Neap

HSC Trial Examination 2020

Mathematics Extension 1

Solutions and marking guidelines

Neap Education (Neap) Trial Exams are licensed to be photocopied or placed on the school intranet and used only within the confines of the school purchasing them,
for the purpose of examining that school’s students only. They may not be otherwise reproduced or distributed. The copyright of Neap Trial Exams remains with Neap.
No Neap Trial Exam or any part thereof is to be issued or passed on by any person to any party inclusive of other schools, non-practising teachers, coaching colleges,
tutors, parents, students, publishing agencies or websites without the express written consent of Neap.

Copyright © 2020 Neap Education Pty Ltd ABN 43 634 499 791 91a Orrong Cres Caulfield North VIC 3161 Tel: (03) 9639 4318 TENMEI_SS_20.FM



HSC Mathematics Extension 1 Trial Examination Solutions and marking guidelines

Section |
Sample answer Syllabus content, outcomes and targeted
P performance bands
Question 1 A ME-F2 Polynomials
If @ and o+ 1 are zeros of P(x), then MEL1-1 Bands E2-E3
P(x)=x" = 2o+ Dx+(a* + a).
Equating coefficients gives b=—(2a+ 1) and ¢ = &+ a
Question 2 D ME-C2 Further Calculus Skills
ME12-1 Bands E2-E3

.. -l __ S
dx(tan Sf(x)) 1+(f(x))2
fx)=2x—1 and f'(x) =2
2
1+(2x-1)°
2
4xP—dx+2
-
2x2—2x+1

d -1
Ec(tan 2x-1))=

Question 3 B

Let X represent the number of tails where X ~ Bin(3, p) and let p
represent the probability of obtaining tails.

From the frequency distribution, it is clear that p < 0.5.
Consider:

{1000P(X = 0), 1000P(X = 1), 1000P(X = 2), 1000P(X = 3)}
For p = 0.3, the theoretical frequency distribution is

{343, 441, 189, 27}, and for p =0.4 itis {216, 432, 288, 64}.
Compared to the given experimental frequency distribution,

the closest theoretical distribution is for p = 0.4.

ME-S1 The Binomial Distribution
ME12-5 Bands E2-E3

Question 4 A

Rsin(x + &) = Rsinxcosa + Rcosxsina

sinx + cosx = Rsinxcosa + Rcosxsina

Equating coefficients of sinx gives Rcosa = 1. (D
Equating coefficients of cosx gives Rsina = 1. 2)

Squaring both (1) and (2) and adding gives R2=2 = R = J2 (> 0).

Substituting into (1) and (2) gives cosa = 71_- and sina = —l—
2

So a= Z—: and hence sinx + cosx = ﬁsin(x + %)

ME-T3 Trigonometric Equations

ME12-3 Bands E2-E3
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HSC Mathematics Extension 1 Trial Examination Solutions and marking guidelines

Sample answer

Syllabus content, outcomes and targeted
performance bands

Question 5 A

The table outlines the possible seating arrangements.

Ml | M2 | M3 | M4 F1 F2 F3

F4

1 3 2 1 4 3 2

Therefore the number of possible seating arrangements is

31 x 4! = 144,

ME-A1 Working with Combinatorics
MEI11-5, ME11-7 Bands E2-E3

Question 6 C

At (0,0), Z—y =0 and so A is incorrect.
X

At (-1, 1), Z—y =0 and so B and D are incorrect.
X

ME-C3 Applications of Calculus
MEI12-4 Bands E2-E3

Question 7 B ME-V1 Introduction to Vectors
— — RN ME12-2 Bands EZ—E3
OD=0C+CD
1— —
=-OB+AB
2
1— — —
= EOB +AO+ OB
=3b-a+b
=%é—g
Question 8 D ME-C2 Further Calculus Skills

1

e

dx

1

2
a —X

Consider integrals of the form I

. -1
dx = sin
2

Y 4 C with
a

ME12-1 Bands E2-E3

Question 9 C
The parametric equations are:

x=cos2t (1)
y=4sin’t (2

%2{) gives i= sinzt. (3)

(1) + (3) and using cos2t+ sin2t= 1 gives x + i =1=4x+y=4.

