MATHEMATICAL METHODS
TRIAL CAT 3
1998
SOLUTIONS

Question |

a. From the graph, we see that one complete cycle takes 20 hours. The period is therefore 20 houts.

) . 2m n 10
Attematively, period = H where 1 = a So, the period = 27 x — = 20 hours. e (Im)
x

b. 1= 48 represents midnight on Tuesday and so 12 hours after that, that is, ¢ = 60, represents midday
Wednesday.

¢. We sec from the graph that the maximum height of the water above the river bed is 14 metres.
Therefore, the height of the jetty above the river bed is 15 metres. USRI § §.}}

d. The passengers last chance to access the motor boat on Monday moming is when the river is at

!
15~ 2 = 13metres. So, we require that NaoWM@; 12=13 R |1 1)

e. Frompart d., we have cos——=

afi m Sm Tr \ln 3n
So, - =

10 50 70 110 130

33737373
P2 1.2 1
=3~ 16— ,23= 36— 43~
. 377377370y 3 3
We require those time intervals when the water level is 13 m or higher. By looking at the graph we see
that the passengers can access the totor boats on

i) Monday - between 12am and 3.20am. e {1m)
i) Monday - between 4.40pm and 11.20pm RO (11}
iii) Tuesday - between 12.40pm and 7.20pm RN 1,1}

f. On Monday between 4 40pm and 6pm and on Tuesday between 12 40pm and 6pm, the water level is
G. m or mao..<o E.a the motor boats are running. There is therefore | hour 20 minutes plus 5 hours 20
minutes which gives a total of 6 hours 40 minutes when the motor boats can be accessed by passengers.

v ()
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g. i. The jetty is fixed at 15 metres above the river bed and the lowest teight above the river bed of
the river is 10 metres {this can be read from the graph). Therefote a ladder of length 5 metres

would be required to enable passengers to access the motor boats at all times. e 1m)
L
i, AME=15, h{(5)=2cos 1 -+ 12
s
=2cosT +12
cos -
=2x0+12
=12
By symmetry,at =15, A(19=12. e (m)

For 1 €[0,5]+[15,20], that is for 10 hours out of the first 20, or 50% of the time, the height of the
water is 12 metres or above. Therefore, since the jetty is fixed at 15 metres, a ladder of 3 metres

length is required to enable passengers to access the motor boats 50% of the time. e (0m)
Totat 13 marks
Question 2
a i PA=%5=02 e (Im)
i, ﬂ;kn&iﬁkna:mﬁku& R 4 11
=02+03+02
=07 e My
b. Now, a+b+2b+at+ta+a=]
Since b = 2a, 4a+2atda=1
So, a=0]and thereforeb=02.  .......... {lm)
So,Pr(X =2)=2b=04 e (1m)

¢. Mrs. Pearson and her team are more successful in comectly answering geography questions. (lm}
They are more likely to obtain 3 or more correct answers in geography than in sport. They are more
likely to obtain 0, 1 or 2 correct answers in sport than in geography. e f1m)

d. We require 4 correct answers in geography and 5 correct answers in sport ot 5 correct answers in
geography and_4 cofTect answers in sport gt 5 gorrect answers in geography and 5 correct answers
in sport. L lm)

The probability is therefore given by 0 Ix01+02x01+02%0) o (1m)
=003+002+002
=007 e {1m)

e. To olitain a perfect deore of 30, we need a score of 5 in each of the 6 subjects.
"The probability of the team obtaining a score of 5 in each of geography, history and science is 0.2.
The probability of the team obtaining a score of 5 in each of sport, current affairs and politics is 0.1
........... {1m})
The probability of a perfect score of 30 is 02x02x02x01x01x01
= 0.000008 e fIm)
f. Let ¥ equal the nmmber of times Mrs. Pearson's regular team plays. Now ! has a binomial
distribution where rt=5,x=5 and p=08.
So, Pr(Y = 5)='C;(08)*(02)°
=(08)’
={32768 o (Am)
g. The probability of Mrs. Pearson's regular team competing at the next
W }gameis 08
W 2pgamesis 08x08=064
® 3gamesis 08x08x08=0512
W dgamesis 08 x 08 x08x08=04096 e (Tm)
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So, Mrs. Pearson has a probability greater than 0.5 of having her regular team playing at the next 3
trivia nights. U § 1 1))

Altemnatively, wehave 08" = 05
log, 08" 2log, 05
nlog, 082log, 05

1< log. 05 (Note that we divide both sides by a negative number, that
log, 0. 8
is, log, 0.8~ -02231, and so we must reverse the
inequality sign.) RN § 1, 1
n<31063

So, Mrs. Pearson has a probability greater than 0.5 of having her regular team playing at the next 3
trivia nights. e {Im)
Total 15 marks

Question 3
a. i. Since one of the x-intercepts of the curve js at x = —2.5, then a factor of the expression is
(x+25). e (Imy

i, x®+25¢" —100x—250=x"(x+2.5)—100(x + 2.5) e (I
=(x+25)x? -100)
= (x+25)x— 10)x+10) e {1
x* - 100
Alematively,  x+ M.mvu_ +2.5¢7 - 100x - 250
x? + 25x7
~100x - 250
~100x - 250

