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HSC Mathematics Extension 2 Trial Examination Solutions and marking guidelines

Section |

Sample answer

Syllabus content, outcomes and targeted
performance bands

Question 1 A MEX-P1 The Nature of Proof
5 MEX12-8 Bands E2-E3
LetPbe n” +4n+ 1 is even and let Q be n is odd.
The contrapositive of P = Q is (~Q) = (~P).
So the contrapositive is “If n is even, then n2 +4n+1 is odd”.
Question 2 A MEX-C1 Further Integration
dv du MEX12-5 Bands E2-E3
Integration by parts takes the form J-u——dx =uv-— Iv——dx.
dx dx
Let u=x> and &= ¢
dx
So 9% =25 and v=—¢"
dx
Substituting into Juj—;dx =uv-— J‘VZ,—de gives:
J‘xzefxdx =y J‘(—efx)(Zx)dx
So J-xzefxdx = x4 J.erfxdx.
Question 3 D MEX-C1 Further Integration
MEX12-5 Bands E2-E3

In general, if the factor in the denominator is (ax + b)n, then the
corresponding term(s) in the partial fraction decomposition is

A A A
L 2 St L -
ax+b (a.x+b) (ax+b)
Here, ()c—3)2 corresponds to i+ B 5
T (x-3)

. . .2 . .
If the factor in the denominator is ax™ + bx + ¢ (with no linear factors),
then the corresponding term in the partial fraction decomposition is
Cx+D

ax2+bx+c
+ B >
T (x-3)

Cx+D
+

5 .
X +2

So the partial fraction form is

Question 4 B

Geometrically, to form OC from OA, we rotate OA anticlockwise

through an angle of g and then double the length of OA.

Anticlockwise rotation through 7—2z is equivalent to multiplying

by i, and doubling the length is achieved by multiplying by 2.

So the complex number that corresponds to vertex Cis 2iw .

MEX-N1 Introduction to Complex Numbers
MEX12-4 Bands E2-E3

2 TENME2_SS_20.FM
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Syllabus content, outcomes and targeted

Sample answer
P performance bands

Question 5 C MEX-P1 The Nature of Proof
To disprove a statement of the form P = Q, we require a MEX12-2 Bands E2-E3

counterexample for which P is true and Q is not true. Here P is x > y.
For A, Q is > yz.
For example, withx=-2 and y =-3, -2 > -3 is true but 4 >9
is not true, and so Q is not true. A is incorrect.
For B, Q is l<l
Xy

; . 1
For example, with x =3 and y = -2, 3 > -2 is true but 5 < —%
is not true and so Q is not true. B is incorrect.

ForC,Qisx+z>y+z.

An inequality is unchanged when the same amount is added to both

sides, so Q is true and hence C is correct.
For D, Qis xz>yz.

For example, withx=3,y=2and z=-2, 3>2 istrue -6 >—4
is not true and so Q is not true. D is incorrect.

Question 6 A MEX-M1 Applications of Calculus
The period is 3 seconds. to Mechanics

) ) MEX12-6 Bands E3—E4
3=ZL—p= __?_,7_1

When t=0, x = 12.

. L 2t
So the equation of motion is x = 12005%.

Question 7 D MEX-V1 Further Work with Vectors

. L. 2 2 MEX12-3 Bands E3-E4
The radius of the sphere is given by r" =|a—¢|”.

a-c=i+3j+k)-(=3i+j-2k)

. . 2 2 . .
The equation of the sphere is |[v —¢|” =r" where v =xi + yj + zk.
In Cartesian form, the equation of the sphere is

(x+3)Y+ (=1 +(z+2) = 49.

Question 8 B MEX-N1 Introduction to Complex Numbers

, - ; MEX12-4 Bands E3-E4
If z=x+yi, then 7 =x - yi.
Substituting these into iZ —iz =2 gives:

i(x—yi)—i(x+yi)=2

2ity=2
2y=2
y=1

Copyright © 2020 Neap Education Pty Ltd TENME2_SS_20.FM 3
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Sample answer

Syllabus content, outcomes and targeted
performance bands

Question 9 C
dv = 1 and so v@ =a= v(i) = l Therefore, the acceleration
dx 2v dx 2y 2

is constant.

Since the acceleration is also positive, the velocity is increasing.

MEX-M1 Applications of Calculus
to Mechanics
MEX12-6 Bands E3-E4

Question 10 C

The angle between the two vectors is defined as the angle between
their positive directions — the angle formed when the two vectors
are placed ‘tail-to-tail’.