0Scos2tS1 andso 0<x<1.

Therefore, y=4 —4x for 0 <x<1.

ME-F1 Further Work with Functions
ME11-2 Bands E2-E3

Copyright © 2020 Neap Education Pty Ltd
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HSC Mathematics Extension 1 Trial Examination Solutions and marking guidelines

Sample answer

Syllabus content, outcomes and targeted

performance bands

Question 10 C
— —
The diagonals of OABC are given by OB and CA.

. H H .
To prove they are perpendicular, form CA - OB and show that it
equals zero.
— —
CA=g-cand OB=g+c.

— —
Therefore CA- OB =0 if (a—c¢)-(a+¢)=0.

ME-V1 Introduction to Vectors

ME12-2

Bands E2-E3
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HSC Mathematics Extension 1 Trial Examination Solutions and marking guidelines

Section Il

Sample answer

Syllabus content, outcomes, targeted
performance bands and marking guide

Question 11

(a)

@

f(x)= x2 —4x + 6 is a parabola. Excluding the turning

point at (2, 2), for each value of f(x) in the range there
are two x-values. Geometrically, this corresponds

to a horizontal line intersecting the graph twice.

If x and y are swapped, each x-value in the domain will
have two y-values. Hence the inverse will not

be a function.

ME-F1 Further Work with Functions
ME11-1 Bands E2-E3
* Explains using the horizontal line

test OR equivalent merit . ............. 1

(ii) Use the completing the square method to express f(x) | ME-F1 Further Work with Functions
in turning point form: ME11-1 Bands E2-E3
5 * Gives the correct solution . ............ 2
f(x)=x"-4x+6 (x<£2)
2 ¢ Swaps x and y OR equivalent merit. . . . .. 1
=(x-2)"+2
Swap x and y, then make y the subject.
x=(y-2)"+2
x-2=(y-2)"
y—2=-Jx-2 (Jx -2 is discarded as y < 2)
y=—=Jx-2+2
oy =-dr—2+2
(iii) The domainis x>2 as x —2 > 0. ME-F1 Further Work with Functions
. MEI11-1 Bands E2-E3
The range is y <2 as —yx -2 <0. + States correct domain AND range. ... ... 2
e States correct domain OR range . ....... 1
@iv) The curv.es y = f(x) apd y= f_l(x) have a common ﬁ}é-l}il_further Work with Functll(;r;; ds E2-E3
intersection with the line y = x. . .
* Gives the correct solution . ............ 2

For example, attempting to solve f(x)=x for x:
X 4x+6=x
X -5x+6=0

x=2,3
When x =2, y=2 and so (2, 2) lies on the line y = x.
When x =3, y=1 andso (3, 1) does not lie on the line
y=x.

Therefore the coordinates of P are (2, 2).

e Attempts to solve f(x)=x for x OR
equivalentmerit. .. .................. 1

Copyright © 2020 Neap Education Pty Ltd
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Sample answer

Syllabus content, outcomes, targeted
performance bands and marking guide

(b) Let u=1+2tanx.

2
d—”:Zsec X =

dx

COS X

=dx du

cos x
When x =0, u =1 and when x = %, u=73.
T

fosm

2 2
0(1+2tanx) cos x

31
dx=J- ———Edu
12u

4]
~3-3)

1
3

ME-C2 Further Calculus Skills
ME12-1 Bands E2-E3
e Gives the correct solution. . ........... 2

* Finds an expression for the integral
in terms of # OR equivalent merit . . . . .. 1

_ - . 1
(c) Substituting cosx = 1 tz, sinx = where ¢ = tan Ex

1+¢ 1+1¢

into cosx — sinx =1 and expressing

2
1_1+t I
= gives:
1+¢
1—t2_ 2t =1+t2
1+t2 1+t2 1+t2
2 2
1-t¢ —Zzgl—t -0
1+1¢
—2(t2+t)_0
===
1+1¢
F+1=0
t(t+1)=0
t=-1,0
tan%x:—l,O
tanlx—Ozlx—O V4
27 27T
tan%x:—l
tan is negative in the second quadrant and the related angle
is Z
1

1 xX_3rx
tanzx_ 1:>2_ 7

So x=0, 37” 2.