So, x’ +2.5x7 — 100x— 250 = (x + 2.5)(x - 10)}(x + 10}

iti. From part ii., the other 2 x-intercepts are at x = —10 and x = 10. So, the width of the puzzle,
including the border, is 10+ 10+ 2+ 2 = 24cm. RN § §.1)

1
b. Find the local minimum value for the function y = Q (x*+2.5x? - 100x - 250)

N & ! Au +5x - 100
ha ARSI _
™ T 100 )
dy
>3~u§:§oq§§§5m§§w«|sc.
So, we need to solve 3x® +5xr—100=0 DR 7]
So, (3x+20)x-5)=0
20
&Hiq or 5 U (11 1))
From figure 3, we see that the minimum oonEm at x=5.
Atx=5, _OOCNu.vmuxwm 500-250)
=-5625 R § 1)}

So, L is the point {5,-5.625).
So, the length of the puzzle is 2 x (5.625+8375) = 28cm e (Im)
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¢.  Width of puzzle minus the borders = 20cm
So, width of piece 1 = 20cm.

Length of puzzle minus the borders = 24cm.
So, the “height”" of piece 1 (that is, the vertical distance from the x-axis to the top of piece 1 ) = t2cm
Areaofpiece } =20x 12 +area | -area2 ... .. (1m)
where area | and area 2 are indicated in the diagram below.

mES area ! falls below the x-axis, the value

—(x? +2.5x7 — 100x — 250)dx will be

._. 100

-2.3

negative and we must take this into account
when writing down an expression for the area of
piece |

area 2

lengih

e width — %
Area of piece 1

=20x _N+mqom 1-area 2

=20x12+ _.tlcﬂ +2.5x% - 100x — 250) |_|? +25x7 - 100x - 250)dx ... (tm)

3,100 4100
t[x* 252 100 11 [x* 25 100x? .
=240+ || =~ - —250x| |-—|%=+ L gs0x _
ool 4 F T3 T2 LTt Ty T 2 L

10000 2500 10000 390625 390625 625
= 240+[-— ﬁ L :mmc& Ai@]j aiﬂl&ﬁ.v

100 4 3 2 4 3 2
I [(39.0625 390625 625 10000 2500 10000
| e T I 05| e — e m = 4 2500
100 4 3 2 4 3 2
. (1m}
= 092448 B+8333
2404+ _SA 41666309, VI _ooccout 319)
= 240+|- 44,7591 - 1 14258 L (1m)
=240 + 44,7591 - 11.4258
= 273.3 square units (correct to | decimal place) o (im)
d. domain =[-8,-2}u(-2,9] ()
range = |- 8,3) (3,8} i)
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Wh =8 =
ey ¥ &...m.u
becomes 8= ! +3
x+2
5= L
x+2
S(x+2)=1
5x+10=1
S5x=-9
9
HH!WH|~.@ e (Jm)

The horizontal straight edge extends from x = —18 to x = 8, that is, a length of 9 Bem
To find the vertical straight edge.

1
When x =8, =—143
Y842
li_|+u
10
lu‘_llu_ 1
AT I R 1))
The vertical straight edge extends from y = 3.1 to y = B, that is, a length of 4 9cm.
The tetal length of the straight edges of piece 1 of the puzzle is 98+4.9=14T7em. ... ... .(Im)
f. We are looking for the rule of the inverse function o:\nkn‘ 3
x+
1
So, swap x and v. x=—"7+3
p ¥ ye2 oo 1M}
(x-3}y+2)=1
1
4+2=—"
Y x-3
E..Hlu e {1lm)

Tatal 21 marks
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Question 4
a. a is the x-intercept of the graph.
Let xlog, (x)-x=10

X
log,{x)=
X
log,(x)=1
So, e =x
The x-intercept is x =¢€,s0 a=¢€. e ()
b. f(x)=xlog, (x)-x
\Anwnx..b_m+_x_om.nhvw_ e (1m)
=1+log,(x)-1
=log, x e (1m)
¢, A minimum occuss when f'(x}=0
So, log, x=0
e =x
So, x=1 e (Im)
When x=1, y=1xlog, 1-1
=1x0-1
=-1
Minimum pointis (1,-1} ... (im)
d. When f'(x}=1,wehave log, x= l,s0, x=¢.
So the point of tangency is (¢,0). e tm)
The equation of the tangent is y— 0= I{x— €}
y=x-e _....{lm
The y-intercept occurs whes X = O, thatisat y = —¢.
So, the point A is (0,—¢). e (Ym)

The exation of the notmal is y — 0= ~l(x-e)

. y=-x+te e (1)
The y-intercept occurs when x = 0, thatisat y=¢.
So the point Bis (0,¢). e {1
The distance between point A and point Bis 2¢ units. e (Im)
Total 11 marks
END OF SOLUTIONS
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