Hence the angle between ¢ and b is 7 — 27 _

3

w_la

a-b=|g||b|cos®
= azcos%[ since |a| = |b| and |q| = a

2 . Vid
a since COSE =

N =
N =

MEX-V1 Further Work with Vectors
MEX12-3 Bands E3—-E4

4 TENME2_SS_20.FM
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Section Il

Sample answer

Syllabus content, outcomes, targeted
performance bands and marking guide

Question 11

(a) Let the other root be £.

—if=1-i (product of roots)

1—-i i
=—0X3
- i
=1+
—i+1+i=-b (sum of roots)
b=-1

MEX-NI Introduction to Complex Numbers
MEX12-4 Bands E2-E3
e Gives the correct solution . ............ 2

* Uses product of roots to attempt
to find the otherroot ................. 1

® () a+c=Q+m)i+Q2+n)j+k
As g + ¢ isparallel to b, g+ c=A1b.
Ab=21j+2k
(2+m)i+(2+n)j+k=24j+24k
Equating components of g + ¢ and A5 and solving for
A gives A=%.
So2+m=0and 2+n=1.

Hence m=-2 and n=-1.

MEX-V1 Further Work with Vectors
MEX12-3 Bands E2-E3
e Gives the correct solution . ............ 2

* Obtains correct expressions for g + ¢
and Ab ... 1

(ii) If ¢ is a unit vector, then |¢| = 1, and so Am® +n*=1.
Squaring both sides gives m2 + n2 =1. (1)
Applying the condition ¢ - ¢ =0 gives:
(mi+nj)-(2i+2j+k)=0

2m+2n=0

m=-n 2)
Substituting (2) into (1) and solving for n gives:
2n2 =l=>n= i‘i
2
Substituting into (2) gives:
1 1 1 1

M=——,N=— O0rM=—,Nn=——

22 22

MEX-V1 Further Work with Vectors
MEX12-3 Bands E2-E3
¢ Gives the correct solution . ............ 2

* Obtains two valid equations in m and n. . .1

Copyright © 2020 Neap Education Pty Ltd TENME2_SS_20.FM
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Sample answer

Syllabus content, outcomes, targeted
performance bands and marking guide

(c) u=1-sin2x
du=-2cos2xdx
= —2(20052x - 1)dx

= 2(1 = 2cos*x)dx
When x ==, u=0andwhenx=7—2[, u=1.

1

V4
x 1
[2/T=sin2x(1 - 2c0s"x)dx = uz(%du)
1 0
)

MEX-C1 Further Integration
MEX12-5 Bands E2-E4
e Gives the correct solution. . ........... 4

e Obtains appropriate integral OR
equivalentmerit .. .................. 3

* Correctly rewrites integrand and
limits OR equivalent merit............ 2

* Makes suggested substitution and
rewrites integrand. .. ....... ... ... ... 1

@ O ld=dE) 1’

=2

-1
Argz=tan

il=

NN

Soz= 2(cos7—6z + isin7—6z).

MEX-N1 Introduction to Complex Numbers
MEX12-4 Bands E2-E3
e Gives the correct solution. . ........... 2

* Gives exact argument in radians OR
equivalent merit .. ......... ... ... ... 1

TENME2_SS_20.FM
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Sample answer

Syllabus content, outcomes, targeted
performance bands and marking guide

(i)

Z=3-i
_ Z(COS(—g> + isin(—g))

Applying de Moivre’s theorem gives

7= 2n(cosM+ isinﬂ) and
6 6

"= 2"(005 (—M) + isin(—ﬂ)).
6 6
Using cos(—8) = cos@ and sin(—¢) = —siné to form

n _n .
z —Z gives:

n _n n . .
7z -7 =2 (COS%[+ZSIn%T)—

%) + isin (—MD
6

n n n n n. . n n. . n
=2"cos™” _2"cos™ " + 2"isin™F + 2"isinMF
6 6 6 6

nr

n+1. .
1S

=2
' -7"=0=sin2 2 =0
6
. N1’ .
sm—é—:smkﬂ

k=1=>n=6

Hence the smallest possible integer is 6.

MEX-NI Introduction to Complex Numbers
MEX12-4 Bands E2-E4
* Gives the correct solution

. n _n n+1. .
e Obtains z —7 =2 zsm’%’[

OR equivalent merit. . ................ 2

* Applies de Moivre’s theorem on z and

— . n —n
7 to form expressions for z and 7 ....1

Question 12

(a)

Letu=u1+2i andv=—1+v2i.

