y

x=3x2® 1 1M
224 _ x+1
3
x+1
2y+1=log,( 3 )
-1 1 x+1. 1
=—log,(—)—— 1M
g; (x) > 0g, ( 3 ) 5
1 x+1
=—log,(——
2 0g,( 6 )
Dilation by a factor of % from the
X-axis
Dilation by a factor of 6 from the
y-axis. 1A
Translation of 1 unit to the left 1A
Asymptote: x =—1 and shape 1A
Coordinates of the x-intercept: (5, 0)
Coordinates of the y-intercept:
1 1
(0, 5 log, (E)) 1A
(5,0)
1 2 3 5 *
y=g5'(x)

1
_ (o,%logxg))

SOLUTIONS — continued
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iv. Sketch both graphs and find the
intersection and x-intercepts.

Fir| Fe=| FZ H
Tools Zn:u:-m Trac R-zﬂruwh Muth DFaw|Fenf-

Intersection
®CE L OIVEF4S ucil. 3485226
MAIN FAD AUTO FUNC

3 H
Too1s ZOOM THaCk R&ﬂ?‘d?h Mﬂth DFaw|Fen|:-

P

Zero
#oi -1.292481  gci-4.e-14
HAIN FAD AUTO FUNC

y ~0.53737 p 5
= +
J. 85(x)dx J-70.53737

—1.292481

Fi-| Fer| FZ
Tools|2aom

-1
&3

x
M

Sf O dx=. O7E32826
HAIN RAD AUTO FUNL

Fi-| Fe=| FZ
Tools|2a0m

JECxddx=3.1391892
HAIN RAD AUTO FUNC

A = 0.578328 + 3.139189

= 3.7 units” correct to one
decimal place 1A

Question 4

a. By Pythagoras’ theorem

x2+y2= 502

y=v2500— x> (reject negative solution) 1A

. Highest position when x = 0.

Endpoint will be (0, 50). y =50 cm

Lowest position when x = £30. The
corresponding y-axis value is

2500—(30) =40 or

2500—(-30)" =40

y=40 cm

. . 2
Period along the x-axis = n_/ng =16 sec

-30T

Time for which is given by

(&ﬁ){ﬂ_ﬁj_m
3.3 33 3 seconds

1A

1A

1A

1M

1M

1A



dx 151 .
— =———sin| —¢
dt 4
Whenx=15,¢=
, 157
X =——
(5
151 .
=———s
4
__Isn
4

T

Speed is the magnitude of x'(7)

Spee

d=

15431
8

cm

/s

1M

M

1A

31
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L
=———sin| —¢
8

x(1)

The maximum speed occurs where

1M

1M
t=4,12,..

(This is also evident from the graph of
x v. t, which show the maximum gradient
att=4,12,...)

The speed is the magnitude of x'(¢).

5

Hence the maximum speed is cm/s. 1A





