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Mathematics Extension 2

Section |
10 marks

Multiple Choice Answer Key

Question | Answer | Outcomes Assessed | Targeted Performance Bands
1 & MEX12-2 E1-E2
2 B MEX12-2 E1-E2
5 A MEX12-2 El
4 D MEX12-3 E2
5 A MEX12-5 E2-E3
6 D MEX12-4 E2
7 C MEX12-4 E3-E4
8 A MEX12-1 E3-E4
9 B MEX12-6 E3-E4
10 (e MEX12-5 E4

Question 1 (1 mark)
Qutcomes Assessed: MEX]2-2
Targeted Performance Bands: EIl-E2

Solution Mark
n—1=(n+1)(n—1).1fn+1>2,andn— 1 > 2, the definition is satisfied. Therefore 1
n = 3 satisfies the definition. .
|
Hence C |
Question 2 (1 mark)
Outcomes Assessed: MEX]2-2
Targeted Performance Bands: EI-E2
Solution Mark |
The sum of two rational numbers is rational, hence statement X is true. However, the sum !
of two irrational numbers could be either rational or irrational. e.g. (14 v/2)+ (1 —/2) = 1
2 € Q whereas V2 + /3 & Q. Therefore Statement Y is false.
Hence B
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Question 3 (1 mark)
Outcomes Assessed: MEXI2-2
Targeted Performance Bands: El

Solution Mark

I 4 G
C—y+y2 | Ry

Hence A |

s , hence the error is at line A. 1

Question 4 (1 mark)
Outcomes Assessed: MEXI2-3
Targeted Performance Bands: E2

Solution Mark
$profit 25 x 530+ 55 x 380+ 10 x 410
tonnes sold 254+55+10
25 530
55 -1 380 1
10 410 a-b
=N NG |
5511 |
10 1
Hence D |
Question 5 (1 mark)
Outcomes Assessed: MEXI2-5
Targeted Performance Bands: E2-E3
Solution Mark |

I:/In{xz+l)dx Letu=1In(*+1) ,v=x

ox
Sodu= 5 ,dv=dx |
x4+ 1

I-—-xln(.xl+l)—-/x22fldx 1 i

1
=xln(x2+l)——2/.1—mdx |

=xIn(x®+1) —2x+2tan ' x+¢ |

Hence A
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Question 6 (1 mark)
Outcomes Assessed: MEX12-4
Targeted Performance Bands: E2

Solution Mark]
0-1=0
(@—1) (0> +©+1) =0, and since ® ¢ R
0’ =—-(0+1) I
Therefore (1 — @ + %) (1 + 0 - 0%) = (1 -0 -0 - 1) (-0’ - 0)
=20 x —20°
— 4> =4, since @ =1
Hence D

Question 7 (1 mark)
Outcomes Assessed: MEX12-4
Targeted Performance Bands: E3-F4

Solution Mark
argz = _ﬂ£
al'gﬂ—-O henccarg( 0#ar |
al'gb = T hel‘lce arg (b3) e %{ . equ[valent to __JT # argz. I
argc = _— , hence arg ((,‘3 = __I'S_:r' ' equwalcnt to _4_11: = argz.
argd = —2%  hence arg (d°) = — % # argz.
Hence C

Question 8 (1 mark)
Outcomes Assessed: MEXI2-1
Targeted Performance Bands: E3-E4

Solution Mark
Contrapositive is (@ = ¢) = ~(a=>bAND b= ).
Now, —(p AND g) is logically equivalent to -p OR —g, hence 1o
—(a=c)= (=(a=b) OR~(b=c)). |
Hence A |
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Question 9 (1 mark)
Outcomes Assessed: MEX12-6