ME-T3 Trigonometric Equations

ME12-3 Bands E2-E3
e Gives the correct solution. . ........... 3
¢ Determines that tan l)c =-1,0 ........ 2

2

e Attempts to form a quadratic
equUAtioN N 7 .. oo vt vt 1
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Sample answer

Syllabus content, outcomes, targeted
performance bands and marking guide

(d) ®

4 3
Substituting E:( 2) and s :( 4) into

W=F-gs gives:
W=

™y
1

=20

ME-V1 Introduction to Vectors
ME12-2 Bands E3-E4
e Gives the correct solution ............. 1

(ii)

. . S — . 1/ 3
A unit vector in the direction of PQ is s = 5( 4).

4 ~ 3
Substituting E=( 2), s= ( 4) and |s] =35 into

s
W=(F-3)ls| gives:
w=((3)3C,)s

=20

ME-V1 Introduction to Vectors
ME12-2 Bands E3-E4
e Gives the correct solution . ............ 1

(iii)

The component of F in the direction of [ is given by
(E . §)

==

s

3
Substituting F-5s=20, s-s=25 and s =( 4) into

Alternatively, the component of F in the direction of /
is (F - 5)s.

ME-V1 Introduction to Vectors
ME12-2 Bands E3-E4
¢ Gives the correct solution . ............ 1

Copyright © 2020 Neap Education Pty Ltd
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HSC Mathematics Extension 1 Trial Examination Solutions and marking guidelines

Sample answer

Syllabus content, outcomes, targeted
performance bands and marking guide

Question 12

(a) (i) Using sinAsinB = %[cos (A—-B)-cos(A + B)] with

A=B= % gives:

LHS = sinZ sin2
8 8

ME-T2 Further Trigonometric Identities
MEI11-3 Bands E2-E3

¢ Demonstrates that LHS = sinz%)-c.

AND
¢ Demonstrates that

RHS=1(1 —cos@) ............... 2
— n27X 2 4
=sin“==
8
1 ¢ Demonstrates that LHS = sinz%)-c.
RHS = —[co (@ - @) - cos(@ + @ﬂ
2 8 8 8 8 OR
1 ¢ Demonstrates that
= E(COSO — cos -—)
RHS=1(1 —cos@) ............... 1
= l(l —cos @) 2 4
)
So smz(—) = 1(1 - cos@)
8 2
- of TX ME-C2 Further Calculus Skills
(i) A=6] sin (g)dx ME12-1, 12-4 Bands E2-E3
o e Gives the correct solution. . ........... 2
=3| 1-cos=dx .
0 * Uses the part (a) (i) result to form
8 adefinite integral ................... 1
=3 |:x - 4 sin _x}
4 0
4 . .
=3|8- ;[sm27z— (0 —sin0)
=3(8-0)
=24
(b) i) E( i,) =p ME-S1 The Binomial Distribution
ME12-5 Bands E2-E3
=0.36 e Correctly shows the mean AND
. standard deviation. .. ................ 2
sd(P) = l0.362><50.64
e Correctly shows the mean OR
=0.096 standard deviation. .................. 1
(i) Transforming to a standard normal variable, Z, gives: | ME-S1 The Binomial Distribution
012 - 0236 MEl?—S . Bands E2-E3
Pl Z< 009 =P(Z<-2.5) ¢ Gives the correct solution. . ........... 2
=1-P(Z<2.5) e Calculates 7 = 0. 15 69%36
=1-0.9938 :
OR
= 0.0062 * Uses the table appropriately with
an incorrect valueforz............... 1
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Sample answer

Syllabus content, outcomes, targeted
performance bands and marking guide

(iii)) The number of adults in the sample who have ME-S1 The Binomial Distribution
a mortgage is 25 x 0.36 =9. ME12-5 Bands E2-E3
LetX represent the number of adults who have e Gives the correct solution . ............ 2
a mortgage and X ~ Bin(25, 0.36). .
e Attempts to find P(X =9) where
25 .
P(X=9)= ( 9 )(0.36)9(1 - 0.36)16 X~Bin(25,036) ................... 1
=0.1644
: : _ 2. ME-C3 Applications of Calculus
(c) (i) Rearranging y = to express X~ in terms ME12—4 Bands E2—F4
x +1 . .
* Gives the correct solution . ............ 2
. 2 1
of y gives x == —1. ) ]
y * Provides correct integrand
for volume of revolution . . ............ 1

'
V=7r.|.1(——1)dy
5y

ﬂ(an - 1)
2

(ii) Rearranging y =1 —)—26 to express x in terms of y gives
x=2(1-y).