MEX-N2 Using Complex Numbers

MEX12-4 Bands E2-E3

u+v=_(u;—1)+(2+v,)i (1) * Gives the correct solution . ............ 2

—uv=(uy+2v,y) +(2-uyv,)i (2) e Uses u + v and —uv to form two
Equating the real components of (1) and (2) gives valid equations. . . . ... 1

1

up—1 =u1+2v2:v2=—§.
Equating the imaginary components of (1) and (2) with v, = —%

. 1 1
gives —5 = i =>u; =-1
So the two complex numbers are u=—1+2i and v=—1— %i.

7
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Sample answer

Syllabus content, outcomes, targeted
performance bands and marking guide

MEX-N2 Using Complex Numbers

(b) |e2i0 + 8721'9’ -1
MEX12-7, 12-8 Bands E2-E4
Use of Euler’s formula and cos(-26) = cos26 and * Finds all EIGHT correct values for 6. ... 3
sin(-260) = —sin26 gives: |
e Obtai 20=%= ... ... 2
|c0s20 + isin26 + cos(-20) + isin(-20)| = 1 ams €os 2
|cos20 + cos20 + isin26 — isin26| = 1 . Uses Edler’s formula OR
2|cos26| =1 equivalentmerit .. .................. 1
So cos26 = i% and -27<260<2x.
cos20=1=20=+%,+(27-Z) and
2 3 3
cos20=-1 2042 +(27-27)
2 3 3
g=+% 128 4T 27
6677373
(c) Consider 72 = 1. MEX-P2 Further Proof by
Mathematical Induction
dy 1 (—1)1 1! 1 dy MEX12-2 Bands E2-E3
dx ; and 1 2 dx * Gives the correct proof 3
dx (1+x) (1+x) 1+ x proof...............
True when n = 1. * Establishes an inductive step OR
Suppose true for n = k. equivalentmerit .................... 2
S dky (-1 )kk! e Establishes the n = 1 case OR
0O —=—, . .
dxk (1+ x)k +1 equivalentmerit . ................... 1
Required to show it is true for n =k + 1.
k+1 k+1 '
Thatis, 42 = L)
dx' " (1+x)
k+1
Las =42
dx "
_ g_{c_l_’iz)
dx dxk
_ E[L)kk'j
d_x (1 + X)k +1
= (D) K=k + D)(1+x)EF2)y
_ D ey
(1+ x)k +2
=RHS
If true for n = k, then true forn =k + 1.
Hence, by mathematical induction, true for n > 1.
8 TENME2_SS_20.FM Copyright © 2020 Neap Education Pty Ltd
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Sample answer

Syllabus content, outcomes, targeted
performance bands and marking guide

(d) (i) Substituting z = x + yi into Arg(z—2i)= ’8’

gives:

MEX-N2 Using Complex Numbers

MEX12-4 Bands E2-E3
* Gives the correct solution ............. 2
Arg(x+(y-2)i) =2
6 . .
e Substitutes z =x + yi and attempts
y=2_ tanZ to express y in terms of x OR
X 6 equivalent merit. . ................... 1
y=2_1
x 3
1
y-2=—x
J3
y= L)c +2,x>0
/\/3 )
(ii) MEX-N2 Using Complex Numbers
A MEX12-4 Bands E2-E3
¢ Correctly sketches the relation ......... 1
0,2)
(0] }x
Copyright © 2020 Neap Education Pty Ltd TENME2_SS_20.FM 9
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Sample answer

Syllabus content, outcomes, targeted
performance bands and marking guide

(iii)

YA

R(0,2)

P(3,-1)

The complex number z lies on the ray Arg (z —2i) = 78[ .

|z—3 +1i| is the distance from the point P(3, —1)
to the ray.

The minimum distance from point P to a point Q on the
ray occurs when ZRQP = g . This is the condition for

the least possible value of |z -3 + .

T T
RP=A/32+32 ZQRP=6 +4_1
=3,\/§, _5_72.
12
£=sin5—”

The compound angle formula
sin(A + B) = sinAcosB + cosAsinB can be used to
find the exact value of sin 51—7; .