Targeted Performance Bands: E3-E4 jm
Solution - el
ts upwards, so:
With downwards being positive, the acceleration due to resistance kv ac; up
g dx LB S er e
v=g—kv 3;5'1: k2 g—kl-’
dv e B .
vd—_g kv _t:-—E~E§l“|3 kv| +¢
(f).‘_ v Now,thﬂJC:Oe":O'SO I
dv g—kv wpes e
y l)< —kv 0= k2 & :
kK g—kv x__‘___zln|g—-kv|+k—zlng
1 (g kv 2 )
k B kv g_kv I-—"E"’F g Lp
Hence B
Question 10 (1 mark)
QOutcomes Assessed: MEXI2-5
Targeted Performance Bands: E4
Mark

Solution

LHS ofA=f(§;./;bf(x)dx) d.t——-/(% [F(b)—F(a)])a’x

=/(0)dx=c;é RHS
LHS ofB:[b (i [f{x)dx) e /: (%(F(J{)-&—C}) i

(f( )dx F(b) - F(a) # RHS

LHSof C= — /(/bf dx)dx-——]( )dx

d [xF(b) xF(a) + ] F(b)— F(a) = RHS

LHS ofD:af: (/f(x)dx) dx=:—x/: (F(x)+c) dx

= i [some real number] =(=2RHS
b

Hence C
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Section Il

90 marks

Question 11 (15 marks)
Question 11(a) (2 marks)
Outcomes Assessed: MEX12-4
Targeted Performance Bands: El

Criteria ;\'larkh‘_!
e correct solution e |
® progress towards correct solution 1 1

Sample Answer:
2V2e ¥i=2v3 (- - i) =22
Question 11(b) (i) (1 mark)

Qutcomes Assessed: MEX]2-3
Targeted Performance Bands: El

Criteria Mark |
e correct solution I ‘

Sample Answer:
AB =0i—4j+0k

Question 11(b) (ii) (1 mark)
QOutcomes Assessed: MEXI12-3
Targeted Performance Bands: El

Criteria | Mark_‘: .
e correct solution il |

Sample Answer:

AB| = V42 =4

Question 11(b) (iii) (2 marks)
Outcomes Assessed: MEX12-3
Targeted Performance Bands: E2

Criteria Marks |
e correct solution with justification (dot product or cosine rule) 2 |
e progress towards correct solution g
Sample Answer: =
. 4—-4+4 1 = 0
— 0—_/{ 0 = + — —. Hence ZAOB = cos '(1]::71 y
cos ZAOB = ) 3
|OA| < |0B| (\/22+22+2~)
Diactel ded ional ! 5 (= ul vice o student rther I is not the intantion
Thse i:I;:l;tlnn consiedin LT s i ESSA Trial HSC Emminc:n?::!h;Lﬂfﬁ::gnzi:e:ll?;:z:;5:?:1‘:3 ;‘:oav?de re;ir-ler:i:-':\ -::':_\rm.l: \".m 50 \Ir\:u lniiy can

i Il possible 5
;LCSS“ [? provf:e(sf;cnl:ca:‘da:‘;l:g?fuslscco';e:rll‘lon:garlﬁzm;mams_ as established by the NSW Educalion Standards Authority. No guaraniee or warranty is made or implied wilh
ier explore, U

n alines In ion n c H mination question or answer. The CSSA assumas
respect 1o the applicalion or use of CSSA Trial HSC Examination Marking Guidelines In relation to any specilic Trial' HSC Examina

0 I'abﬂl!ly Olr rI.’SPﬂI nsibility for the accuracy, co pleteness or usefulness ol any Marking Guidelines provided for the CSSA Trial HSC Examination papers.

no i

ol il

T e e Wi e S T




Question 11(c) (3 marks)
Outcomes Assessed: MEX12-4
Targeted Performance Bands: E2

Criteria Marks |
o correct sketch including the point z —Z, not just the vector fromzZ to z <
e two correct points, probably z and 7 as reflections over x-axis 2
e at least one correct point, representing modulus and argument sl )
Sample Answer: !g:-__ o
The image to the right displays the four o e
points. Note that the question is not asking it \ A
for the vector from 7 to z, but rather the % \Z=2e™
number z — Z, which sits between i and 2i. : ;
'-. I 2 Re
vz
Question 11(d) (3 marks)
QOutcomes Assessed: MEXI12-6 sl g
Targeted Performance Bands: E2
Criteria | Marks
e correct solution 3
o evaluates period 2
e evaluates n 1

Sample Answer:

The particle is moving in simple harmonic motion, so a = —4%x . n=4.
So period = 2% = Z_ The particle returns to the origin in half a period, hence in £ s.