V=7rﬁ<4(1 ~ ) )dy
2
40"

= _4_7[(0 — l)
3 8

Alternatively:

The solid formed is a cone of radius 1 and height %

Substituting these values into V = %72’1’2}1 gives:

ME-C3 Applications of Calculus
ME12-4 Bands E2-E4
e Gives the correct solution . ............ 2

* Provides correct integrand for volume
of revolution OR equivalent merit. . . . . .. 1

(iii)

From the diagram, it can be reasoned that

ME-C3 Applications of Calculus

1\ 7 ME12-4 Bands E2-E4
72’(11‘12 B E) 3 » Gives the correct solution . ............ 1
1_1 2
So ln2—2>6:>1n2>3.
Copyright © 2020 Neap Education Pty Ltd TENME1_SS_20.FM 9



HSC Mathematics Extension 1 Trial Examination Solutions and marking guidelines

Sample answer

Syllabus content, outcomes, targeted
performance bands and marking guide

Question 13

(a) (i) Substituting x =12, V=21 and t=T into

12
21cosf’

x=Vtcosl gives 12=21Tcos = T =

Cancelling and using I secd gives T= ésecﬁ.
cosf 7

ME-V1 Introduction to Vectors
ME12-2 Bands E2-E3
e Gives the correct solution. ............ 1

(i)  Substituting y =2, V=21 and ¢t = T into
y=Vtsinf - %gt2 gives 2 =21Tsin6 - 4.9T2.
o 4 .
Substituting 7' = 55609 into
2=21Tsind—-4.9T7 gives:
2
2=21 (‘—1 sec@) sind — 4.9(‘—l sec&)
7 7
= 12tanf — 25_356(:20
= 12tan0 — 2(1 + tan’0)

10 = 60tand — 8(1 + tan’6)
0= 8tan’0 — 60tand + 18

So 4tan’0 — 30tand + 9 = 0.

ME-V1 Introduction to Vectors
ME12-2 Bands E2-E3
e Gives the correct solution. . ........... 2

* Substitutes 7 = %LsecH into
2=21Tsinf - 4.9T2 and attempts to form

aquadraticin tand ................. 1

(iii) Using the quadratic formula to solve
4tan2¢9 —30tand + 9 =0 for tand gives

(ang = ”iTm( =0.3130...,7.1869...).

The shortest flight time occurs for

0= tan_l(l—s—:-j-i—z—l)( ~03130...).

Substituting 6 = tan’l(ls‘é‘ﬂ)( =0.3130...) into

T= %‘sec@ gives T=0.60 (s).

ME-V1 Introduction to Vectors
ME12-2, 12-6 Bands E2-E3
e Gives the correct solution. . ........... 2

* Correctly solves quadratic equation
to obtain two values for tanf ......... 1

1 O TENME1_SS_20.FM
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Syllabus content, outcomes, targeted

Sample answer performance bands and marking guide

(b) Consider n=1. ME-P1 Proof by Mathematical Induction
ME12-1 Bands E2-E4
LHS = 2 = 2 and * Gives the correctproof ............... 3
1x3 3
RHS = 3. 2(1)+3 _4_ 2 LIS, o Estabhsbes the 1nd1}ct1ve step
2 (1+1)(1+2) 6 3 OR equivalent merit. . .. .............. 2
The statement is true when n = 1. ¢ Establishes the n =1 case
OR equivalent merit. . . ............... 1

Suppose true for n = k.