.5 . (7[ ﬂ)
sin== =sin| = + =
12 4 6

T T T .7
=sin= cos= + cos~ sin=
4 6 4 6

(Bl
NN
_B3+1

242

op=32(B+1)
242

_3(J/3+1)
- 2

So the least possible exact value of |z —3 +i| is

3(J3+1)
et

MEX-N2 Using Complex Numbers
MEX12-4 Bands E3-E4
e Gives the correct solution. . ........... 4

¢ (Obtains the exact value of sin?—g ...... 3
e Obtains RP and ZQRP OR
equivalentmerit .. .................. 2

* Recognises that the minimum distance

from P to Q occurs when ZRQP = g R |

10
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HSC Mathematics Extension 2 Trial Examination Solutions and marking guidelines

Sample answer

Syllabus content, outcomes, targeted
performance bands and marking guide

Question 13

(a) Assume that there exists p, g € N such that MEX-P1 The Nature of Proof
log,5 = 2 \where ¢ > 1 and the highest common factor MEX_I 22 Bands E2-E3
q e Gives the correct proof ............... 3
ofpandgis 1.
P ¢ Determines
log,5=E=5=21 L
9 1og25=§:>5=2q:>5‘1=2” ......... 2
Taking the gth power of both sides gives 57=2"
EITHER: e Attempts proof by contradiction . . ...... 1
Therefore, 5 is a factor of 57 but not a factor of 2°.
OR
2 is a factor of 2” but not a factor of 57.
OR
57is odd and 2 is even.
Then:
No p and ¢ such that p, g € N satisfies the equation 57=2"
and this equation must be a contradiction.
So log,5 is an irrational number.
(b) (i) x=asin(nt+ a) MEX-M1 Applications of Calculus

When t=0,x=§ and so §=asina:> a=

NIy

Sox= asin(nt+ 7—6[)

to Mechanics
MEX12-6, MEX12-7 Bands E2-E4
e Gives the correct solution.. ... ......... 1

(i) Find the value of  when x = a.
a= asin(m‘ + E) = sin(nt + 71) =1
6 6

nt+

=t=

AN
NIy

2N

MEX-M1 Applications of Calculus

to Mechanics

MEX12-6, MEX12-7 Bands E2-E4
e Gives the correct solution. . . .. ......... 1

Copyright © 2020 Neap Education Pty Ltd
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Sample answer

Syllabus content, outcomes, targeted
performance bands and marking guide

Giiy v2=n(a>—x>) and when x= 2% |y = V.

3

2 2,2 2 .
Note: v- =n"(a” —x") can be derived from the

differential equation i(lvz) = —nz(x —c), where

dx\2
c=0.
2 2
V2_5n a
9
2 9V
4“4 =3
Sn
_3v
aq= -
J5n
Using v .. =na gives:

_ (3V
Vmax =1 E

3 (m s_l)

5

MEX-M1 Applications of Calculus
to Mechanics
MEX12-6, MEX12-7 Bands E2-E4

Gives the correct solution. . ........... 2

. . . 2
Obtains a valid expression for V
intermsofaandn ............. ... .. 1

-1

MEX-V1 Further Work with Vectors

(©) (i) The position vector of the point (-1,2,-3) is | 2 MEX,12_3 ) Bands E2-E3
3 * Gives the correct solution. . ........... 1
-1 1
So the vector equation of /| is ry=| 2 | +s|-2].
-3 2
(i)  The vector equation of /, can be written as MEX-V1 Further Work with Vectors
1 1 MEX12-3 Bands E2-E3
¢ Gives the correct solution. . ........... 1
Iy=|-2+1 2
6 3
-1
So | 2 | is a vector parallel to /,.
3
12 TENME2 S5 20FM Copyright © 2020 Neap Education Pty Ltd
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Sample answer

Syllabus content, outcomes, targeted
performance bands and marking guide

MEX-V1 Further Work with Vectors

(iii) At the point of intersection, 1| =r,.

. MEX12-3 Bands E2-E3

Equating the three components: * Gives the correct solution ............. 3
sol=—t+l=s+1=2 (1) + Attempts to solve two of the equations
-25+2=2t-2=-2s-2t=-4 (2) AND checks that the lines intersect. . . . . . 2
25s-3=3t+6=>25-3t=9 3)
) * Equates three components AND
(2) + (3) gives: forms three valid equations . ........... 1
St=5=t=-1
Substituting ¢ = -1 into (3) and solving gives:
25+3=9=>s5=3
Substituting s = 3 and # = —1 into (1) gives:
3-1=2
Hence the lines intersect.
Thus from r,:
1 -1 2

Ly=|-2|-12|=|-4

6 3 3
So the point of intersection is (2, -4, 3).
Note that substituting s = 3 into r; gives:

-1 1 2
=2 |+3-2=|-4

-3 2 3
This gives the same point.

(iv) The angle between [, and I, is the angle between the two | MEX-V 1 Further Work with Vectors

direction vectors of the lines.
1 -1
[, is parallel to | 2| and [, is parallel to | 2
2 3

Let @ be the required angle.
1 -1

_ - 1-4+6
J126 22+ 22 x 1) 422 432
1

" 3./1a

So 0= cosfl(

=)
314
Converting to degrees,

6 = 84.9° (correct to one decimal place).