Question 11(e) (3 marks)
QOutcomes Assessed: MEXI2-1, MEX]2-4
Targeted Performance Bands: E2-E3

Criteria Marks |
e equates LHS and RHS to complete the proof 3
e expands LHS or RHS correctly 2
o correctly sets up real and imaginary parts of both numbers and substitutes 1 ]
Sample Answer:
Letz=a+ib and w=c+id wherea, b,c,d € R.
LHS =Zw RHS=Zxw
= (a+ib) (c+id) = (a—ib)(c—id)
= (ac—bd) +i(ad + bc) = (ac —bd) - i(ad + bc) = LHS

= (ac—bd) — i(ad + bc)

Disclalmer
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Question 12 (15 marks)
Question 12(a) (i) (2 marks)
QOutcomes Assessed: MEX]2-3
Targeted Performance Bands: E2

Criteria Marks

e correct solution 2

e correctly substitutes in at least one dimension I

Sample Answer:
9 il 2 S0,9=—1+2u = p=5
k=12 |+u|-3 Further, k=2-3u = k=-13.
24 —6 6

Question 12(a) (ii) (3 marks)
Qutcomes Assessed: MEX12-3
Targeted Performance Bands: E2

Criteria Marks

e correct solution 3

e finds A in terms of i or similar progress -

e correctly substitutes in at least one dimension =

Sample Answer:
Fromi,7+A=-1+2u = A=-8+2u, andfrom j, —1+31=2-3u
Substituting the first into the second gives: — 1 +3 (-8 +2u) =2 —3u
On=2+24+1
Which gives 4 =3 and A = —2. Substituting in L or L, gives the point (5,—7.12).
Question 12(b) (4 marks)

Outcomes Assessed: MEXI2-5
Targeted Performance Bands: E2

Criteria Marks |

e correct solution 4

e correctly integrates and correctly substitutes limits

o correctly integrates or correctly substitutes limits

— 2 W

e devises appropriate substitution or similar progress

Sample Answer:
If x = sin 6 then dx = cos68d0.
Whenx =0, 0 =0, whenx = —, 6 = 7.

1 X

B fﬁ sin® @

dx = cosBdo

0o V1-x2 0 (

[—cosf+1 cos® 6]§

+(&)) -1+

_)+%

Il

S Si-
+
=AY

Il

TR
-5
12

S

7 8
=/Isin6(l—coszﬂ)d9 =
0

Disclaimer
The In this is d for the p i of only g stalf. It does not constitute advice 10 students. Further I is not the intention
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Question 12(c) (3 marks)
Qutcomes Assessed: MEX]2-4
Targeted Performance Bands: E2

Marks

Criteria

e correct solution

e finds square root of discriminant

oo

e finds discriminant or attempts quadratic formula

Sample Answer:

Let a and b be real numbers such that (a + ib)2 = A = (7 —i)* — 4 (16 +4i) = —16—30i.
Hence a? — b? = —16 while 2ab = —30. By inspection, a =3 and b = —5.

e P ORIV 9 S PR P ; -
Therefore z = @ ,)21(3 i 42 i or 2+ = —2-2ior —5+3i.
Question 12(d) (3 marks)

Outcomes Assessed: MEX12-5

Targeted Performance Bands: E2-E3

Criteria Marks
e correct solution 3
o finds correct partial fraction expression to integrate 2
e attempts partial fractions or similar progress I

Sample Answer:

/xhzdr_/ O4x x+2 i Then (A+B)x> +Cx+A =x+2

B4x B4x x(x2+1) HenceA=2,B=-2,C=1.
S o A Bx+C

Now, if =

x(x2+1) =;+x2+l

X3‘—

Andfurther,/ 2dx=/.(l—g+2§_i)dx
B4x X x4 1

2x 1
=R te L ff
% 2]"H/,r2+law /x2+1 2

=x—21n|x|+ln|x2+I|—lan']x+c

Question 13 (15 marks)
Question 13(a) (2 marks)

Qutcomes Assessed: MEX]2-2
Targeted Performance Bands: E2-E3

Criteria Matks
e completed proof :
| ® significant progress towards proof l
Sample Answer:
: |
a;b>0 = (\/ab--/':e) >0 = ab+2+ ;>4
Vab

1 1
: = (a+3)(b+1)>4
= ab—-2+_4;2>0
Disclaimer
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Question 13(b) (i) (2 marks)
Outcomes Assessed: MEX12-4
Targeted Performance Bands: E2

Criteria Marks
® correct solution 2
® evaluates b or ¢ or work of equivalent merit J]

Sample Answer:
f(-"')=(-1'+3)(x'—2)(x2+bx+c)
J0)=—6=3%-2xc =" co=]
fll)=-d4=4x-1x(1+b+1) = b+2=1 = b=-1I
Now the two non-real roots of the equation gre given by:

2
Pox+l=23 - -
4 4 | 2 )? i
xX= 3 1
Question 13(b) (ii) (2 marks)
Outcomes Assessed: MEX]2-4
Targeted Performance Bands: E2
Criteria Marks ‘
e correct solution -
® one correct root or both correct moduluses or both correct arguments I 1
Sample Answer:
ot ! . . E e z . _E
x=1(cos§+isin§) or 1 (cos (~%) +isin (—%))
Question 13(b) (iii) (2 marks)
Outcomes Assessed: MEX]2-4
Targeted Performance Bands: E2-E3
Criteria Marks
: )
e correct solution 2
e at least two correct points 1
Sample Answer: ; g In
1 1 % + 5?-1'
/
) 2 -1 o 1 R._'
[
s i
?:.ummr ined in this Is intended for the prol of anly teaching staff. It does not constitute advice to students. Further It Is not the intention
e s for all possible CSSA Trial HSC Examination answers. Ralher the purpose is 1o provide teachers with information so that they can
e o Y g e ety ir S R e oy € e
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Question 13(b) (iv) (1 mark)
Qutcomes Assessed: MEX]2-4

Targeted Performance Bands: El ik L
e Mark
Criteria e e e
e names the kite e
Sample Answer:

Two pairs of adjacent sides are equal, hence they form a kite.

Question 13(c) (i) (1 mark)
Outcomes Assessed: MEX]12-3
Targeted Performance Bands: E2

Criteria M;]"k ,|

e correct solution o L RN e J
Sample Answer:
5 3
LHS=|[ -10] - | -12 || =4/22+22+ (-1)> =3 =RHS
3 4

Question 13(c) (ii) (2 marks)
Outcomes Assessed: MEXI2-3, MEX12-7
Targeted Performance Bands: E3

Criteria | Marks |

e correct solution | 2
| ® some progress towards correct solution |
Sample Answer:
Centre of sphere is (3,—12,4), and the point on the sphere farthest from the origin would
be 3 units (one radius) farther along the vector OC.
Now, |0C| = /3% + (—12)2 +42 = 13, so the point P on the surface of the sphere farthest
3
13+3 ; 48 192 64
from O will be given by: (TP? =t 12 |. Hence the point P = | —, ———, —)
13 3 135888135413

isclaimer
'Il?ne information contained in this document is intended for the professional assislance of only teaching stall. It does not constitute advice to students. Further it Is not the intention
of CSSA to provide specific marking outcomes for all possible CSSA Trial HSC Examination answers. Rather the purpose Is to provide teachers with information so that they can
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Question 13(d) (3 marks)
Qutcomes Assessed: MEX] 2-2, MEX12-8
Targeted Performance Bands: F3

Criteria M“ﬂ&l
e Completes the proof correctly 3 |
e Substitutes the correct expression forn =kandn =k + | - _l
® Demonstrates the result true for n — 7 l |

Sample Answer:

RTP: 30 —3n < 2"~ | forn>7
PROOF: ifn=7, LHS=21 x6 = 126
RHS=2"—1 =127 >LHS. Hence the result is true for n = 7.