2, 2,2, 2 3 2k +3

R = .
1x3 2x4 3x5 k(k+2) 2 (k+1)(k+2)

Show it is true for n = k + 1; that is,

So

2 + 2 + 2 + ...+ 2 + 2 =
1x3 2x4 3x5 k(k+2) (k+1)(k+3)
3 2(k+1)+3
2 ((k+D)+D)((k+1)+2)
LHS = 2 + 2 + 2 + ...+ 2 + 2
1x3 2x4 3x5 k(k+2) (k+1)(k+3)
3 2k+3 + 2

T2 T kF)(k+2)  (k+)(k+3)
3 Qk+3)(k+3)-2(k+2)
(k+ 1)(k+2)(k +3)

2K+ Tk +5
(k+ )(k+2)(k+3)

2k +5)(k+ 1)
(k+ D)(k+2)(k+3)

2k+5
(k+2)(k+3)

~ 2k+1)+3

2 ((k+ D+ D((k+ 1) +2)
=RHS

1L DNIW NIW NIW \S]]
|

If true for n = k, then true forn =k + 1.

Hence, by mathematical induction, true for n > 1.

Copyright © 2020 Neap Education Pty Ltd TENMET_SS_20.FM 11
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Sample answer

Syllabus content, outcomes, targeted
performance bands and marking guide

. _ tanA + tanB . o ME-T3 Trigonometric Equations
(©) (i) Useof tan(A +B) = 1 tanAtenB with A=B=46. ME[2-3 Bands E2—F4
¢ Gives th t | 3
Y ives the correct proo
tan26 = ————
1 - tan 29 * Obtains a correct unsimplified
_ tanA+tanB . _ expression for tan36 involving
Use of tan(A + B) = I tmAtanB with A =26 and only tanzﬁ and tand OR
B=0. equivalentmerit .................... 2
tan36 = tan26 + tan&  Obtains a correct expression
1 —tan28tand . .
> tand for tan36 involving only tan26
t . .
2%+ tand and tan@ OR equivalent merit. . . . ... .. 1
_1-tan"0
1- wz——t?llitanﬁ
1-tan" @
2tand + tand(1 — tanzﬂ)
1- tan20
- 2 2
(1 -tan"@)—2tan 0
1- tan29
_ 3tand — tan3€
1-3tan 20
(i) Consider x°—3x> = 3x+1=0 with x = tan6. ﬁﬁfzg rigonometric Equatlo“SBan A
3 2
tan"@ - 3tan"6 - 3tanf + 1 =0  Gives correct exact value of tan —1-”— .4
3tanf — tan39 -1
1-3 tan29 * Gives correct solutions
. to the cubi tion. ................
So tan30 =1 and finding the roots of tan36 =1 0 the cubic equation 3
corresponds to finding the roots of the cubic equation
P £ d  Deduces that =% + kx where
where x = tan@. 12 3
30 = an~ 1 + kr where k is an integer k is an integer OR equivalent merit . . . .. 2
_r  krx
"1 + 3 e Deduces that tan36=1.............. 1
z Sz Iz
T12712° 12
tan 377[ = -1 and so one factor of the cube is x + 1.
So x3—3x2—3x+ I=(x+ 1)(x2—4x+ 1).
So tan = and tan ki3 are the roots of x2 —-4x+1=0.
12 12
Solving the quadratic equation x2 —4x+1=0 forx
gives x =2+ J3.
Since tan 2~ < tan 7 , tan 2 is the smaller root and
12 12 12
x=2- JS—
12 TENME1_SS 20.FM Copyright © 2020 Neap Education Pty Ltd
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Sample answer