MEX12-3
¢ Gives the correct solution

Bands E2-E3

Obtains the correct value for cosé

* Attempts to find the angle between
the two direction vectors

Copyright © 2020 Neap Education Pty Ltd
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Sample answer

Syllabus content, outcomes, targeted
performance bands and marking guide

Question 14

(a) (i) The forces acting on the parachutist are the force MEX-M1 Applications of Calculus
due to weight (acting in the same direction as the motion) | to Mechanics
and the force due to air resistance (acting in the opposite| MEX12-6 Bands E2-E4
direction to the motion). ¢ QGives the correct solution. . ........... 1
From Newton’s second law, the equation of motion is
mx=mg — mkv?.
Hence x =g — kv?
. - dv L 2 MEX-C1 Further Integration
) x=vy=g-kv MEX12-5, 12-7 Bands E2-E4
S . . . e Gives the correct solution. . ........... 2
eparating variables gives:
jdx=j L dv - Obtains x + ¢, = = In|g - k"]
2k
g—kv
Using integration by substitution (or recognition) gives: OR equivalent merit. ................. !
1 2
+c,=——In|g-k
erey=—Llg 17
_ -2k
Ae M =gk where A=e !
Whenx=0,v=0andso A =g.
ge—ka oo P
vt = (1 - e—ka)
V2 _ i(l _ e—2kx)
(iii) Terminal velocity is achieved when X = 0. MEX-MI Applications of Calculus
L 2 0 ko8 to Mechanics
g-kv =0=k=" MEX12-6, 127 Bands E2-E4
o v . ¢ Gives the correct solution. ............ 1
Substituting v=6g gives:
k=_8_
36g2
-1
36g
OR
V2 _ %(1 _ e—2kx)
As x = oo, 1—e 2 51,
v2 =8k=%
2
v
Substituting v=6g gives:
k=-S5
36g2
=L
36g
1 4 TENME2_SS_20.FM
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Sample answer

Syllabus content, outcomes, targeted
performance bands and marking guide

(iv) From Newton’s second law, the equation of motion

is mx=mg - ngv.

10

j&:‘ﬂ=g(1_1)
dt 10

Separating variables gives:

J.gdt=J‘ I dv
1-X
10
t+c,=-10In|1 - %
SR 10
gt &

10 v 10
Be —1—1OwhereB—e

When t=0,v=5g and so B=1—§.

v=10+5(g—2)e °

MEX-C1 Further Integration

MEX12-5, 12-6, 12-7 Bands E2-E4
* Gives the correct solution . ............ 3
+ Obtains gt +c,=-10In|1 - =
OR equivalent merit. . ................ 2
e Obtains dv _ g(l -2
dt 1
OR equivalent merit. . .. .............. 1

(v) Substituting v=2g and t=T into MEX-MI Applications of Calculus
o to Mechanics
10 . . MEX12-6, 12-7 Bands E2-E4
v=10+5(g-2)e and solving for T gives: e Gives the correct solution . ............ 1
_gT
10
2(g-5)=5(g-2)e
T
10 _2(g-5)
5(8-2)
gT
L0 _5(g-2)
2(¢-5)
el _ m[S(g - 2)}
10 2(g-5)
10, [5(g-2)
7=12 1n[—]
g L2(g-5)
Copyright © 2020 Neap Education Pty Ltd TENME2_SS_20.FM 15
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Sample answer

Syllabus content, outcomes, targeted
performance bands and marking guide

(b)

®

5 . . . .
The 7~ terms cancel, leaving a quartic equation that will
have only four roots. Hence the equation does not have
five roots.

OR

2k i
e

As =1, the equation can be written as

eka'ZS _ (Z + 1)5.

Taking the fifth root of each side of the equation gives:
2kzi

e z=z7+1,k=0,1,2,3,4

However, k = 0 must be excluded because this gives

z=z+1.

So k=1, 2,3,4 corresponds to four roots.

Hence the equation does not have five roots.

MEX-N2 Using Complex Numbers
MEX12-4, 12-7, 12-8 Bands E2-E4

Gives a correct explanation ........... 1

16
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Sample answer

Syllabus content, outcomes, targeted
performance bands and marking guide

Gi) Using 2" =1 gives e2¥™° = (z+ 1),
2k
Hence e > z=z+1,k=1,2,3, 4.
k =0 is excluded because this gives z=z+ 1.