Let’s assume the result is true for some integer k.

That is, assume 3k (k — 1) < 2X — | and then attempt to prove that 3 (k+ 1)k < 2571 — 1.
So, IF3k(k—1) <2k —1

THEN 6k (k— 1) < 2kt1 _2

THEN 6k% — 6k + 1 < 2k+1 _ |

THEN 3% + 3k + (3k2 — 9k + 1) < 2k+1 — |

Now to arrive at the result, we now need 3k*> — 9k + 1 > 0, which is true for k > b@.
Further M ~ 2.9, so for the values of k > 7 in this result, 3k — 9k + 1 > 0.

Putting this together, 3(k+ 1)k < 3(k+ 1)k+ (3k* — 9%+ 1) <2*+1 -1
Therefore, 3 (k+1)% —3(k+1) < 2k+1 — |

Hence if the result is true for n = k, the result will be true forn =k + 1.
By the principle of Mathematical Induction, the result is true for n > 7.

L Tl N L T TR PR T T T T P T TR S I Ay
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Question 14 (15 marks)
Question 14(a) (i) (2 marks)
Outcomes Assessed: MEXI12-4
Targeted Performance Bands: E2-E3

Criteria Marks
e correct solution 2
e expands correctly or recognises sum of roots= 0 or equivalent merit B

Sample Answer:

1\2 ] Now given 2=1
LHS = (z+z  )*+(z+z7)—1

| -1 (F+3+2+z+1)=0
402 Y -+
1'3(54'*225 +1+2 +¢—z2) andsincez# 1,2 +2 + 22 +z2+1=0
LHS =0 =RHS
-I;(z4+23+22+z+1)

“

Disclaimer
Tn?zcai‘niormalmn contained in this document ks intended for the prolessional assistance of only teaching staft. It does not constitule advice o students. Further it Is not the Intention

of C5SA 1o provide specific marking oulcomes for all possible CSSA Trial HSC Examination answers. Rather the purpase is lo provide leachers with information so that they can
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Question 14(a) (ii) (1 mark)
Outcomes Assessed: MEXI2-4
Targeted Performance Bands: E2

Criteria M‘E
e correct solution

Sample Answer:

—

RHS = %(coseq- isin@ + cos(—0) + isin(—0)), and since cos is even fn and sin is odd
= 1 (cos @ +isinB +cos(6) —isin(6)) = 1 x2cos6 =LHS
Question 14(a) (iii) (2 marks)

Outcomes Assessed: MEX12-4
Targeted Performance Bands: E3

Criteria Marks
e correct solution -
® some progress towards correct solution I
Sample Answer:
z is a non-real fifth root of unity so g —2tvatile 14 V5
= cis @ where 0 = +2% or + 4% e 8 e aaied
From (i) and (ii): Now, cos 2% > 0.
(2c0s6)% + (2cos0) —1 =0 21 —14/5
4c0s20+2c0s0—1=0 Thereforccos?=—4 ;
Question 14(a) (iv) (3 marks)
QOutcomes Assessed: MEX]2-4
Targeted Performance Bands: E3-E4
Criteria Marks |
e correct solution |
e evaluates |z, — 2| and |z3 — | correctly 2
e evaluates |z, —z;| or |z3 — z; | correctly or significant progress towards both |
Sample Answer:
From (iii), cos 23’5 = "141’5. Whereas cos 45—“ < 0 and hence cos ‘%‘T = %‘/E.
|23 — 21| = [cis 3& — 1| Also |z —z1| = |cis 2 — 1
=\/(cosis’5— )2+(sini‘;j"£)2 =4/2—2cos %%

= \/2—-2(:05“5—" = \/2+%+52§

Il
o
+

=

I

o

L VAR T — V5-V5
V2 v2
B-2|_ 5B _ [ [ (B} VE4I :
Hence T S\ e o T required.