Syllabus content, outcomes, targeted
performance bands and marking guide

Question 14

(a) @) y ME-F1 Further Work with Functions
| A MEI11-2, 11-7 Bands E2-E4
: e Sketches correct graph with asymptotes
| atx=-landy=1................... 2
[
| B . OWS minimum turning point
[ e N y=1 at origin OR equivalent merit .......... 1
[
0 T
[
[
[
[
[
[
[
x=-1
(i1) y ME-F1 Further Work with Functions
| A ME11-2, 11-7 Bands E2-E4
: i » Sketches correct graph with asymptotes
: ///y=x—1 atx=-landy=x—-1................ 2
: il e Shows minimum turning point
| 7 > at origin OR equivalent merit .......... 1
ol L X
! 4
| s
| /
L 7/
q
7 I
4 [
. [
. [
x=-1
2 ME-F1 Further Work with Functions
= ~1=0
(i) (f(x)" =A%) = fx)(Ax) - 1) ME11-2, 117 Bands E2_E4
So f(x)=1 or f(x)=0. * Gives the correct solution . ............ 1
X o 1oxs= 1
x+1 2
Hence x = —% or x=0.
OR
The graphs of y =f(x) and y = (f()c))2 intersect at O,
where x = 0.

The graphs of y =f(x) and y = (f(x))2 intersect on the

line y =1, where x=—%.

(b) (i) Start with the RHS and show that it equals the LHS.

ME-C3 Applications of Calculus

RHS = L((—SO —A) +A) 1-\/115(1}?_4 th t soluti Bands EZ_ELI‘
= 50 A(SO —A) 1ves the correct solution & . ........ ...
N S
A(50-A)
=LHS
Copyright © 2020 Neap Education Pty Ltd TENMET_SS_20.FM 13



HSC Mathematics Extension 1 Trial Examination Solutions and marking guidelines

Sample answer

Syllabus content, outcomes, targeted
performance bands and marking guide

.. .. . . . dA _ ME-C3 Applications of Calculus
(i) This is a differential equation of the form i g(A). ME12—_4 Bands E2—F4
Attempt to separate variables and integrate both sides. Gives correct solution. ... 3
25 » Correctly applies initial condition . . . ... 2
ldt = I ———dA
j A(50 - A)
* Uses the part (b) (i) result
=5 I ( )dA (using the part (i) result) and separation of variables
A S0-A tofindrintermsof A................ 1
= 3(InjA] - 10|50 - A]) + ¢
= lln A l+e
2 150-4
Rearranging gives Age>' = —2 where Ay = ¢ >°
ging g 0 T350-a 0=
and hence A, > 0.
When ¢ =0, A_E andsoA0—99.
Note: There are various possible ways to find the value
of the constant.
o 99A
50-A
99A¢ > =50 A
A(1+99¢7%) =50
Soa-—30__
1+99¢
Y 50 ME-C3 Applications of Calculus
(iii)) Ast—>oo, 1+99¢ ~ — 1 and soA—>T=50. ME12—4 Bands E2—F4
* Gives the correct solution. .. .......... 1

The limiting area of the bacteria colony is 50 cm”.

14
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Syllabus content, outcomes, targeted
performance bands and marking guide

ME-C3 Applications of Calculus

Sample answer

(iv) The graph of A versus A (inverted parabola) has a

dt MEI12-4 Bands E2-E4
maximum at A = 25. e Gives the correct solution ............. 2
It requires us to find the value of ¢ such that * Recognises that the graph
25 = th . of % versus A has a maximum
I+99¢ at A =25 OR equivalent merit. ......... 1
25(1+99¢ ") = 50
1499072 =2
2t 1
e ==
99
e*'=99

= %ln99 (days)

The rate of change of the area is at its maximum

att= %ln99 (days).

Note: There are other valid but more time-consuming
methods of determining this solution.

Method 1:
1

A(50-A)(50-2A), determining
25°

Finding d—? =
dt

that % is a maximum when A =25 and then solving

for t as above.

Method 2:
Determining the value of t when the (non-stationary)
d°A
point of inflection occurs by finding — in terms of t
dt
d°A
and then finding the value of t such that — = 0.
dt
-1 -1 ME-C2 Further Calculus Skills
(c) From the table, f(x)=g (x) andso f(-1)=g (-1)=0. ME12-1 Bands E2_E4
’ 1 d i ion .............
Fi(-1)=— Gives the correct solution 3
g'(f(=1))
_ 1 « Determines f(-1)=g (~1)=0 AND
o = 2
1 TGy
1
2 . -1
e Determines f(-1)=g (-1)=0 OR
=2
1
D) — 1
g'(f(=1))

Copyright © 2020 Neap Education Pty Ltd TENME1_SS_20.FM 15
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