Note: The above work may be seen in part (b) (i).
Solving for z where k = 1, 2, 3, 4 gives:

MEX-N2 Using Complex Numbers

MEX12-4, 12-7, 12-8 Bands E2-E4
¢ Gives the correct solutions
inthecorrectform................... 4
ki kzi
¢ Determines e S _ e =2i sinkS—”

2kzi cos(—%[) +i sin(—]ﬂz)
z(e . IJ =1 and finds z =
i krx
isin—
_ 1 . .
z= 2 OR equivalent merit. . ................ 3
5
e -1 ki
C . 5
Mult1pl¥1ng the numerator and denominator of the RHS Obtains z = —¢ .
ki ke ki
5 . 5 5
by e gives: e —e
ki OR equivalent merit. . . ............... 2
_km
5
7= ¢ . 1
2kxi _kxi ki * Obtains z= ——
= = —— Tl
5 5 5 5
(e e j —e e -1
) OR equivalent merit. . ................ 1
ki
5
_ e
Cokai _kai
5 5
e —e
. . 1. 0 -io, .
Using sinf = 2_i(e —e ) gives
kmi ki
5 5 .. kx
e -—e =2isin—.
5
cos(—lﬂ[> + isin(——)
5
Z =
2i sin]—{—g
5
T .. kx
cos— —isin—
_ 5
2i sinlﬂ[
5
1l ko1
= —cot— — =
2i 5 2
1 1. k=«
—=-—=icot—=—,k=1,2,3,4
2 2 5
Copyright © 2020 Neap Education Pty Ltd TENME2_SS_20.FM 17
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Syllabus content, outcomes, targeted

Sample answer performance bands and marking guide

(iii) The roots of ZS —(z+ 1)5 are MEX-N2 Using Complex Numbers

MEX12-4, 12-7, 12-8 Bands E2-E4
7= 1.1 'cotk—” k=1.2.3 4 * Gives a correct geometric description . . . 2
2 2 5 > 2 E 2 .
s s * Obtains
The roots of iz = (iz+ 1) are 11 k7
z=—i(————icot—),k= 1,2,3,4....1
1 1 kx 2 2 5

iz=—§—§i00t'-5—,k= 1,2,3,4.

z=—i(—%— %icot’%’), k=1,2,3,4

Multiplication by —i is equivalent to a clockwise rotation
z
>

Hence the roots of iz5 =(iz+ 1)5 can be obtained by

through

rotating the points z = — % - %icot];—ﬂ, k=1,2,3,4

z

th h
rough >

clockwise about the origin.

Question 15

. L T . MEX-V1 Further Work with Vectors
(a) (i) Using OM-MC=0 gives:

MEX12-3, 12-7 Bands E2-E4
074 _ a + m * Gives the correct solution. .. .......... 4
=g+kb * Uses |b| =2]g] andg-lg=2|g|2cosa
MC=MA+AO+0C AND attempts to simplify ............ 3
=—kb—a+b e Obtains
=(1-k)b-a (1-2k)(a - b) ~ |a|* + k(1 ~k)p]?
OR equivalentmerit................. 2

— —>
OM-MC=(a+kb)-((1-k)b-a)

=(1-K)@-b)~(a- ) +k(1-)(E-B) k@ D) |, Oprains ONE of DI OR 1C-
=(1=k)a-b)—la]* + k(1 =k)|b)* —k(a - b) interms of @, band k ......ovvoi.. .. 1
= (1-2k)(a - b) ~|al* + k(1 - k)b’
=2(1 - 2k)cosala|’ - laf* + 4k(1 - b)lal?
(as |b] =2a] and @ - b =2]g|*cosr)
=2(1 - 2k)cosalal” — (1 — 4k + 4k%)|a”
=2(1 = 2k)cosalal” - (1 - 2k)*|a)”
= (1-2k)|a|*(2cosa — (1 - 2k))

— —
Given OM -MC =0, so
(1 —2k)|g|2(200sa—(1 -2k))=0.
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Gi)  (1-2k)a*(2cosa - (1-2k))=0

MEX-V1 Further Work with Vectors

MEX12-3, 12-7 Bands E2-E4
1-2k=0 or 2cosa— (1 -2k)=0 (|Q|2¢0) * Gives the correct solution . ............ 2
_1 =1 . 1 1
k== ork==-cosa ¢ Determines k== OR k==-cosax ..... 1
2 2 2 2
AsOSkSLOS%—cmaSl.
—% <cosa < %
So %ISasz?”,a;t;—zr.
Note: If a = g, there is only one possible position
for M.
. X di 1 o2x MEX-C1 Further Integration
(b) (i) Lettr= tané and so yp = Esec > MEX12-5 Bands F2—-E4
¢ Gives the correct solution ............. 2

Using the identity seczg =1+ tanzj—zc and knowing

t= tanj—zc gives:

dr 1 2
—==(1+1t

dx 2( )
dx 2dt

2
1+¢

2
5
1+¢

From #-formulae, cosx =
V1
Whenx:O,t:Oandx:z,t: 1.