Disclaimer
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Question 14(b) (i) (1 mark)
Outcomes Assessed: MEX12-3
Targeted Performance Bands: F>

Criteria Mark
e correct solution |

Sample Answer:
Whent=3r=—

;g .l

Question 14(b) (ii) (3 marks)
Outcomes Assessed: MEX]2-3
Targeted Performance Bands: E3

Criteria Marks
e correct solution, NB there are many correct vector equations for the line 3
e evaluates direction vector v(3) or a scalar multiple of the direction vector 2
@ differentiates correctly to find v (1) 1
Sample Answer:
x()=% [— sin (§1) i+ (—sin (5) +cos (%1)) j +cos (%1) g]
-1
= L S O Tt U T o BT el
x(3)=1% [ 75.l_+( A+ w)ﬁ%fg] =7 l2
i
7 —1
Therefore the tangent will be givenby: r=| 0 |+A[-2],forA€R.
1
7 1
Question 14(c) (3 marks)
Outcomes Assessed: MEXI2-5
Targeted Performance Bands: E2-E3
Criteria Marks |
e correct solution 3 |
o correctly completes two substitutions or one substitution with correct limits 2 |
o correctly completes at least one relevant substitution with or without limits i
Sample Answer:
Attempting with a single substitution: /9 v dx = /2 1 X 4u (!:2 —1) du
Leti? = 14X 0 VI+Vx 1 :‘
el =4/t w?—1) du
2udu = m dx 1 ( i )
dur/xdu = dx :4[5_31__"]-
4u (1:2 - I) du=dx 3; 1 : .
=4[(3-2)-(G-)]=%
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Question 15 (15 marks)
Question 15(a) (4 marks)

Outcomes Assessed: MEXI2-5
Targeted Performance Bands: E3-E4

Criteria M«':‘l'ks
e correct solution 3
e two correct applications of integration by parts to arrive at [ f(x)d: :
e one correct application of integration by parts ]

e correct x-intercepts

Sample Answer:
it
x) =e *cosx 0 . Now, the x-intercepts at e~ cosx = 0, hence at x = 5 then
i ; p

3% and since e~* > 0 the S|gn of the cosine function will be the sign 3(‘)f the function, so
T
the curve is above the x-axis for 0 < x < 5 and bclow for for § < x<

So we’re looking to find the ratio of integrals / f(x)dx: / f(x)dx.
/e Ycosxdx dv=e "‘dx and U = COSX
v=—e" du = —sinxdx
Hence, /e"‘cosxdx = [—e_xcosx] —/—e" X —sinxdx

= —e *cosx— fe" x sinxdx

dv=e *dx and =sinx

v=—e"* du = cosxdx

Hence, /e“‘cosxd.r = —e *cosx— (—e_xsinx—/—~e—x X cosxdx)

So, Z/e'xcosxdx = —e¢ ‘cosx+e Tsinx+c

Finally, /e“ cosxdx = %e“ (sinx—cosx)+c

Ratio of areas will be given by

x iz

Fid in
7 7 3 5
/ f(x)dx: -/ f(x)dx= [%e_‘ (sinx~cosx)] T [%e"‘ (sinx—cosx)]
0 H 0 3
= [e-§ (1—0)—e°(0— 1)] = [e*’*f” (S0 =eal(l ~0)}
= (e"#”r + I) ; (8_325 +e_§) , now multiply both terms by et
o e’ (e§ + l)
= (e”+e"-") (146" = S required.
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Question 15(b) (4 marks)
' Outcomes Assessed: MEXI2-6, MEX]2-7
| Targeted Performance Bands: E3-FE4

Criteria

e correct solution

e uses initial conditions to find x as a function of v

e integrates to find an expression for x wrt v, even without constant
e correct v

Sample Answer:

Gravity acts in the direction of the slope with magnitude 10cos60° =5 ms 2.