T
e 5 2 .
Substitut tol=|?————d :
u SlulnglIlO _[03+500Sx X glves

1 2 2dt
I:J. X 5
0 1_12 1+1¢
3+5 5
1+1¢

1
=j 42m
08 _2¢

1
= ~Z~m

2
04 ¢

* Makes suggested substitution
and rewrites integrand and limits
OR equivalent merit. . . ............... 1
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(ii)

2 2 _ A
4-1

B
= + —
2 2+H12-1) 2+t 2-t
2=AQ-1t)+B(2+1)

Using the cover up method:

Substituting 7 = 2 and solving for B and substituting

t = -2 and solving for A.

2=48=B=L;2-4424=1
2 2

Using the equating coefficients method:

Forming 2=2A + 2B and 0 =— A + B and solving
for A and B.

A:l andB:l
2 2

Then:

1
[:lj L.'.Ldt
2J02+1t 2-t¢

1 1
- E[1n|2 +1 - 1n|2—r|]

0

= %(1113 ~0-(In2-1n2))

=lnﬁ

MEX-C1 Further Integration

MEX12-5 Bands E2-E4
e Gives the correct solution. . ........... 2
. ObtainsA:B:% .................. 1

20
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(c) (i) We are required to find 7 such that MEX-M1 Applications of Calculus
g ) g 72 to Mechanics
3 T 8Tsin0-3T"=0. MEX12-6, 12-7 Bands E2-E4
e Gives the correct solution . ............ 3
—gsinf £ ngsin29—4(—§)(§) 5
T = ¢ Substitutes for 2sin” @ and siné@ into
8 1 2
1 2 T=sinf+—42sin"d+1 OR
=sinfd+ —n2sin @+ 1 ﬁ
2 equivalentmerit. .. .................. 2
cos20=1- 2sin20 = 2sin2¢9 =1-cos26 *  Attempts to solve
:>sin6’=—j—:A/1—cos26’(sint9>0) §+gTSin€—§T2=0 forT........... 1
2
Substituting for 2sin29 and siné into
T=sinf * 1 25in29 + 1 gives:
2
T= ——1-A/1 —cos260 + —-l—-A/Z —cos26
J2 J2
J2 = cos26 > J1 - cos26.
We require 7> 0 and so
= ——I-A/l —cos26 + ~1-A/2 —cos26.
J2 J2
Hence T = L(A/l —c0s20+ 2 — c0s20).
J2
(i) R= (gCOS Q)T where MEX-M1 Applications of Calculus

= ——I—(Jl — 0520 + /2 — cos20).
2

cos26 = 200529— 1

= cosf = —JI_EA/l + c0s28 (cosf>0)

Substituting for 7' and cosé into R = (gcosd)T gives:

= iA/l + (:0526(i

V2 V2

So R = g(/\/l —cos20+ A/2 + cos26- 005220).

(J1=cos20+ J2 - 00526))

to Mechanics
MEX12-6, 12-7 Bands E2-E4
¢ Gives the correct solution . ............ 1
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MEX-M1 Applications of Calculus

_450 p_8
(iii)) When =45 ,R—2(1+«/§)~ to Mechanics

MEX12-6, 12-7 Bands E2-E4
When cos28 = 1 R= 5@/27_4 + ﬁ) e Gives the correct solution. . ........... 1
5 2\N25 25
Let d represent the extra distance attained.
24 =2./6 and /54 =3./6.
_ s(% M) _8
d=5(=57+ =) 50+ J2)
=3(6-2-1)
So the extra distance attained is %( Jé — ﬁ — 1) metres.
Question 16
(a) (1) Integration by parts takes the form MEX-C1 Further Integration
dv dr = J MEX12-5, 12-8 Bands E2-E4
J-udx r=uy ,[de * e Gives the correct solution. . ........... 2
Use u = tan_1 x and dv _ X » Uses integration by parts
dx with correct substitutions . ............ 1
n+1
Sodﬂ: ! and v =" ]
dx 1+x n+

R dv du .
Substituting into J-u dxdx =uy-— Iv dxdx gives:

1 -1
In=j x'tan xdx
0

n+ 1 -1 1

[ (7))

1+x
1 n+1
-G -l e
4/\n+1 n+1Jop 4\

Multiply both sides by (n + 1).

n+1
l.X'

2
01 +x

So (n+1)In=Z—;—j dx.
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(i) Using part (a) (i):

Setting n = 0 gives:

1
X
IO=7£— 2dx
01 +x

[l a2
=z [zln(1+x)l)

_z_1
So Iy= 1 21n2.