Also since F = ma, the acceleration due to friction is 55 .
V==5-3
dv_ 100+v
Vi aisi=20
dx i 20v
dv 100+v

20v
o "/ 100+

v4+100 100
o i d
* 20/(v+100 v+100) %

—x =20(v—100In|v+ 100]) +¢
When x =0, v = 144 km/h = 40 m/s, hence
0 =20(40—1001n 140) +c¢
¢ =20(1001n 140 — 40)
—x=20(v—1001In|v+ 100| 4 100In 140 — 40)

v+ 100
140
When v=0,x=20 (40+ IOOln%) =~ 127 metres.

Question 15(c) (i) (2 marks)
Qutcomes Assessed: MEX12-7
Targeted Performance Bands: E2-E3
Criteria | Marks |
e correct solution A
e significant progress towards correct solution (=1

x=20 (40—v+ 100In

Sample Answer:
From the Reference Sheet: sinAsinB = } [cos (A — B) —cos (A +B) |
So, RHS = 2sin ((n— 1)x) sinx
= cos ((n— 1)x—x) —cos(((n— 1)x+x)
= cos(((n — 2)x) —cos(nx) = LHS

Disclalmer hi
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Question 15(c) (ii) (2 marks)
Outcomes Assessed: MEXI2-7
Targeted Performance Bands: E3-E4

Criteria Marks 5
e correct solution 2 |
e uses identity in (i) to find simple sine integrand or similar progress 1

Sample Answer: LHS =1,—1, 2

cosnx cos(n—2)x
:f sinx d.r—-[ sinx &
AR / cos ((n—2)x) — cos(nx)

sinx

dx, and from (i):

2[—sin((n—l)x)dx

1
2[;_—1 x cos ((n— l)x)} +c
= RHS

Question 15(c) (iii) (3 marks)
Qutcomes Assessed: MEXI2-5
Targeted Performance Bands: E3-E4

Criteria  Marks
- |
e correct solution |$583 i
e uses (ii) to find an expression in x for the integral | 2
e expresses integral in terms of [, |1
Sample Answer:
x X
3 cos2x—cosbx >
——————dx=|hL-1Is
0 sinx 0
X
} .
=|—-(le—1ls)—(4—DL)| . and from (ii):
0
X
2cos(5x)  2cos(3x) |3
- -
5 SR 3
20781 2
=—|2[==1)+=(=1-1)
{5 2 3
1 il 4 23
S ]S
Disclaimer
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Question 16 (15 marks)

Question 16(a) (3 marks)

Outcomes Assessed: MEX12-7, MEX12-8
Targeted Performance Bands: E3-E4

Criteria Marks
e Completes the proof correctly 3
e Correctly illustrates the figure for n = k 2
e Demonstrates the result true for n = | I

Sample Answer:

In the case of n = 1, the triangle of side Not to contribute to the proof, but the case
length 2' = 2 has one triangle left over, as of n = 2 is pictured, with total side length of
shaded. 22 — 4 and 1 missing triangle, as shaded.

Hence the result is true forn = 1.

Assume the result is true for
some integer n = k, which
means it is possible to create

a triangle of side length 2* with
one triangle of side length |
missing in the corner.

Now take four of these triangles
of side length 2* and arrange
them as in the diagram on the
right. Observe that one of the
tiles can fill the gap left by three
of the missing corner triangles
on the right.

Thus an equilateral triangle with
sides 2k 4 2% = 2%*1 with one
triangle of side length | missing
in the corner.

Hence the result is true by the Principle of Mathematical Induction.