OR

Integration by parts takes the form

ju—dx =uy— J-v—dx

Put u = tan lx and @—1.

X
du 1

1+x

and v = x.

Substituting into I u dx = uv - J- 2 ix gives:

1

1 -1 -1 I x
I, =J tan xdx = [xtan XJ —I 2dx
0 O Jop4x

MEX-C1 Further Integration
MEX12-5 Bands E2-E3
e Gives the correct solution ............. 1

(iii)

+1
lx”

(n+1)In=Z—:—J- dx

01 +x°
Replacing n with n + 2 gives:

+3
lx”

(n+3)1n+2:§—j dx

2
01 +x

Attempting to form (n+3),  ,+(n+1)[:

1 n+3 1 n+1
=7—T—J. dx+7—[—J- dx
4 Jopyy? 4 Jop
_7_[_ lxn+1(1+x2)d

2 Jo g4t
1
_T_ n+ldx
2 Jo
-r__1
2 n+2

MEX-C1 Further Integration
MEX12-5, 12-8 Bands E2-E4
e Gives the correct solution . ............ 2

* Replaces n with n + 2 AND
attempts to form a valid expression

for (n+3), ,,+(n+ DI, ........... 1
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. o 1 MEX-C1 Further Integration
(V) (n+3)], o+ (0t DI =5 = MEX12-5 Bands E2-E4
Substituting 7 = 0 gives: e Gives the correct solution. . ........... 2
31+ 1, = 7 1 (1) * Obtains the two equations AND

2 2 attempts to solve for I, .............. 1
Substituting n = 2 gives:

1
51,+31,=%_= 2
4 2 2 4 ( )

. 1

(2)= (1) gives SIy~1Iy=7.

1 1

Substituting 1, = Z—i - %an into I, = %(IO + i) gives:

_l(z_l l)
14—5 1 2ln2+4

1
= 55(1 + 7-2In2)

MEX-P1 The Nature of Proof
MEX12-2 Bands E2-E3
Expanding the LHS gives: * Gives the correct proof............... 1

2
(b) (i) Since squares cannot be negative, ( A/a_1 - Ja_z) > 0.

a1—2 a1a2+a220

a, +a222 aa,

a,+a
So 5 2 Jaa,.
OR
a,+a, 1
7~ a1a2=§(a1+a2—2 aa,)
1 2 2
=5((Ja)" +(Jay) =2 fa,a)
1 2
=3(ay = Jay)
>0
a,+a
So 1722 aa,.
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1 MEX-P1 The Nature of Proof
(i) Let x=(aa,...a )” >0 MEX12-2, 12-7 Bands E3-E4
1924y : .
* Gives the correct proof ............... 3
Taking the nth power of both sides of the equality gives:
apnsa a
x":alaz,_.anj‘L;'“n:l «  Obtains (—)—})(f)(—f):l AND
X .
attempts to use the givenresult......... 2
GIE)-(3)=1
= a,a,...a
XIAx * * Obtains 2" "=
n
a; a, a, X
Note that < 0, e 0,..., e 0. OR equivalent merit. . . ............... 1
If aa,...a, = 1, then ajtay+...+a,zn.
a, a a
A4 224 4>
X x X
ay+a,+ ... +an>x
— 2
+a,+ ...+ !
Cll a2 e an n
— >(aa,...a,)
-1 . n-2 MEX-P1 The Nature of Proof
2"-1=2"""+2 241
(i) e Teede MEX12-2, 12-7 Bands E3-E4
o 1’ o 2’ ...,2, 1 are unequal positive numbers. * Gives the correct proof ............... 4
Hence using the strong inequality e QObtains
1
a +ay+..+a, s i n_l
—— >(ajay...a,)" gives: Q" 'x2" P x2x) =2 2 3
M rll ¢ Establishes
s 2" k2 T 2 x ) ) 1
1 2ol o 2 a2
1 n
(2(n— D+(n-2)+...+2+ 1)"
i e Obtains
~ 1) - _ _
alnLhn 2" _1=2""t 2" 241
=2 OR equivalent merit. . . ............... 1
n—1
" n—l1 n-1
2-1.,2 :>2”—1>n(2 2 ]
n
So2"-1 >n»\/2n_1 for integers n > 1.
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