Disclaimer - .
The Information contalned n this document is intended for the professional assistance of only leaching staff. It does not constitute advice to students. Further it is not the intention
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Question 16(b) (i) (3 marks)
Outcomes Assessed: MEXI2-3
Targeted Performance Bands: E3-E4

T Ma
Criteria ;ks
e correct solution -
e evaluates 1 for Q ]
e substitutes [0Q| = 25 into |r|
Sample Answer:
2
it mt {
2 2 1) 2 (_) (—
- — = coS i
100 = 25% = 49sin (32)+49 Nl
IZ
625 =49+ —5
152
2 =576 x 15
t =24 x 15 = 360 seconds
So, if t = 360, then % = 437
=78 451".'_+? 457r_+360
rit)=17/sin—-:1 COS — o
4 T A% Slztey sis
=37 —3r .
=7sin—1i + 7cos— j + 24k
A 4 =
= (=L, =1,24
Therefore Q (75, 7 )
Question 16(b) (ii) (2 marks)
Outcomes Assessed: MEXI2-3
Targeted Performance Bands: E3-E4
Criteria Marks |
e correct solution 2
e attempting to solve for x = 7 or work of similar merit [l |
Sample Answer:
The line x = 7 is crossed when the / component is equal to 7.
T
Isin— =7
32
TR ESTTROT
32BN i
1 =16, 80, 144, 208, 272, 336, 400, - - -
Hence line x = 7 is crossed 6 times in the 360 seconds it takes the ant to crawl to Q.
Disclaimer
The inlormation cantained in this document is intended for the protessional assistance ol only teaching stalf, It does not constitute advice to students. Further i is not tha intention
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Question 16(b) (iii) (2 marks)
Outcomes Assessed: MEX]2-3

Targeted Performance Bands: F4

Criteria

e correct solution

_—F—Mﬁks—‘
2

conceiving of the ant’s path as a rectangle

o significant progress towards correct solution, for example finding the arc length QP or —'J

Sample Answer:

As illustrated in the diagrams on the right,
the most direct path from Q to P can be
found by considering the cylindrical column (

as a rectangle with QO and P as opposite
vertices.

ABOVE VIEW

Let the point P’ be at the same height of Q
and directly above P. Hence P' = (0,7,24),
and the points Q and P’ lie on the plane
z=24, as in the first diagram on the right.

The arc length from Q to P’ will be 7 x 3%,
This is also represented in the second
diagram, and this gives: x

“

2 S
217 ‘

The ant’s path QP = (/242 + (T) .

~29.1cm 24 A

Disclaimer

The contained in this is for the p lonal of only
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Question 16(c) (5 marks)
Outcomes Assessed: MEX12-6, MEX12-7

Targeted Performance Bands: E3-E4
Criteria

e correct solution

e forming an equation with only vo

e one correct integration on the downward journey
e correct substitution of initial conditions

Marks
5

—| o W]

e one correct integration on the upward journey

Sample Answer:
Upwards is positive, and On the downward jou_nTey
when x =0, v = vo. let downwards be positive, and
dv whenx=0,v=0.
v=v—=—10-0.01v? i ;
2 vy=v— = 10—0.01v
dv_*OOl(IOOO—PV) dx
dX ey v _o.01 (—1000 -—v)
dx S50 v dx
dv 1000 +2 00 [ )
2v dv 1000 — v?
x=-50/————dv Fing
1000 +12 x=_50/___2dv
= —501In[1000+v?| + ¢y 1000 — v
when x =0, v =g, 50 = —501n|1000 — v*| +¢2 |
0= —501n|1000+vo?|+cy whenx =0, v=0, so |
e 1000+VU2 0=—50]n|]000|+(,‘2 i
~ [ 1000+2 e i e
Reaches max height, x = H when v =0 1000 — v=
1000 +vo?2
H= A D
SOIn’ 1000
- “ Vo
On impact, x = H , and crucially v = = i
(1000+V(]2) (]OOO_ (_0) ) = 1000?
1000+ vp? 1000 7
=000 | =" T000— (va/7) 2 11000/, 1
— (o 1000vy > — Rl LG
$JE TRME T =

vo? (vo? + 1000 — 49000) =0

Hence vo = 0 or /48000 ~ 219.1ms™".
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